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NEURAL IMPLICIT SOLUTION FORMULA FOR EFFICIENTLY
SOLVING HAMILTON-JACOBI EQUATIONS*

YESOM PARK! AND STANLEY OSHER?

Abstract. This paper presents an implicit solution formula for the Hamilton-Jacobi partial
differential equation (HJ PDE). The formula is derived using the method of characteristics and is
shown to coincide with the Hopf and Lax formulas in the case where either the Hamiltonian or the
initial function is convex. It provides a simple and efficient numerical approach for computing the
viscosity solution of HJ PDEs, bypassing the need for the Legendre transform of the Hamiltonian
or the initial condition, and the explicit computation of individual characteristic trajectories. A
deep learning-based methodology is proposed to learn this implicit solution formula, leveraging the
mesh-free nature of deep learning to ensure scalability for high-dimensional problems. Building upon
this framework, an algorithm is developed that approximates the characteristic curves piecewise
linearly for state-dependent Hamiltonians. Extensive experimental results demonstrate that the
proposed method delivers highly accurate solutions, even for nonconvex Hamiltonians, and exhibits
remarkable scalability, achieving computational efficiency for problems up to 40 dimensions.
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1. Introduction. Hamilton-Jacobi partial differential equations (HJ PDEs) are
of paramount importance in various fields of mathematics, physics, and engineering,
including optimal control [27, 74, 4], mechanics [23, 21], and the study of dynamic
systems [44, 73]. As they provide a powerful framework for modeling systems governed
by physical laws, HJ PDEs have a wide range of applications in diverse areas such as
geometric optics [63, 59], computer vision [8, 33, 65], robotics [53, 51, 3], trajectory
optimization [22, 68], traffic flow modeling [37, 49], and financial strategies [32, 7].
These applications illustrate the versatility and significance of HJ PDEs, emphasizing
the necessity for effective methods to solve them in both theoretical and practical
contexts. It is well-known that the solutions to HJ PDEs are typically continuous
but exhibit discontinuous derivatives, irrespective of the smoothness of the initial
conditions or the Hamiltonian. Moreover, such solutions are typically non-unique.
In this regard, viscosity solutions [14] are commonly considered as the appropriate
notion of solution, as they reflect the physical characteristics inherent to the problem.

Numerical methods for solving HJ PDEs have been extensively developed, with
numerous practical applications across various fields. The most prominent methods
include essentially non-oscillatory (ENO) and weighted ENO (WENO) type schemes
[67, 38, 6, 71], semi-Lagrangian methods [28, 15, 29], and level set approaches [66,
63, 64, 60, 2]. However, they encounter significant scalability challenges as the di-
mensionality of the state space increases. These methods rely on discretization of
the state space with a grid and approximating the Hamiltonian in a discrete form.
Consequently, the number of grid points required to obtain accurate solutions grows
exponentially with the dimensionality of the problem, resulting in prohibitive compu-
tational costs. In high-dimensional settings, particularly those involving more than
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2 Y. PARK AND S. OSHER

four dimensions, this scaling issue renders the classical methods impractical for many
real-world applications, where high-dimensional state spaces are prevalent.

Several approaches have been proposed to address the curse of dimensionality in
solving HJ PDEs. Methods based on max-plus algebra [58, 1, 31] show promise but
are restricted to speci c classes of optimal control problems and encounter signi cant
challenges in practical implementation due to their complexity. Another promising
approach involves the use of Hopf or Lax formulas to represent solutions to HJ PDEs
[20, 12, 13, 10]. These formulas o er a causality-free approach, where solutions at each
spatial and temporal point can be computed by solving an optimization problem, thus
enabling parallel computation. This approach eliminates the reliance on grid-based
discretization, making it particularly well-suited for high-dimensional problems. How-
ever, these methods require computing the Legendre transform of the Hamiltonian or
initial function and are generally applicable only under speci ¢ assumptions, such as
convexity, or when the problem can be framed as a particular type of control prob-
lem. In parallel, algorithms based on optimal control theory have been developed.
For problems with convex Hamiltonians, HJ equations are closely connected to op-
timal control formulations, where Pontryagin's maximum principle (PMP) provides
necessary conditions for optimality. Several PMP-based methods have been proposed
[41, 42, 82], which are essentially equivalent to employing the method of characteris-
tics for solving the associated Hamiltonian system. Despite their theoretical appeal,
the practical e ectiveness of these methods is often limited by the need to solve a
system of ordinary di erential equations (ODES) at each point. Additionally, some
of these methods assume that multiple characteristics do not intersect, a condition
that may not hold in general scenarios. Furthermore, alternative techniques, such as
tensor decomposition [24] and polynomial approximation [40, 39], have been studied
for speci ¢ control problems.

Recent advancements in deep learning have given rise to a growing interest in
leveraging the extensive representational capabilities of neural networks to solve PDEs
[75, 83, 72, 57, 52, 81]. The viscosity solution of HJ PDEs is challenging to ob-
tain directly from the PDE itself, which underscores the development of alternative
approaches beyond the established methods like physics-informed neural networks
(PINNSs) [72]. In response, data-driven methods have been proposed for solving HJ
PDEs [61, 25, 16]; however, these methods face several challenges, including the need
for large amounts of training data, the limitation that their performance cannot ex-
ceed the accuracy of the numerical methods used to generate the data, and concerns
regarding their ability to generalize to unseen scenarios. Moreover, the integration
of reinforcement learning techniques to solve HJ PDEs related to control problems
has been studied [86, 54]. Another line of research has focused on the development
of specialized neural network architectures that express representation formulas to
speci ¢ HJ PDEs. Notable examples include architectures leveraging min-max alge-
bra to model the value function in optimal control [17], as well as designs based on
Hopf-type formulas [18, 19]. Although these approaches e ectively bridge mathemat-
ical solution representations and network architecture, their applicability is limited
to specic classes of problems. Additionally, for problems formulated as stochastic
optimal control, deep learning methods leveraging the backward stochastic di erential
equation (BSDE) representations have been developed [36, 62, 70], providing a prob-
abilistic framework for approximating solutions in high-dimensional settings. One of
the most closely related prior works introduces a deep learning approach for learning
implicit solution formulas along with characteristics for scalar conservation laws as-
sociated with one-dimensional HJ PDEs [84]. However, this method does not ensure
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NEURAL IMPLICIT SOLUTION FORMULA FOR HJ PDES 3

the attainment of an entropy solution.

This study presents a novel implicit solution formula for HJ PDEs. The proposed
implicit solution formula is derived through the characteristics of the HJ PDE, with
the costate identi ed as the gradient of the solution at the current spatio-temporal
point, leading to an implicit representation formula for the solution. We demonstrate
that this new formula coincides with the classical Hopf and Lax formulas, which pro-
vides the viscosity solution for HJ PDEs in the case where either the Hamiltonian or
the initial function is convex (or concave). Notably, the implicit solution formula is
simpler than both the Hopf and Lax formulas, as it does not require the Legendre
transform of either the Hamiltonian or the initial function, thereby broadening its
practical applicability. Furthermore, although being based on characteristics, the im-
plicit solution formula alleviates the need to solve the system of characteristic ODEs
from the initial state to the present time. From an optimal control perspective, we
further explore the connection of the proposed formula with the Pontryagin's maxi-
mum principle and Bellman's principle, showing that the proposed implicit solution
formula serves as an implicit representation of Bellman's principle.

Building on this foundation, we propose a deep learning-based approach to solve
HJ PDEs by learning the implicit solution formula. This method approximates the
solution as a Lipschitz continuous function, leveraging the powerful expressive capac-
ity of neural networks. Unlike traditional grid-based methods, our approach does not
require discretization of the domain, making it highly scalable and e cient, especially
for high-dimensional problems. This e ectively mitigates the curse of dimensionality,
ensuring that computational time and memory usage scale e ciently with dimension-
ality. Thanks to the inherent simplicity of the implicit solution formula, it obviates
the need for computing the Legendre transform and individual characteristic trajec-
tories, thereby enhancing both its applicability and computational e ciency across a
wide range of problems. Through extensive and rigorous experimentation, we show
that the proposed algorithm provides accurate solutions even for problems with up
to 40 dimensions with negligible increases in computational cost. Importantly, the
method also shows robust performance on various nonconvex HJ PDEs, for which
mathematical demonstration has not been established, underscoring its versatility
and potential.

We extend our approach to handle HJ PDEs with state-dependent Hamiltonians.
In such cases, where the characteristic curves are no longer linear, deriving an im-
plicit solution formula becomes more intricate. To address this, we approximate the
characteristic curves as piecewise linear segments over short time intervals, applying
the proposed implicit solution formula at each interval. This leads to an e cient
time-marching algorithm that can handle state-dependent Hamiltonians, which we
validate through a series of experiments involving high-dimensional optimal control
problems. The results demonstrate that the proposed method is not only simple and
e cient but also e ectively solving a wide range of high-dimensional, nonconvex HJ
PDEs, highlighting its potential as a valuable tool for addressing complex optimal
control problems and dynamic systems.

2. Implicit Solution formula of Hamilton-Jacobi Equations.

2.1. Implicit Solution Formula along Characteristics. In this subsection,
we introduce a novel implicit solution formula for the Hamilton-Jacobi partial di er-
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4 Y. PARK AND S. OSHER
ential equation (HJ PDE):

(

2.1) u+H((u=0 in ©;T)
u=g on f t=0g;

where RY is the spatial domain,H : RY! R is the Hamiltonianandg: ! Ris

the initial function. System of characteristic ODEs for (2.1), also known as Hamilton's

system, is given by the following'

(2.2a) % X=r

(2.2b) u= q+ pTrH: H+p'rH
(2.2c) E g=0

(2.2d) p=0;

where the variablesq and p are shorthand for the partial derivatives g = u; and
p = r u, respectively. From (2.2d) it is clear that the value of p, which is the sole
argument of the Hamiltonian, remains constant along the characteristic. Therefore,
the characteristic emanated fromx (0) = xo 2 is a straight line

x(t) = tr H(p)+ Xo;
implying that

u(tx(t) = tH (p)+ tp'r H(p)+ u(xo;0)
= tH(p)+tp'r H(p)+ g(Xo):

Given the constant nature of p along each characteristic line, its value can be deter-
mined at any intermediate time between the initial and current times. In this context,
we adopt p as the gradient of the solution at the current time. Substituting p = r u
and expressingx (t) = x 2 induces that

Xo=X tr H(r u(x;t);
and hence we attain the followingimplicit solution formula for HJ PDEs (2.1):
(2.3) u(x;ty= tH(ru+tru'rH(u+gXx trH(u):

It is worth noting that this implicit solution formula expresses the solution without
requiring the Legendre transform of the Hamiltonian H or the initial function g.
Moreover, it does not require to compute individual characteristic trajectories by
solving the system of characteristic ODEs. Therefore, it provides a highly practical
and straightforward approach to solving HJ PDEs. Building upon this formula, we
propose a highly simple and e ective deep learning-based methodology for solving HJ
PDEs in section 3.

A key distinction between conventional approaches based on characteristics and
the proposed implicit solution formula lies in the treatment of p, which is chosen
as the gradient of the solutionr u at the current time t. Sincep remains constant
along each characteristic line, it can be readily determined from the initial data.
Consequently, conventional methods typically expres® in terms of r g(Xo). However,
these approaches are limited in situations where no characteristic traces back to the
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NEURAL IMPLICIT SOLUTION FORMULA FOR HJ PDES 5

initial time t = 0, resulting in the gradient at the current time not being accessible

from the initial data. In contrast, our approach employs the current value of p (t) =

r u(x;t), allowing the implicit solution formula to e ectively handle such scenarios.
It is well-established that under certain assumptions on the HamiltonianH and

the initial function g, a representation formula for the viscosity solution can be derived.

The rst is the Hopf-Lax formula

n Xy 0
(2.4) u(x;t):in))c tH — +9(y)

which holds for convex (or concaveH and Lipschitz g [35, 5, 55], or for Lipschitz and
convexH and continuousg [77], or also for strictly convexH and lower semicontinuous
(I.s.c.) g [46, 47]. Here,H is the Legendre transform ofH. On the other hand, Hopf
formula

n 0
(2.5) ux;t)=inf g (2)+ tH (2) x'z

is valid for Lipschitz and convex (or concave)g and merely continuousH [35, 5], or for
convex g and Lipschitz H [77]. In the following, we demonstrate that the proposed
implicit solution formula (2.3) represents these two respective formulas under the
conditions under which they hold.

Theorem 2.1. Assume the HamiltonianH is di erentiable and satis es
p 7! H (p) is strictly convex or concave
(2.6) fme H®) —,q -
jpjll il ’
and the initial function g is l.s.c. Then, the continuous function u that satis es the
implicit solution formula (2.3) is the viscosity solution of (2.1) a.e.
Proof. The proof is provided in Appendix A.1. |

Theorem 2.2. Assume the initial function g satis es

X 7! g(x) is convex or concave

im 9(x) — .
IIijJ!l x] =+1;

that the Hamiltonian H is continuous, and that either theH or g is Lipschitz con-
tinuous. Then, the continuous function u that satis es the implicit solution formula
(2.3) is the viscosity solution of (2.1) a.e.

Proof. The proof is provided in Appendix A.2. |

Theorems 2.1 and 2.2 o er the theoretical validation of the implicit solution for-
mula (2.3) under the assumption of convexity of the Hamiltonian H or the initial
function g. However, this result has not yet been extended to the nonconvex case.
Nonetheless, as illustrated in subsection 4.2, we present robust empirical evidence
demonstrating the performance of the proposed approach through extensive exper-
iments on a diverse range of nonconvex examples, where neither the Hamiltonian
nor the initial function is convex (or concave). These results suggest the potential
applicability and validity of the proposed formula in such scenarios.

To facilitate comprehension of the implicit solution formula, a simple example is
presented.
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6 Y. PARK AND S. OSHER

Example 2.1. Consider a one-dimensional example with a quadratic Hamilton-
ian and a homogeneous initial condition:

u+u:=0 inR (0;1)

(2.7)
u=0 onR f t=0g:

The viscosity solution to this problem isu = 0. Note that there are in nitely many
Lipschitz functions satisfying (2.7) a.e. [26], for instance,

8

20 if jxj t
v(x;t):>x t if0 x t

ox tif ot o x O

This example shows that, although there are in nitely many Lipschitz functions that
satisfy the HJ PDE, the implicit solution formula uniquely characterizes the viscosity
solution. The implicit solution formula (2.3) corresponding to (2.7) is written as

(2.8) u= tuy:

For t = 0, (2.8) satis es the initial condition u = 0. For a xed time t > 0, (2.8)
represents an ordinary di erential equation (ODE) with respect to the variable x with
a coe cient that depends on t, and the ODE admits in nitely many solutions

u= Ce;: 8C 2 R:

However, in order to satisfy the initial condition u=0 att =0, it follows that C must
be zero. Therefore, the viscosity solutionu = 0 is the unique continuous function
that satis es the implicit solution formula (2.8).

This example illustrates that, despite the existence of an in nitely many weak
solutions to the governing HJ PDE, the continuous function that satis es the implicit
solution formula (2.3) is the unique viscosity solution. However, it also suggests that,
at a xed time t > 0, the implicit solution formula may admit multiple solutions.
For a xed t> 0, the implicit solution formula (2.3) describes a rst-order nonlinear
static PDE (or an ODE in the one-dimensional case) inx, where the time variable
t appears as coe cients. The absence of boundary conditions in this static PDE at
xed t > 0 naturally leads to the ill-posedness of the PDE with multiple solutions.
Therefore, the condition that the implicit solution formula (2.3) satis es the initial
condition at t = 0 is crucial, and nding a continuous function that satis es the
implicit solution formula across the entire spacetime domain from the initial data is
essential for obtaining the unique viscosity solution. It is noteworthy, however, that
the above example is taken in the unbounded spatial domairR. For the general case
of HJ PDEs on a bounded domain , boundary conditions are speci ed. In such cases,
the given boundary condition serves as the boundary condition for the static PDE
described by (2.3) at a xed time, thereby ensuring the uniqueness of the solution.

Remark 2.3. (Level set propagation) If the Hamiltonian H is homogeneous of
degree one in its gradient argument, i.e., for all > 0.

H(p)=H (p);

then the implicit solution formula (2.3) comes down to the following simple formula
a.e.

(2.9 ux;t)=g(x tr H(r u);
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NEURAL IMPLICIT SOLUTION FORMULA FOR HJ PDES 7

where the solutionu is constant along the characteristics.

2.2. Control Perspectives on the Implicit Solution Formula. In this sub-
section, we revisit the implicit solution formula (2.3) from the perspective of control
theory, elucidating that it represents an implicit formulation of Bellman's principle.
This perspective also enables a comprehensive exploration of the relationships be-
tween the implicit solution formula and Pontryagin's maximum principle (PMP) and
the Hopf-Lax formula (2.4), while also highlighting the distinctions between these
established approaches and the proposed implicit solution formula.

Let L = L(g): RY! R be the corresponding Lagrangian, that is,L = H , the
Legendre transform ofH. Under the assumption (2.6) on the Hamiltonian H, the
Lagrangian satis es

q 7' L (q) is convex
|iqujgl % =+1;
and H (p) = L (p) =sup pTa L(q) .
It is well-known that the viscosity solution u of the HJ PDEs

8
<ug+ H(r u)=ut+s%p ru'qg L(gq) =0;

(2.10) _
“u(x;0) = g(x)

is represented by the value function of the following corresponding optimal control
problem:

Zt
(2.11) U(x;t)=ing . L(g(s)ds+g(y(0):y(t)= x;y(s)=q(s);0 s t

Pontryagin's maximum principle (PMP) states that the optimal trajectory of
state y (t) arriving at y (t) = x and costatep (t) satis es

8
(2.12a) 3Y= 0 y ()= x;
(2.12b) p=0;p(0)=rg(y);
(2.12c) 3 g=argmax p'v L (v)

Note that this is identical to the characteristic ODEs for the state x (2.2a) and
the gradient of the solution (2.2d) of the HJ PDEs. Therefore, PMP implies that the
characteristic of the HJ PDEs corresponds to the optimal trajectory.

We now establish that both the Hopf-Lax formula and the implicit solution for-
mula can be derived from the PMP in conjunction with the de nition of the value
function. This facilitates a comprehensive understanding of their relationships and
di erences.

Hopf-Lax Formula . Since the costatep is constant along the optimal trajec-
tory (2.12b), the last condition (2.12c) of the PMP implies that q is also constant.
Therefore, from (2.12a), it follows that the optimal trajectory of y is a straight line,
whose solution is given by

(2.13) y0)=y () tg=x tq:

This manuscript is for review purposes only.
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8 Y. PARK AND S. OSHER

Therefore, the optimal q is expressed byy (0) as follows:

(2.14) q= LR AL 2’ (O);

and hence, the minimization with respect toq can be transformed into a minimization
with respect to y (0) 2 RY. Substituting this relation (2.14) into the de nition of the
value function (2.11) leads to the following Hopf-Lax formula:

Zt
u(x;t) = inf L XY ds+g(y)
y2Rd g t
=inf L Y +gq)
y2Rd t
=inf tH Y +g)
y2Rd t

In other words, the Hopf-Lax formula is derived by substituting the control q in terms
of the initial state y (0) = y, leveraging the fact that the optimal trajectory is linear
(2.14), as determined by the characteristic ODE of the PMP.

Implicit Solution formula . The implicit solution formula (2.3) is derived in
a manner analogous to the Hopf-Lax formula, but it di ers by expressing p as the
gradient of the value function r u and additionally removing the Legendre transform.
From the optimality of q in (2.12c), the Hamiltonian is written as

(2.15) H(p)=pTag+L(q):
It follows that

_@H, @Ha_ @H_
@ @ @ ’

Where%* = 0isinduced from (2.12c). Letg be the optimal control. Putting (2.12c),
(2.13), and (2.14) to the de nition of the value function in (2.11) leads to the following
formula of the value function:

tL (g )+g9(x tq)
t H(p) p'q +g(x tq)
t H(p) p'rpH(p) +9(x trH(p);

where the second and third equalities are derived from (2.15) and (2.16), respectively.
In other words, by substituting these two expressions (2.15) and (2.16), we derive the
formula for the value function u that is independent of both the control g and the
Legendre transform. Since the optimalp is the gradient of the value functionr u, the
solution formula (2.17) derived from PMP is identical to the implicit solution formula
(2.3). Furthermore, it is important to note that the de nition of the value function
(2.11) precisely encapsulates the integral of the characteristic ODE ofi (2.2b); that
is, it directly represents the solution to the characteristic ODE of u (2.2b). In other
words, the characteristic ODE of u (2.2b), which is not explicitly included in the
PMP formula (2.12), is inherently embedded within the construction of Bellman's
value function.

(2.16) rpH

u(x;t)

(2.17)

This manuscript is for review purposes only.
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Consequently, the PMP (2.12a)-(2.12c), the Bellman's value function (2.11), the
Hopf-Lax formula (2.4), and the proposed implicit solution formula (2.3) are all in-
terconnected. The PMP states that the characteristics of the HJ PDEs correspond to
the optimal trajectory, and Bellman's principle expresses the value function in terms
of the solution to the characteristic ODE of u (2.2b). Together, they imply that the
viscosity solution to the HJ PDEs (2.1) is de ned along the characteristics.

However, there are notable di erences in how these formulas yield the solution to
(2.1) from a practical perspective. The PMP necessitates the solution of a single tra-
jectory of the characteristic ODEs, which implies that, when attempting to compute
the value function, one must solve a system of ODEs for each trajectory, introducing
signi cant computational complexity. The Hopf-Lax formula, by exploiting the lin-
earity of the optimal trajectory, eliminates the need to solve such ODEs. However, it
involves the computation of the Legendre transform of the HamiltonianH , ultimately
leading to a challenging min-max problem. In contrast, the implicit solution formula
(2.3) alleviates both the ODE solving of PMP and the min-max problem from the
Hopf-Lax formula by leveraging the fact that the optimal costate p is the gradient of
the solution r u. Consequently, compared to the PMP and the Hopf-Lax formula, the
proposed implicit solution formula provides a more practical and widely applicable
approach for solving HJ PDEs.

3. Learning Implicit Solution with Neural Networks. In this section, we
introduce a deep learning-based approach for solving the implicit solution formula
(2.3). Building upon the implicit solution formula, we propose the following mini-
mization problem:

Z:Z 5
(3.1) muin L (u) = u+ttH (ru) tru'rH(@ru) gx trH(u) dxdt
0

The minimization problem (3.1) is inherently complex to be e ciently solved using
classical numerical methods. To address this challenge, we propose a deep learning
framework that has shown signi cant e ectiveness in optimizing complex problems.
This approach enables the scalable learning of the implicit solution formula, even in
high-dimensional settings, thereby allowing the solution of the HJ PDEs (2.1) to be
represented by a neural network, which is a Lipschitz function.

3.1. Implicit Neural Representation. We represent the solutionu of the
HJ PDEs (2.1) using a standard arti cial neural network architecture, a multi-layer
perceptron (MLP). The MLP is a function u : RY R! R de ned as the composition
of functions, which can be expressed as follows:

(3.2) u (x;t)= W(h, ho(x;t))+ b; (x;1) 2 R" R;

where L 2 N is a given depth, W 2 R! 9 is a weight of the output layer, b 2 R is
an output bias and the perceptron (also known as the hidden layern- : R® 11 R®
is de ned by

h-(y)= (Wy+b);y2 R 1 forall ~=0;:::;L;

for weight matrices W- 2 R® ¢ 1 with the input dimension d ; = d+1, bias vectors
b- 2 R%, and a non-linear activation function . The dimensionsd- of the hidden
layers are also called by the width of the network. A shorthand notation is used
to refer to all the parameters of the network, including the weightsf W; W,;  ;W_ g
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10 Y. PARK AND S. OSHER

and biasesfb;bg; ;b_g. Since Lipschitz continuous activation functions are
used, the MLP f is a Lipschitz function and is also bounded on a bounded domain.
Given the current parameter con guration, the parameters are successively adapted
by minimizing an assigned loss function explained in the subsequent section.
Representing the solution of HJ PDEs using neural networks o ers a scalable
and e cient approach for modeling the spatio-temporal dependencies of the solution,
o0 ering several advantages over classical numerical schemes. Classical methods dis-
cretize the spatial vector eld using primitives such as meshes, which scale poorly with
the number of spatial samples. In contrast, representing the spatio-temporal function
through networks known as implicit neural representations (INRs) encodes spatial
and temporal dependencies through neural network parameters, each globally in u-
encing the function. Consequently, the memory usage of INRs remains independent
of the spatial sample size, being determined solely by the number of network param-
eters, which enables scalability in high-dimensional settings as evidenced in Section
4 for the proposed method. Additionally, INRs are adaptive, leveraging their ca-
pacity to represent arbitrary spatio-temporal locations of interest without requiring
memory expansion or structural modi cations. The expressivity of non-linear neu-
ral networks enables INRs to achieve superior accuracy compared to mesh-based and
meshless methods, even under the same memory constraints [78, 9]. Furthermore,
INRs represent the solution as a continuous function rather than at discrete points,
with activation functions that can be tailored to the solution's regularity. Thanks
to the architecture of MLPs, exact derivatives can be computed via the chain rule,
eliminating the need for numerical di erentiation methods such as nite di erences.
The partial derivatives of u are e ciently computed using automatic di erentiation
library (‘autograd) [69].

3.2. Training. Given that the solution u is represented by the neural network
u , the minimization problem (3.1) reduces to nding the network parameters that
minimize L in (3.1). For notational convenience, we denote

(3.3) S(uW=u+tH (ru) tru'rH(@u g trH(uU):
The integral of L is approximated using Monte Carlo methods

X
(3.4) ()= o S GGy
j=1

with the M collocation points f (xj ; )gj"":l randomly sampled from a uniform distri-

bution U ( [0: T]). This empirical loss I serves as the loss function for training
the neural network. The current network parameters are updated using a gradient-
based optimizer to minimize the loss function”. During training, di erent random
collocation points are employed in each iteration to ensure accurate learning across
the entire domain. The partial derivatives of the network u are computed through
autograd when calculating the loss. The training procedure for optimization using
gradient descent is summarized in Algorithm 3.1.

This algorithm is considerably simpler than existing methodologies in several
respects and yields remarkable results, as demonstrated in section 4. Previous ap-
proaches [20, 12, 13, 10], which aimed to obtain the viscosity solution via the Hopf
or Lax formula, involved calculating the Legendre transform of the Hamiltonian or
the initial function. Therefore, these methods were restricted to problems where the
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Algorithm 3.1 Algorithm for Learning Implicit Solution of HJ PDEs
1: Initialize the network u with an initial network parameter .
2. for n=0; ;N do
3:  Randomly sampleM collocations points f (x; ;t,—)g}\":1 U ( [0;TD.
4:  Calculate the loss by Monte Carlo integration

X
Cln= o S, (i)
j=1

5.  Update , by gradient descent with a step size > 0

n+l n r Ii\( n):

6: end for
7: return u , as the predicted viscosity solution to the HJ PDEs (2.1).

Legendre transform was easily computable or required solving numerically intensive
min-max problems for each spatio-temporal point, limiting their general applicabil-
ity. In contrast, our approach bypasses the Legendre transform by using an implicit
formula, enabling us to handle a broader class of Hamiltonians and initial functions.
Moreover, while prior methods based on characteristics or PMP [41, 42, 82] necessi-
tated solving a system of ODEs to track individual trajectories, the proposed method
eliminates the requirement for explicit trajectory computation.

The proposed method also overcomes the limitations of classical grid-based nu-
merical methods, which face challenges when dealing with high-dimensional or large-
scale problems due to the increasing number of grid points required as the dimension
or domain size grows. Unlike classical methods, the deep learning approach is charac-
terized by its mesh-free nature, which precludes the necessity for a grid discretization
of the computational domain. The mesh-free approach allows for the random selec-
tion of collocation points in each iteration, with the selected points gradually covering
the domain as iterations proceed. Consequently, the computational and memory re-
guirements do not increase signi cantly with higher dimensions, as evidenced ir??
for the proposed method. Furthermore, under certain mild assumptions, it has been
demonstrated that this stochastic gradient descent applied using randomly sampled
collocation points converges to the minimizer of the original expectation loss [43].
The absence of mesh generation also simpli es the practical implementation of the
method.

This approach also o ers distinct advantages over existing deep learning methods
for solving PDEs. As an unsupervised learning method, it solves HJ PDEs given the
Hamiltonian and initial condition, without requiring solution data for training. This
addresses the limitations of supervised learning methods [61, 25, 16], which rely on
extensive solution data and do not guarantee generalization to unseen problems. The
proposed approach also o ers strengths compared to the established unsupervised
methods, such as PINNs [72] and the DeepRitz method [83]. DeepRitz, which is
based on a variational formulation, is not suitable for HJ PDEs. PINNs, on the
other hand, use the residual of the PDE itself as the loss function, which cannot
guarantee obtaining the viscosity solution for HJ PDEs among multiple solutions.
Since the viscosity solution cannot be directly derived from the PDE itself, there are
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433 inherent challenges in obtaining it from the PDE residual loss used in PINNs. In
434 comparison, the proposed method learns an implicit formula for the solution that
435 naturally inherits the properties of the viscosity solution through the characteristic
436 equation, enabling e ective solutions to HJ PDEs. Furthermore, most deep learning
437 methods for solving PDEs, including PINNs and DeepRitz method, use a training
438 loss function that is the linear sum of the loss term corresponding to the PDE and
439 the loss term for the initial condition. This requires a regularization parameter to
440 balance the two loss terms, which is highly sensitive and di cult to optimize [79].
441 In contrast, the proposed method employs an implicit solution formula, whereby the
442 initial condition is automatically incorporated by substituting t =0 into (3.4). As a
443 result, our approach eliminates the need for a regularization parameter, using only
444 a single loss function and obviating the distinction between the initial condition and
445 the PDE.

446 When boundary conditions are speci ed in the spatial domain , we incorporate
447 additional loss terms to enforce these conditions. For instance, when a Dirichlet
448 boundary condition is imposed with the boundary functionh: @ ! [0;T]! R, the
449  following loss function is used:

1 X

Mo,

t h oxPip 2

b.
u Xt il

450 i

451 where the My, boundary collocation points ij;tjb 2@ [0;T] are randomly sam-
452 pled from a uniform distribution. Similarly, for a periodic boundary condition, the
453 boundary loss term is given as follows:

1 X

Mo,

454 uxhtt u yhty 2.
455 whereyP 2 @ represents the point on the opposite side of the domain correspond-
456 ing to xP. This boundary loss, weighted by the regularization parameter > 0, is

457 then added to the implicit solution loss [ (3.4) to form the total training loss.

458 Remark 3.1. If the goal is to obtain a solution at a specic time t = T rather
459 than over the entire temporal evolution, integrating over time in the loss function
460 may not be necessary. However, as shown in Example 2.1 in subsection 2.1, when
461 the PDE lacks boundary conditions, the implicit solution formula at a xed t results
462 in a di erential equation without boundary conditions, leading to the possibility of
463 multiple spurious solutions. To address this, it is preferable to incorporate an integral
464 over the entire temporal domain in the loss function, thereby training a continuous
465 network to nd a continuous solution that satis es (2.3) across the entire spacetime
466 domain. On the other hand, when boundary conditions are given in the HJ PDEs
467 (2.1), these can serve as the boundary condition for the di erential equation (2.3) at
468 the xed time, ensuring the uniqueness of the solution. In such cases, training the
469 model exclusively with respect to the terminal timet = T may su ce.

470 3.3. State-dependent Hamiltonian. In this subsection, we propose an algo-
471 rithm for the case of a state-dependent Hamiltonian, inspired by the implicit solution
472 formula (2.3). Consider the state-dependent HJ PDEs de ned in a domain Rd

u+HMru=0 in 0;T)

473 (3.5
(3:5) u=g on f t=0g¢:
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The system of characteristic ODEs of (3.7) is given by

8
(3.6a) >x=r1,H
(3.6b) Ju= H+p'rpH
(3.6¢) Tp=r xH;

wherep = r u. Given that p is no longer a constant along the characteristic (3.6c),

the characteristics are not linear but instead curves. Consequently, computing the

integral along these curves becomes highly challenging, making the derivation of an
implicit solution formulation di cult.

Piecewise Linear Approximation of Characteristic Curves. We assume that p
remains relatively constant over short time intervals. In other words, we approximate
the characteristic curve as linear over short time segments. To this end, we discretize
the temporal domain by

tp=0<ty;= t<ty,=2 t< <ty =N t=T:
For eachk =0; ;N 1, we can write the solution as follows: fort 2 [ty;tx + ],
UGt = UGt )= Uk (k)
with t = t,+ , 2 [0; t]. Then uk can be regarded as the solution of the following HJ

PDEs fortime 0t t with the initial function uX (;0)=uk 1(; t)= u(;k 1t):

uk+H x;ruk =0 in 0; 1)

3.7) uk(x;0)=uk 1(x; t) on

Assuming that p remains constant within each short time interval [ty ;tx + t], similar
to the state-independent Hamiltonian discussed in subsection 2.1, we can derive the
following implicit solution formula for (3.7):

(3.8) U )= H o xsrufeg ) + orukx )T pH xruf(x; )
(3.9) +u¢tx rpH o xsru; ot
This can be regarded as an implicit Euler discretization of the characteristic ODE
(3.6a):
X()=x0)+ rpHX()irux(); )+0 2
for small 2 [0; t]. For notational simplicity, let us denote

S U Ukt )=uR (G ) rudeG )T pH xor Uk (x; )

+ H x;ruf(x; ) uk?

X rpH x;ruf; ot
Time Marching Algorithm. Based on these, we propose the following time march-
ing method that solves the HJ PDEs (3.7) with the state dependentH sequentially
over short time intervals [ty;tx + t]:
1. Set the initial condition u® = g.
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2. Fork=1; ;N,
zZ . Z 5
(3.10) uk = argmin S viuk t (x; ) dxdt
v 0
For each k, the predicted function uk approximates the solution u of (3.7) on ty
t tk+1 y |e,

uk(x; ) u@k t+ );8 2[0; t];x2

It is important to note that rather than using separate neural networks for each
uk, the model is trained using a single network, ensuring memory e ciency. After
training the network for the solution u® ! on the time interval [ty 1;tx 1+ t], the
network parameters are saved. These saved parameters are then used as the initial
function to train the same network for the subsequent solution u® by (3.10). As
a result, when training uX, the network is initialized with uX %, which accelerates
the training process. Consequently, although the learning process is divided for time
marching, the rapid convergence for eactuk ensures that the overall training time
does not increase signi cantly.

4. Numerical Results.  In this section, we evaluate the performance of the pro-
posed deep learning-based method for learning the implicit solution formula through a
series of diverse examples and high-dimensional problems. Experiments are conducted
on up to 40 dimensions, and both qualitative and quantitative results are presented.
Although theoretical veri cation has not yet been established, extensive experiments
on nonconvex Hamiltonians are also included, demonstrating the e ectiveness of the
proposed method in learning viscosity solutions.

To assess the scalability of the proposed method, we maintain the same exper-
imental con gurations across all cases, regardless of dimensionality or domain size.
All experiments are conducted using an MLP (3.2) of a depthL = 5 and a width
d- = 64 with the SoftPlus activation function (x)= %log 1+ e* with =100.
Additional experiments on alternative network architectures are presented in Appen-
dix C.1. The network is trained for N = 200; 000 epochs using Adam optimizer [45]
with an initial learning rate of 10 2 decayed by a factor of 099 whenever the loss
decreased. In each epochM = 5;000 collocation points were uniformly randomly
sampled from the domain. When boundary conditions are given, the regularization
parameter is set to 0.1 and the number of boundary collocation pointsMy, is set
to 200. All experiments are implemented on a single NVIDIA GV100 (TITAN V)
GPU. A more detailed description of the experimental con guration is provided in
Appendix B.

4.1. Convex Hamiltonians. We begin by measuring the error with respect
to the true solution for the theoretically validated convex (or concave) Hamiltonian.
Experiments are conducted in up to 40 dimensions. In addition to accuracy, we
evaluate computational time and memory consumption to assess the e ciency of the
approach in high-dimensional settings. We also investigate the e ects of the sampling
strategy for collocation points and the network size on performance.

Example 4.1 (Quadratic Hamiltonians).  Consider two HJ equations with the
guadratic Hamiltonians for which the true viscosity solutions are known analytically:
Quadratic: H (p) = %kpkg and initial function g%() = kxk;. The exact

2

X

solution is given byu (x;t)= " i ¢ Xl 3 * iguij< 20
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Table 1
Quantitative results for quadratic Hamiltonian Example 4.1 in dimensions d=1;2;3;10;40.
The mean squared errors (MSE) with respect to the exact solution and the memory usage (Mem, in
MB) for storing the predicted solutions are reported.

d=1 d=2 d=3 d=10 d=40
Method MSE Mem| MSE Mem | MSE Mem| MSE Mem| MSE Mem
Ours 1.14E-7 0.06/1.91E-7 0.06 |3.21E-6 0.06/2.56E-5 0.06/1.30E-3 0.07
PINNs 2.39E-6 0.06/2.14E-5 0.06 |1.98E-4 0.06/5.78E-3 0.06/ 8.00 0.07

WENO (same Mem) 3.84E-5 0.06 1.3E-3  0.06 |3.68E-3 0.06 N/A N/A N/A N/A
WENO (same MSE) 1.14E-7 6.17/1.83E-7 51498.41 N/A N/A N/A  N/A N/A  N/A

Negative quadratic: H (p) = %kpkg and initial function g(x) = kxk,. The

exact solution isu (x;t) = kxk, + &
Experiments were conducted on thd; 2; 3;10, and 40 dimensions. We evaluate the per-
formance of the proposed method in comparison with physics-informed neural networks
(PINNSs) and the classical weighted essentially non-oscillatory (WENO) scheme. The
PINNs were trained using the same neural network architecture as our model, while
the WENO scheme was implemented on a uniformly discretized grid. Following the
evaluation setup of a prior study [9], we considered two WENO con gurations to
ensure a fair comparison with our deep learning-based approach: one with memory
usage comparable to that of the neural networks employed in our method and PINNs
for solution storage, and another yielding a similar level of accuracy to our method.

The errors with respect to the exact solutions, along with the corresponding mem-
ory usage for storing solutions, are summarized in Tables 1 and 2 for two test cases.
The results demonstrate that the proposed method e ectively computes solutions to HJ
equations even in high-dimensional settings. In contrast, PINNs exhibit signi cantly
higher errors compared to our approach. This discrepancy highlights the dierence
between the PDE-based loss in PINNs, which lacks information about the viscosity so-
lution, and our implicit formula, which inherently captures the characteristic structure
of the solution. For the WENO scheme, mesh resolutions with memory consumption
comparable to that of the neural networks are generally insu cient to achieve the same
level of accuracy as our proposed method. Achieving comparable accuracy with WENO
requires signi cantly higher resolution, leading to substantially increased memory us-
age, which becomes computationally infeasible in high-dimensional settings.

It is important to emphasize that the memory usage reported for both our method
and PINNs corresponds to the memory required to store a continuous solution func-
tion over the entire spatio-temporal domain. In contrast, the WENO scheme computes
solutions only at discrete grid points. Therefore, despite using comparable amounts
of memory, the proposed method and PINNs o er a signi cant advantage by provid-
ing a global, continuous solution that generalizes across the domain. As discussed in
subsection 3.1, the memory requirements of INRs are primarily governed by the net-
work size. While increasing the input dimension enlarges the input layer, the overall
network size remains largely una ected. Consequently, the results presented in Tables
1 and 2 indicate that memory usage is nearly independent of dimensionality. These
ndings highlight the strong scalability of deep learning approaches with respect to di-
mension, making them particularly well-suited for solving high-dimensional problems.
The computational time and peak memory usage are provided in Appendix C.4.

Example 4.2 (Nonsmooth Solutions). To more closely examine the proposed
method, we conduct ablation studies on the distribution of collocation points and the
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Table 2
Quantitative results for negative quadratic Hamiltonian in Example 4.1 in dimensions d
1;2;3;10;40. The mean squared errors (MSE) with respect to the exact solution and the memory
usage (Mem, in MB) for storing the predicted solutions are reported.

d=1 d=2 d=3 d=10 d=40
Method MSE Mem| MSE Mem| MSE Mem | MSE Mem| MSE Mem
Ours 8.59E-6 0.06/1.10E-4 0.06/1.15E-4 0.06|1.63E-4 0.06/1.23E-3 0.07
PINNs 1.40E-5 0.06|2.98E-4 0.06/5.53E-4 0.06|2.20E-2 0.06/ 11.90 0.07

WENO (same Mem) 1.01E-6 0.061.30E-3 0.06/1.35E-1 0.06| N/A N/A | N/A N/A
WENO (same MSE)  { { |1.11E-4 3.81/1.53E-4 686.33 N/A N/A | N/A N/A

network size and for the following two HJ, both of which admit non-smooth solutions:
L2 Hamiltonian: H (p) = kpk, and the initial function is the signed distance
function from two (d 1)-spheresg(x) = min fkx cik, rkx ¢k, rg,
wherec; = ( 0:3;0; ;0), c2 = (0:3;0; ;0), andr = 0:2. This rep-
resents the level set equation [64] that governs the collision of two spheres,
initially separated and moving along their respective normal directions, which
ultimately results in a collision. The exact solution is given byu (x;t) =
minfkx ¢k, r tkx c2k, r tg
LY Hamiltonian: H (p) = kpk, and g(x) = kxk,, where the exact solution
isu (x;t)=max tkxk, t;0g:

E ect of Collocation Sampling Strategies . To investigate the impact of the
sampling strategy for collocation points on solving the HJ equation, we compare three
di erent strategies for selecting collocation points f (X; ; t; )9,M=1 used in computing the
loss de ned in (3.4):

1. Uniform Random: Sampling uniformly at random over the spatio-temporal
domain.
2. Residual-Adaptive: Adaptive sampling based on regions where the residual of
the implicit solution formula (3.3) is large.
3. Gradient-Adaptive: Adaptive sampling that emphasizes regions with large gra-
dients of the solution.
In the limit as the number of collocation points increases, uniform random sampling
may under-represent regions where the solution exhibits high curvature or non-smooth
behavior. The proposed adaptive strategies aim to counteract this imbalance by con-
centrating points where the solution is less regular, aligning with ideas from impor-
tance sampling or adaptive quadrature. Gradient-adaptive sampling is motivated by
the observation that non-smooth features such as kinks are often associated with large
solution gradients. By focusing collocation points in such regions, the network is bet-
ter trained to capture these non-smooth characteristics. Residual-adaptive sampling,
on the other hand, aims to minimize the training loss more e ectively by allocating
more samples where the residual of the implicit solution formula is high, acting as a
heuristic form of importance sampling. Notably, residuals are likely to be large in the
vicinity of kinks, further reinforcing the coherence between the two adaptive strategies.
A visual comparison of the sampled point distributions, provided in Appendix C.5, sup-
ports the intended e ect of these adaptive sampling strategies. Implementation details
for the two adaptive sampling strategies are provided in Appendix B.

Table 3 presents the MSE with respect to the true solution for both? and L*!
Hamiltonian problems under di erent sampling strategies. Across all dimensions and
sampling methods, our implicit solution formula-based method accurately captures the
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Table 3
Comparison of sampling strategies for collocation points in terms of MSE for problems in
Example 4.2. Three di erent methods|uniform random sampling, residual-adaptive sampling, and
gradient-adaptive sampling|are evaluated across dimensions d=1;10, and 40.

L2 Hamiltonian L1 Hamiltonian
Sampling Strategy d=1 d=10 d=40 | d=1 d=10 d=40

Uniform random 7.08E-6 5.57E-5 1.13E-3 4.62E-3 1.71E-3 2.89E-3
Residual-adaptive 8.66E-6 1.21E-5 3.87E-46.67E-3 5.46E-3 1.27E-3
Gradient-adaptive 5.94E-6 1.91E-6 2.51E-4 4.24E-3 1.63E-3 7.87E-4

Fig. 1. Eects of network width (left) and depth (right) on the solution accuracy of 40-
dimensional Hamilton{Jacobi equations in Example 4.2. In the left plot, the depth is xed at 5
while varying the width; in the right plot, the width is xed at 64 while varying the depth. The
plots depict mean squared errors (MSE) on a logarithmic scale for both L2 and L1 Hamiltonians.
Results demonstrate that increasing the network size enhances accuracy.

non-smooth viscosity solution, demonstrating its robustness even in high-dimensional
settings. While all methods yield accurate solutions, adaptive sampling strategies
generally lead to improved performance compared to uniform random sampling. In
particular, the gradient-based adaptive sampling, which concentrates points near kink
regions, consistently achieves the best accuracy across all dimensions.

E ect of Network Capacity . We further investigate the e ects of network
width and depth on the solution accuracy for the 40-dimensional problems introduced
in Example 4.2. Figure 1 illustrates the MSE on a logarithmic scale for botH_? and
L! Hamiltonians as network size varies. All experiments were conducted using our
default con guration, which employs a uniform random sampling strategy for the col-
location points. The results clearly demonstrate that increasing the network width and
depth consistently improves the accuracy of the learned solution. Increasing the net-
work size enhances the representational capacity of the model, enabling it to accurately
approximate solutions even in the 40-dimensional setting. Consequently, the error is
reduced to the order of10 #, demonstrating the e ectiveness of scaling network size
for high-dimensional HJ equations.

4.2. Nonconvex Hamiltonians. In this subsection, we present experimental
results for various Hamiltonians that are neither convex nor concave. While the the-
oretical proof for the proposed implicit solution formula has not yet been established
in the nonconvex case, the experiments show that the proposed method e ectively
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(a) Ours

(b) PINNs

Fig. 2. The numerical results for one-dimensional Example  4.3. The horizontal axis represents
the spatial domain, while the vertical axis corresponds to the solution values. A zoomed-in view at
time t = %T highlights the kink region to better illustrate the di erences between the two methods,
where the dashed boxes delineate the regions selected for magni cation

yields viscosity solutions.

Example 4.3, We solve the nonlinear equation with a nonconvlgx Hamiltonian
H(ru)= cos ?:1 Uy, +1 , the initial function g(x) = cos 5 id:l Xj , and
periodic boundary conditions presented in [67]. The results ford = 1;2 are shown
in Figures 2 and 3, respectively, with solutions plotted up to timelT = 0:2, at which
point kinks have emerged. Both the proposed method and PINNs capture the solution
behavior consistent with the ndings in [67]. However, upon closer inspection of the
zoomed-in regions, it is evident that the PINN solutions do not accurately capture the
kink formation. In contrast, our proposed method accurately captures the formation
of kinks in both the one- and two-dimensional cases, demonstrating its e ectiveness.

Example 4.4. We solve the two-dimensional Riemann problem [67] with a non-

convex sinusoidal HamiltonianH (r u) = sin(uy + uy) and initial function g(x) =
(yi 1 xj)-

The predicted solution up toT = 1 obtained by the proposed method and PINNs
are presented in Figure 4. Our method demonstrates behavior consistent with the
numerical results in [67], where the initially smooth solution pro le gradually sharpens
over time. In contrast, although the PINN accurately captures the initial condition, it
learns a solution that deviates from the correct viscosity solution. This highlights the
strength of the proposed implicit solution formula, particularly in capturing the correct
dynamics of kink dynamics where PINNs tend to fail.

Example 4.5. The above nonconvex examples are actually one-dimensional along
the diagonal. To evaluate the performance of the proposed method on fully two-
dimensional problems [6], we solve the HJ PDE wittH (r u) = uyuy and g(x) =
sin(x) + cos(y) with periodic boundary condition and T = 1:5. The solution is smooth
for t < 1 and exhibits kinks fort 1. Consistent with the ndings in [6], the results
of both the proposed method and PINNs shown in Figuré indicate that the proposed
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(a) Ours

(b) PINNs

(c) Cutalong x =y

Fig. 3. The numerical results for two-dimensional Example  4.3. Figures (a) and (b) depict
surface plots of the predicted solutions by the proposed method and PINNs, respectively, where the
vertical axis represents the solution values over the two-dimensional domain. To examine the dif-
ferences between the two methods in greater detail, Figure (c) shows cross-sectional plots along the
line x = y at the nal time. The regions indicated by dashed boxes are zoomed in to provide a clearer
visualization of these di erences.

(a) Ours

(b) PINNs

Fig. 4 . Surface plot illustrating the temporal evolution of the numerical solutions obtained by
the proposed method and PINNs for Example 4.4 attimes t = 0;T=4;T=2;3T=4; T, where the vertical
axis represents the solution values over the two-dimensional spatial domain.
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(a) Ours

(b) PINNs

(c) Cutalong y=0

Fig. 5. The numerical results for two-dimensional Example  4.5. Figures (a) and (b) depict
surface plots of the predicted solutions by the proposed method and PINNs, respectively, where the
vertical axis represents the solution values over the two-dimensional domain. To examine the dif-
ferences between the two methods in greater detail, Figure (c) shows cross-sectional plots along the
line y =0 at the nal time. The regions indicated by dashed boxes are zoomed in to provide a clearer
visualization of these di erences.

method continues to accurately capture the solution even after the formation of a kink.
A closer examination of Figure 5(c) further reveals that, compared to the PINN, our
method more precisely captures the kink and also produces a smoother approximation
in the non-singular regions.

Example 4.6 (Eikolgal equation). Consider a two-dimensional nonconvex prob-
lem [67] withH (r u)= " ux + u, +1 andg(x) = % (cos(2x) 1)(cos(2y) 1)
1 that arises in geometric optics. The results up to timeT = 0:45 are shown in
Figure 6. For the proposed method, the initially smooth function progressively con-
centrates toward the center of the spatial domain and becomes increasingly sharp over
time, in agreement with the numerical ndings reported in [67]. In contrast, while the
PINN appears to capture the overall shape of the solution, its predictions deteriorate
over time|particularly near the at outer regions of the solution, which become dis-
torted. This behavior highlights a key distinction between the two approaches: PINNs
rely solely on minimizing the PDE residual, whereas our method leverages an implicit
solution formula grounded in the method of characteristics.

Example, 4.7. (Combustion problem) Consider the combustion problem [48] with
H(ru)= uy + uy+1 andg(x)=cos(2x) cos(2y): Results up to time0:27
are given in Figure 7 for both our method and PINNs. The proposed method accurately
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