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NEURAL IMPLICIT SOLUTION FORMULA FOR EFFICIENTLY
SOLVING HAMILTON-JACOBI EQUATIONS*

YESOM PARK! AND STANLEY OSHER?

Abstract. This paper presents an implicit solution formula for the Hamilton-Jacobi partial
differential equation (HJ PDE). The formula is derived using the method of characteristics and is
shown to coincide with the Hopf and Lax formulas in the case where either the Hamiltonian or the
initial function is convex. It provides a simple and efficient numerical approach for computing the
viscosity solution of HJ PDEs, bypassing the need for the Legendre transform of the Hamiltonian
or the initial condition, and the explicit computation of individual characteristic trajectories. A
deep learning-based methodology is proposed to learn this implicit solution formula, leveraging the
mesh-free nature of deep learning to ensure scalability for high-dimensional problems. Building upon
this framework, an algorithm is developed that approximates the characteristic curves piecewise
linearly for state-dependent Hamiltonians. Extensive experimental results demonstrate that the
proposed method delivers highly accurate solutions, even for nonconvex Hamiltonians, and exhibits
remarkable scalability, achieving computational efficiency for problems up to 40 dimensions.
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1. Introduction. Hamilton-Jacobi partial differential equations (HJ PDEs) are
of paramount importance in various fields of mathematics, physics, and engineering,
including optimal control [27, 74, 4], mechanics [23, 21], and the study of dynamic
systems [44, 73]. As they provide a powerful framework for modeling systems governed
by physical laws, HJ PDEs have a wide range of applications in diverse areas such as
geometric optics [63, 59], computer vision [8, 33, 65], robotics [53, 51, 3], trajectory
optimization [22, 68], traffic flow modeling [37, 49], and financial strategies [32, 7].
These applications illustrate the versatility and significance of HJ PDEs, emphasizing
the necessity for effective methods to solve them in both theoretical and practical
contexts. It is well-known that the solutions to HJ PDEs are typically continuous
but exhibit discontinuous derivatives, irrespective of the smoothness of the initial
conditions or the Hamiltonian. Moreover, such solutions are typically non-unique.
In this regard, viscosity solutions [14] are commonly considered as the appropriate
notion of solution, as they reflect the physical characteristics inherent to the problem.

Numerical methods for solving HJ PDEs have been extensively developed, with
numerous practical applications across various fields. The most prominent methods
include essentially non-oscillatory (ENO) and weighted ENO (WENO) type schemes
[67, 38, 6, 71], semi-Lagrangian methods [28, 15, 29], and level set approaches [66,
63, 64, 60, 2]. However, they encounter significant scalability challenges as the di-
mensionality of the state space increases. These methods rely on discretization of
the state space with a grid and approximating the Hamiltonian in a discrete form.
Consequently, the number of grid points required to obtain accurate solutions grows
exponentially with the dimensionality of the problem, resulting in prohibitive compu-
tational costs. In high-dimensional settings, particularly those involving more than
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2 Y. PARK AND S. OSHER

four dimensions, this scaling issue renders the classical methods impractical for many
real-world applications, where high-dimensional state spaces are prevalent.

Several approaches have been proposed to address the curse of dimensionality in
solving HJ PDEs. Methods based on max-plus algebra [58, 1, 31] show promise but
are restricted to specific classes of optimal control problems and encounter significant
challenges in practical implementation due to their complexity. Another promising
approach involves the use of Hopf or Lax formulas to represent solutions to HJ PDEs
[20, 12, 13, 10]. These formulas offer a causality-free approach, where solutions at each
spatial and temporal point can be computed by solving an optimization problem, thus
enabling parallel computation. This approach eliminates the reliance on grid-based
discretization, making it particularly well-suited for high-dimensional problems. How-
ever, these methods require computing the Legendre transform of the Hamiltonian or
initial function and are generally applicable only under specific assumptions, such as
convexity, or when the problem can be framed as a particular type of control prob-
lem. In parallel, algorithms based on optimal control theory have been developed.
For problems with convex Hamiltonians, HJ equations are closely connected to op-
timal control formulations, where Pontryagin’s maximum principle (PMP) provides
necessary conditions for optimality. Several PMP-based methods have been proposed
[41, 42, 82], which are essentially equivalent to employing the method of characteris-
tics for solving the associated Hamiltonian system. Despite their theoretical appeal,
the practical effectiveness of these methods is often limited by the need to solve a
system of ordinary differential equations (ODEs) at each point. Additionally, some
of these methods assume that multiple characteristics do not intersect, a condition
that may not hold in general scenarios. Furthermore, alternative techniques, such as
tensor decomposition [24] and polynomial approximation [40, 39], have been studied
for specific control problems.

Recent advancements in deep learning have given rise to a growing interest in
leveraging the extensive representational capabilities of neural networks to solve PDEs
[75, 83, 72, 57, 52, 81]. The viscosity solution of HJ PDEs is challenging to ob-
tain directly from the PDE itself, which underscores the development of alternative
approaches beyond the established methods like physics-informed neural networks
(PINNSs) [72]. In response, data-driven methods have been proposed for solving HJ
PDEs [61, 25, 16]; however, these methods face several challenges, including the need
for large amounts of training data, the limitation that their performance cannot ex-
ceed the accuracy of the numerical methods used to generate the data, and concerns
regarding their ability to generalize to unseen scenarios. Moreover, the integration
of reinforcement learning techniques to solve HJ PDEs related to control problems
has been studied [86, 54]. Another line of research has focused on the development
of specialized neural network architectures that express representation formulas to
specific HJ PDEs. Notable examples include architectures leveraging min-max alge-
bra to model the value function in optimal control [17], as well as designs based on
Hopf-type formulas [18, 19]. Although these approaches effectively bridge mathemat-
ical solution representations and network architecture, their applicability is limited
to specific classes of problems. Additionally, for problems formulated as stochastic
optimal control, deep learning methods leveraging the backward stochastic differential
equation (BSDE) representations have been developed [36, 62, 70], providing a prob-
abilistic framework for approximating solutions in high-dimensional settings. One of
the most closely related prior works introduces a deep learning approach for learning
implicit solution formulas along with characteristics for scalar conservation laws as-
sociated with one-dimensional HJ PDEs [84]. However, this method does not ensure

This manuscript is for review purposes only.



136

137

NEURAL IMPLICIT SOLUTION FORMULA FOR HJ PDES 3

the attainment of an entropy solution.

This study presents a novel implicit solution formula for HJ PDEs. The proposed
implicit solution formula is derived through the characteristics of the HJ PDE, with
the costate identified as the gradient of the solution at the current spatio-temporal
point, leading to an implicit representation formula for the solution. We demonstrate
that this new formula coincides with the classical Hopf and Lax formulas, which pro-
vides the viscosity solution for HJ PDEs in the case where either the Hamiltonian or
the initial function is convex (or concave). Notably, the implicit solution formula is
simpler than both the Hopf and Lax formulas, as it does not require the Legendre
transform of either the Hamiltonian or the initial function, thereby broadening its
practical applicability. Furthermore, although being based on characteristics, the im-
plicit solution formula alleviates the need to solve the system of characteristic ODEs
from the initial state to the present time. From an optimal control perspective, we
further explore the connection of the proposed formula with the Pontryagin’s maxi-
mum principle and Bellman’s principle, showing that the proposed implicit solution
formula serves as an implicit representation of Bellman’s principle.

Building on this foundation, we propose a deep learning-based approach to solve
HJ PDEs by learning the implicit solution formula. This method approximates the
solution as a Lipschitz continuous function, leveraging the powerful expressive capac-
ity of neural networks. Unlike traditional grid-based methods, our approach does not
require discretization of the domain, making it highly scalable and efficient, especially
for high-dimensional problems. This effectively mitigates the curse of dimensionality,
ensuring that computational time and memory usage scale efficiently with dimension-
ality. Thanks to the inherent simplicity of the implicit solution formula, it obviates
the need for computing the Legendre transform and individual characteristic trajec-
tories, thereby enhancing both its applicability and computational efficiency across a
wide range of problems. Through extensive and rigorous experimentation, we show
that the proposed algorithm provides accurate solutions even for problems with up
to 40 dimensions with negligible increases in computational cost. Importantly, the
method also shows robust performance on various nonconvex HJ PDEs, for which
mathematical demonstration has not been established, underscoring its versatility
and potential.

We extend our approach to handle HJ PDEs with state-dependent Hamiltonians.
In such cases, where the characteristic curves are no longer linear, deriving an im-
plicit solution formula becomes more intricate. To address this, we approximate the
characteristic curves as piecewise linear segments over short time intervals, applying
the proposed implicit solution formula at each interval. This leads to an efficient
time-marching algorithm that can handle state-dependent Hamiltonians, which we
validate through a series of experiments involving high-dimensional optimal control
problems. The results demonstrate that the proposed method is not only simple and
efficient but also effectively solving a wide range of high-dimensional, nonconvex HJ
PDEs, highlighting its potential as a valuable tool for addressing complex optimal
control problems and dynamic systems.

2. Implicit Solution formula of Hamilton-Jacobi Equations.

2.1. Implicit Solution Formula along Characteristics. In this subsection,
we introduce a novel implicit solution formula for the Hamilton-Jacobi partial differ-
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4 Y. PARK AND S. OSHER

ential equation (HJ PDE):
2.1) ug+ H (Vu)=0 in Qx (0,7)
. u=g on Q x {t =0},

where Q C R? is the spatial domain, H : R? — R is the Hamiltonian and g : Q — R is
the initial function. System of characteristic ODEs for (2.1), also known as Hamilton’s
system, is given by the following:

2.2a) x=VH

2.2b) t=q+p'VH=—-H+p'VH
2.2¢) ¢g=0

2.2d) p=0,

where the variables ¢ and p are shorthand for the partial derivatives ¢ = wu; and
p = Vu, respectively. From (2.2d) it is clear that the value of p, which is the sole
argument of the Hamiltonian, remains constant along the characteristic. Therefore,
the characteristic emanated from x (0) = xq € ) is a straight line

x(t) = tVH (p) + o,
implying that

u(t,x(t)) = —tH (p) + tp" VH (p) + u (xo,0)
= —tH (p) +tp"VH (p) + g (o) -

Given the constant nature of p along each characteristic line, its value can be deter-
mined at any intermediate time between the initial and current times. In this context,
we adopt p as the gradient of the solution at the current time. Substituting p = Vu
and expressing x (t) = x € §2 induces that

xo =x —tVH (Vu(x,t)),
and hence we attain the following implicit solution formula for HJ PDEs (2.1):
(2.3) u(x,t) = —tH (Vu) + tVuT VH (Vu) + g (x — tVH (Vu)) .

It is worth noting that this implicit solution formula expresses the solution without
requiring the Legendre transform of the Hamiltonian H or the initial function g.
Moreover, it does not require to compute individual characteristic trajectories by
solving the system of characteristic ODEs. Therefore, it provides a highly practical
and straightforward approach to solving HJ PDEs. Building upon this formula, we
propose a highly simple and effective deep learning-based methodology for solving HJ
PDE:s in section 3.

A key distinction between conventional approaches based on characteristics and
the proposed implicit solution formula lies in the treatment of p, which is chosen
as the gradient of the solution Vu at the current time t. Since p remains constant
along each characteristic line, it can be readily determined from the initial data.
Consequently, conventional methods typically express p in terms of Vg (x¢). However,
these approaches are limited in situations where no characteristic traces back to the
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NEURAL IMPLICIT SOLUTION FORMULA FOR HJ PDES 5

initial time ¢ = 0, resulting in the gradient at the current time not being accessible
from the initial data. In contrast, our approach employs the current value of p (t) =
Vu (x,t), allowing the implicit solution formula to effectively handle such scenarios.

It is well-established that under certain assumptions on the Hamiltonian H and
the initial function g, a representation formula for the viscosity solution can be derived.
The first is the Hopf-Lax formula

(2.4) u(x,t) = irylf{tH* <X;y) +g (y)}7

which holds for convex (or concave) H and Lipschitz g [35, 5, 55], or for Lipschitz and
convex H and continuous g [77], or also for strictly convex H and lower semicontinuous
(Ls.c.) g [46, 47]. Here, H* is the Legendre transform of H. On the other hand, Hopf
formula

(2.5) u(x,t) = — iréf{g* (z) +tH (z) — XTZ}

is valid for Lipschitz and convex (or concave) g and merely continuous H [35, 5], or for
convex g and Lipschitz H [77]. In the following, we demonstrate that the proposed
implicit solution formula (2.3) represents these two respective formulas under the
conditions under which they hold.

THEOREM 2.1. Assume the Hamiltonian H is differentiable and satisfies
(2.6)

. H
limp 00 “()Pl’) = +00,

{p — H (p) is strictly convex or concave,

and the initial function g is l.s.c. Then, the continuous function u that satisfies the
implicit solution formula (2.3) is the viscosity solution of (2.1) a.e.

Proof. The proof is provided in Appendix A.1. ]

THEOREM 2.2. Assume the initial function g satisfies

{x — g (x) 1is convex or concave,

11In|x|—)o<> % = +00,

that the Hamiltonian H is continuous, and that either the H or g is Lipschitz con-
tinuous. Then, the continuous function u that satisfies the implicit solution formula
(2.3) is the viscosity solution of (2.1) a.e.

Proof. The proof is provided in Appendix A.2. ]

Theorems 2.1 and 2.2 offer the theoretical validation of the implicit solution for-
mula (2.3) under the assumption of convexity of the Hamiltonian H or the initial
function g. However, this result has not yet been extended to the nonconvex case.
Nonetheless, as illustrated in subsection 4.2, we present robust empirical evidence
demonstrating the performance of the proposed approach through extensive exper-
iments on a diverse range of nonconvex examples, where neither the Hamiltonian
nor the initial function is convex (or concave). These results suggest the potential
applicability and validity of the proposed formula in such scenarios.

To facilitate comprehension of the implicit solution formula, a simple example is
presented.
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6 Y. PARK AND S. OSHER

EXAMPLE 2.1. Consider a one-dimensional example with a quadratic Hamilton-
ian and a homogeneous initial condition:

@7) {ut +u2=0 inRx(0,00)

u=0 on R x {t =0}.

The wviscosity solution to this problem is u* = 0. Note that there are infinitely many
Lipschitz functions satisfying (2.7) a.e. [26], for instance,

0 if lz|=t
v(z,t)=<z—t f0<z<t
—rz—t if —t<xz<0.

This example shows that, although there are infinitely many Lipschitz functions that
satisfy the HJ PDE, the implicit solution formula uniquely characterizes the viscosity
solution. The implicit solution formula (2.3) corresponding to (2.7) is written as

(2.8) u = tug.

For t =0, (2.8) satisfies the initial condition v = 0. For a fizved time t > 0, (2.8)
represents an ordinary differential equation (ODE) with respect to the variable x with
a coefficient that depends on t, and the ODE admits infinitely many solutions

u=Ce*'t, YC € R.

However, in order to satisfy the initial condition uw = 0 at t = 0, it follows that C' must
be zero. Therefore, the viscosity solution u* = 0 s the unique continuous function
that satisfies the implicit solution formula (2.8).

This example illustrates that, despite the existence of an infinitely many weak
solutions to the governing HJ PDE, the continuous function that satisfies the implicit
solution formula (2.3) is the unique viscosity solution. However, it also suggests that,
at a fixed time ¢ > 0, the implicit solution formula may admit multiple solutions.
For a fixed t > 0, the implicit solution formula (2.3) describes a first-order nonlinear
static PDE (or an ODE in the one-dimensional case) in x, where the time variable
t appears as coefficients. The absence of boundary conditions in this static PDE at
fixed ¢t > 0 naturally leads to the ill-posedness of the PDE with multiple solutions.
Therefore, the condition that the implicit solution formula (2.3) satisfies the initial
condition at ¢ = 0 is crucial, and finding a continuous function that satisfies the
implicit solution formula across the entire spacetime domain from the initial data is
essential for obtaining the unique viscosity solution. It is noteworthy, however, that
the above example is taken in the unbounded spatial domain R. For the general case
of HJ PDEs on a bounded domain £2, boundary conditions are specified. In such cases,
the given boundary condition serves as the boundary condition for the static PDE
described by (2.3) at a fixed time, thereby ensuring the uniqueness of the solution.

Remark 2.3. (Level set propagation) If the Hamiltonian H is homogeneous of
degree one in its gradient argument, i.e., for all A > 0.

H (Ap) = AH (p),

then the implicit solution formula (2.3) comes down to the following simple formula
a.e.

(2.9) u(x,t) =g(x—tV H(Vu)),
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NEURAL IMPLICIT SOLUTION FORMULA FOR HJ PDES 7

where the solution u is constant along the characteristics.

2.2. Control Perspectives on the Implicit Solution Formula. In this sub-
section, we revisit the implicit solution formula (2.3) from the perspective of control
theory, elucidating that it represents an implicit formulation of Bellman’s principle.
This perspective also enables a comprehensive exploration of the relationships be-
tween the implicit solution formula and Pontryagin’s maximum principle (PMP) and
the Hopf-Lax formula (2.4), while also highlighting the distinctions between these
established approaches and the proposed implicit solution formula.

Let L = L(q) : R? — R be the corresponding Lagrangian, that is, L = H*, the
Legendre transform of H. Under the assumption (2.6) on the Hamiltonian H, the
Lagrangian satisfies

q— L(q) is convex,
lim) g 00 % = 400,

and H (p) = L* (p) =sup {p"q— L(q)}.
a
It is well-known that the viscosity solution u of the HJ PDEs

Uy +H(VU) = U + sup {VUqu L(q)} = Oa
q

u(x,0) = g(x)

(2.10)

is represented by the value function of the following corresponding optimal control
problem:

(2.11) (1) = inf{/o L(a(s)ds+g(y(0) ¥ () =x,¥(s) = a(s),0 < s < t}.

qa

Pontryagin’s maximum principle (PMP) states that the optimal trajectory of
state y (¢) arriving at y () = x and costate p (¢) satisfies

(2.12a) y=a y() =x,
(2.12b) p=0,p(0)=Vy(y0)),
(2.12¢) q= arg‘rlnax {pTv —L(v)}.

Note that this is identical to the characteristic ODEs for the state x (2.2a) and
the gradient of the solution (2.2d) of the HJ PDEs. Therefore, PMP implies that the
characteristic of the HJ PDEs corresponds to the optimal trajectory.

We now establish that both the Hopf-Lax formula and the implicit solution for-
mula can be derived from the PMP in conjunction with the definition of the value
function. This facilitates a comprehensive understanding of their relationships and
differences.

Hopf-Lax Formula. Since the costate p is constant along the optimal trajec-
tory (2.12b), the last condition (2.12c) of the PMP implies that q is also constant.
Therefore, from (2.12a), it follows that the optimal trajectory of y is a straight line,
whose solution is given by

(2.13) y(0)=y(t) —tqg=x—tq.
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8 Y. PARK AND S. OSHER

Therefore, the optimal q is expressed by y (0) as follows:

-y (0
(2.14) q=>Y i'( ),
and hence, the minimization with respect to q can be transformed into a minimization
with respect to y (0) € R?. Substituting this relation (2.14) into the definition of the
value function (2.11) leads to the following Hopf-Lax formula:

[ ()0}
A () oo}
= yiélﬂ{d {tH* <X;y) + g(y)} .

In other words, the Hopf-Lax formula is derived by substituting the control q in terms
of the initial state y (0) =y, leveraging the fact that the optimal trajectory is linear
(2.14), as determined by the characteristic ODE of the PMP.

Implicit Solution formula. The implicit solution formula (2.3) is derived in
a manner analogous to the Hopf-Lax formula, but it differs by expressing p as the
gradient of the value function Vu and additionally removing the Legendre transform.
From the optimality of q in (2.12c), the Hamiltonian is written as

u(x,t)

(2.15) H(p)=p'q+L(q).
It follows that

_0H 0HOoq OH

2.1 H= "1+ i

where %—Z = 0 is induced from (2.12¢). Let g* be the optimal control. Putting (2.12c),

(2.13), and (2.14) to the definition of the value function in (2.11) leads to the following
formula of the value function:

u(x,t) =tL(q") +g(x —tq")
(2.17) =t(H(p)—p'q’) +g(x—tq")
=t(H(p) —p"VpH (p)) + g (x — tVpH (p)),

where the second and third equalities are derived from (2.15) and (2.16), respectively.
In other words, by substituting these two expressions (2.15) and (2.16), we derive the
formula for the value function u that is independent of both the control q and the
Legendre transform. Since the optimal p is the gradient of the value function Vu, the
solution formula (2.17) derived from PMP is identical to the implicit solution formula
(2.3). Furthermore, it is important to note that the definition of the value function
(2.11) precisely encapsulates the integral of the characteristic ODE of w (2.2b); that
is, it directly represents the solution to the characteristic ODE of w (2.2b). In other
words, the characteristic ODE of w (2.2b), which is not explicitly included in the
PMP formula (2.12), is inherently embedded within the construction of Bellman’s
value function.
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NEURAL IMPLICIT SOLUTION FORMULA FOR HJ PDES 9

Consequently, the PMP (2.12a)-(2.12¢), the Bellman’s value function (2.11), the
Hopf-Lax formula (2.4), and the proposed implicit solution formula (2.3) are all in-
terconnected. The PMP states that the characteristics of the HJ PDEs correspond to
the optimal trajectory, and Bellman’s principle expresses the value function in terms
of the solution to the characteristic ODE of u (2.2b). Together, they imply that the
viscosity solution to the HJ PDEs (2.1) is defined along the characteristics.

However, there are notable differences in how these formulas yield the solution to
(2.1) from a practical perspective. The PMP necessitates the solution of a single tra-
jectory of the characteristic ODEs, which implies that, when attempting to compute
the value function, one must solve a system of ODEs for each trajectory, introducing
significant computational complexity. The Hopf-Lax formula, by exploiting the lin-
earity of the optimal trajectory, eliminates the need to solve such ODEs. However, it
involves the computation of the Legendre transform of the Hamiltonian H, ultimately
leading to a challenging min-max problem. In contrast, the implicit solution formula
(2.3) alleviates both the ODE solving of PMP and the min-max problem from the
Hopf-Lax formula by leveraging the fact that the optimal costate p is the gradient of
the solution Vu. Consequently, compared to the PMP and the Hopf-Lax formula, the
proposed implicit solution formula provides a more practical and widely applicable
approach for solving HJ PDEs.

3. Learning Implicit Solution with Neural Networks. In this section, we
introduce a deep learning-based approach for solving the implicit solution formula
(2.3). Building upon the implicit solution formula, we propose the following mini-
mization problem:

T 2
(3.1) min £ (u) = / / (u—l—tH (V) —tVuTVH (Vu)—g (x — tVH (vu))) dx dt.
“ 0 JQ

The minimization problem (3.1) is inherently complex to be efficiently solved using
classical numerical methods. To address this challenge, we propose a deep learning
framework that has shown significant effectiveness in optimizing complex problems.
This approach enables the scalable learning of the implicit solution formula, even in
high-dimensional settings, thereby allowing the solution of the HJ PDEs (2.1) to be
represented by a neural network, which is a Lipschitz function.

3.1. Implicit Neural Representation. We represent the solution w of the
HJ PDEs (2.1) using a standard artificial neural network architecture, a multi-layer
perceptron (MLP). The MLP is a function ug : R? xR — R defined as the composition
of functions, which can be expressed as follows:

(3.2) ug (x,t) =W (hpo---ohg(x,t)) +b, (x,t) € R" xR,

where L € N is a given depth, W € R'¥9~ is a weight of the output layer, b € R is
an output bias and the perceptron (also known as the hidden layer) h, : R%-1 — Rd
is defined by

he(y) =0 Wiy +by), y eR¥1 forall £ =0,... L,
for weight matrices W, € R%*% 1 with the input dimension d_; = d+ 1, bias vectors
b, € R%, and a non-linear activation function o. The dimensions d; of the hidden

layers are also called by the width of the network. A shorthand notation 6 is used
to refer to all the parameters of the network, including the weights {W, Wy, -+, W}
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10 Y. PARK AND S. OSHER

and biases {b,bg, -+ ,br}. Since Lipschitz continuous activation functions o are
used, the MLP fy is a Lipschitz function and is also bounded on a bounded domain.
Given the current parameter configuration, the parameters 6 are successively adapted
by minimizing an assigned loss function explained in the subsequent section.

Representing the solution of HJ PDEs using neural networks offers a scalable
and efficient approach for modeling the spatio-temporal dependencies of the solution,
offering several advantages over classical numerical schemes. Classical methods dis-
cretize the spatial vector field using primitives such as meshes, which scale poorly with
the number of spatial samples. In contrast, representing the spatio-temporal function
through networks known as implicit neural representations (INRs) encodes spatial
and temporal dependencies through neural network parameters 6, each globally influ-
encing the function. Consequently, the memory usage of INRs remains independent
of the spatial sample size, being determined solely by the number of network param-
eters, which enables scalability in high-dimensional settings as evidenced in Section
4 for the proposed method. Additionally, INRs are adaptive, leveraging their ca-
pacity to represent arbitrary spatio-temporal locations of interest without requiring
memory expansion or structural modifications. The expressivity of non-linear neu-
ral networks enables INRs to achieve superior accuracy compared to mesh-based and
meshless methods, even under the same memory constraints [78, 9]. Furthermore,
INRs represent the solution as a continuous function rather than at discrete points,
with activation functions that can be tailored to the solution’s regularity. Thanks
to the architecture of MLPs, exact derivatives can be computed via the chain rule,
eliminating the need for numerical differentiation methods such as finite differences.
The partial derivatives of ug are efficiently computed using automatic differentiation
library (autograd) [69].

3.2. Training. Given that the solution u is represented by the neural network
ug, the minimization problem (3.1) reduces to finding the network parameters 6 that
minimize £ in (3.1). For notational convenience, we denote

(3.3) S (u) =u+tH (Vu) —tVuTVH (Vu) — g (x — tVH (Vu)).

The integral of £ is approximated using Monte Carlo methods
M
A 2
(3.4) LO) =47 D8 (ug (x5,15))%,
j=1

with the M collocation points {(x;, tj)}j.vil randomly sampled from a uniform distri-

bution U (€ x [0,T]). This empirical loss £ serves as the loss function for training
the neural network. The current network parameters are updated using a gradient-
based optimizer to minimize the loss function L. During training, different random
collocation points are employed in each iteration to ensure accurate learning across
the entire domain. The partial derivatives of the network ug are computed through
autograd when calculating the loss. The training procedure for optimization using
gradient descent is summarized in Algorithm 3.1.

This algorithm is considerably simpler than existing methodologies in several
respects and yields remarkable results, as demonstrated in section 4. Previous ap-
proaches [20, 12, 13, 10], which aimed to obtain the viscosity solution via the Hopf
or Lax formula, involved calculating the Legendre transform of the Hamiltonian or
the initial function. Therefore, these methods were restricted to problems where the
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Algorithm 3.1 Algorithm for Learning Implicit Solution of HJ PDEs

1: Initialize the network ug with an initial network parameter 6.
2: forn=20,---,N do

3:  Randomly sample M collocations points {(x;, tj)}M
4

PR U (Qx[0,T]).
Calculate the loss by Monte Carlo integration

R 1 & )
L(6,) = MZS(U"" (xj,t5))"

5. Update 6,, by gradient descent with a step size a > 0
Oni1 < O — VoLl (6,).

end for
7: return wug, as the predicted viscosity solution to the HJ PDEs (2.1).

<@

Legendre transform was easily computable or required solving numerically intensive
min-max problems for each spatio-temporal point, limiting their general applicabil-
ity. In contrast, our approach bypasses the Legendre transform by using an implicit
formula, enabling us to handle a broader class of Hamiltonians and initial functions.
Moreover, while prior methods based on characteristics or PMP [41, 42, 82] necessi-
tated solving a system of ODEs to track individual trajectories, the proposed method
eliminates the requirement for explicit trajectory computation.

The proposed method also overcomes the limitations of classical grid-based nu-
merical methods, which face challenges when dealing with high-dimensional or large-
scale problems due to the increasing number of grid points required as the dimension
or domain size grows. Unlike classical methods, the deep learning approach is charac-
terized by its mesh-free nature, which precludes the necessity for a grid discretization
of the computational domain. The mesh-free approach allows for the random selec-
tion of collocation points in each iteration, with the selected points gradually covering
the domain as iterations proceed. Consequently, the computational and memory re-
quirements do not increase significantly with higher dimensions, as evidenced in 77
for the proposed method. Furthermore, under certain mild assumptions, it has been
demonstrated that this stochastic gradient descent applied using randomly sampled
collocation points converges to the minimizer of the original expectation loss [43].
The absence of mesh generation also simplifies the practical implementation of the
method.

This approach also offers distinct advantages over existing deep learning methods
for solving PDEs. As an unsupervised learning method, it solves HJ PDEs given the
Hamiltonian and initial condition, without requiring solution data for training. This
addresses the limitations of supervised learning methods [61, 25, 16], which rely on
extensive solution data and do not guarantee generalization to unseen problems. The
proposed approach also offers strengths compared to the established unsupervised
methods, such as PINNs [72] and the DeepRitz method [83]. DeepRitz, which is
based on a variational formulation, is not suitable for HJ PDEs. PINNs, on the
other hand, use the residual of the PDE itself as the loss function, which cannot
guarantee obtaining the viscosity solution for HJ PDEs among multiple solutions.
Since the viscosity solution cannot be directly derived from the PDE itself, there are
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inherent challenges in obtaining it from the PDE residual loss used in PINNs. In
comparison, the proposed method learns an implicit formula for the solution that
naturally inherits the properties of the viscosity solution through the characteristic
equation, enabling effective solutions to HJ PDEs. Furthermore, most deep learning
methods for solving PDEs, including PINNs and DeepRitz method, use a training
loss function that is the linear sum of the loss term corresponding to the PDE and
the loss term for the initial condition. This requires a regularization parameter to
balance the two loss terms, which is highly sensitive and difficult to optimize [79].
In contrast, the proposed method employs an implicit solution formula, whereby the
initial condition is automatically incorporated by substituting ¢ = 0 into (3.4). As a
result, our approach eliminates the need for a regularization parameter, using only
a single loss function and obviating the distinction between the initial condition and
the PDE.

When boundary conditions are specified in the spatial domain €2, we incorporate
additional loss terms to enforce these conditions. For instance, when a Dirichlet
boundary condition is imposed with the boundary function i : 9Q — [0,7] — R, the
following loss function is used:

1 & 2
E > (u (X?,t?) —h (xé’,t?)) ,
j=

where the M, boundary collocation points (x?,t?) € 90 x [0,T] are randomly sam-
pled from a uniform distribution. Similarly, for a periodic boundary condition, the

boundary loss term is given as follows:

1 & 2
S ) ()
i=1

where y? € 9Q represents the point on the opposite side of the domain €2 correspond-
ing to x?. This boundary loss, weighted by the regularization parameter A > 0, is
then added to the implicit solution loss £ (3.4) to form the total training loss.

Remark 3.1. If the goal is to obtain a solution at a specific time ¢ = 7" rather
than over the entire temporal evolution, integrating over time in the loss function
may not be necessary. However, as shown in Example 2.1 in subsection 2.1, when
the PDE lacks boundary conditions, the implicit solution formula at a fixed ¢ results
in a differential equation without boundary conditions, leading to the possibility of
multiple spurious solutions. To address this, it is preferable to incorporate an integral
over the entire temporal domain in the loss function, thereby training a continuous
network to find a continuous solution that satisfies (2.3) across the entire spacetime
domain. On the other hand, when boundary conditions are given in the HJ PDEs
(2.1), these can serve as the boundary condition for the differential equation (2.3) at
the fixed time, ensuring the uniqueness of the solution. In such cases, training the
model exclusively with respect to the terminal time ¢ = T may suffice.

3.3. State-dependent Hamiltonian. In this subsection, we propose an algo-
rithm for the case of a state-dependent Hamiltonian, inspired by the implicit solution
formula (2.3). Consider the state-dependent HJ PDEs defined in a domain Q2 C R?

(3.5)

u+H(x,Vu) =0 inQx(0,T)
u=g on Q x {t =0}.

This manuscript is for review purposes only.



474

476
477
478
479
480
481
482
483

484

485

486

487

488
489

490

491

492

493

194

195

496
497

v Ot Ot Ot
Do

T o= W

NEURAL IMPLICIT SOLUTION FORMULA FOR HJ PDES 13

The system of characteristic ODEs of (3.7) is given by

(3.6a) x=VpH
(3.6b) =—H+p VpoH
(3.6¢c) p=—V.H,

where p = Vu. Given that p is no longer a constant along the characteristic (3.6c¢),
the characteristics are not linear but instead curves. Consequently, computing the
integral along these curves becomes highly challenging, making the derivation of an
implicit solution formulation difficult.

Piecewise Linear Approzimation of Characteristic Curves. We assume that p
remains relatively constant over short time intervals. In other words, we approximate
the characteristic curve as linear over short time segments. To this end, we discretize
the temporal domain by

to=0<t; = At <ty =2At<---<ty=NAt=T.
For each kK =0,--- , N — 1, we can write the solution as follows: for t € [t, ) + At],
u(x,t) =u(x t, +7) =u" (x,7)

with t = t,+7, 7 € [0, At]. Then u* can be regarded as the solution of the following HJ
PDEs for time 0 < ¢ < At with the initial function «* (-,0) = u*=1 (-, At) = u (-, kKAt):

(3.7) uf + H (x,Vu*) =0 in Q x (0, At)
) uF (x,0) = uF~1 (x,At) on Q.
Assuming that p remains constant within each short time interval [tg, t + At], similar

to the state-independent Hamiltonian discussed in subsection 2.1, we can derive the
following implicit solution formula for (3.7):

(3.8) ub (x,7) = —7H (x, Vi (x,7)) + 7V (x, )T VpH (x, Vu* (x,7))
+ ukt (x —T7VpH (x, Vuk) ,At) .
This can be regarded as an implicit Euler discretization of the characteristic ODE
(3.6a):
x (1) =x(0) + 7VpH (x (1), Vu(x(1),7)) + O (7°)

for small 7 € [0, At]. For notational simplicity, let us denote

S [uF, b (x,7) =u* (x,7) — TVUF (%, ) VoH (x, Vu* (x,7))
+7H (x, vuk (X,T)) —ukt (x —7VpH (x, Vuk) ,At) )

Time Marching Algorithm. Based on these, we propose the following time march-
ing method that solves the HJ PDEs (3.7) with the state dependent H sequentially
over short time intervals [t, t; + At]:

1. Set the initial condition u° = g.
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2. Fork=1,---,N,

At
(3.10) uf = arg min/ / (S [v,u" 1] (X7T))2dx dt.
v o Jo

For each k, the predicted function u* approximates the solution u of (3.7) on t; <
t < try1, e,

uf (x,7) u(x, kAt +7), V7 €[0,At],x € Q.

It is important to note that rather than using separate neural networks for each
u¥, the model is trained using a single network, ensuring memory efficiency. After
training the network for the solution ©*~! on the time interval [ty_1,t,_1 + At], the
network parameters are saved. These saved parameters are then used as the initial
function to train the same network for the subsequent solution u* by (3.10). As
a result, when training u”*, the network is initialized with «*~', which accelerates
the training process. Consequently, although the learning process is divided for time
marching, the rapid convergence for each u* ensures that the overall training time
does not increase significantly.

4. Numerical Results. In this section, we evaluate the performance of the pro-
posed deep learning-based method for learning the implicit solution formula through a
series of diverse examples and high-dimensional problems. Experiments are conducted
on up to 40 dimensions, and both qualitative and quantitative results are presented.
Although theoretical verification has not yet been established, extensive experiments
on nonconvex Hamiltonians are also included, demonstrating the effectiveness of the
proposed method in learning viscosity solutions.

To assess the scalability of the proposed method, we maintain the same exper-
imental configurations across all cases, regardless of dimensionality or domain size.
All experiments are conducted using an MLP (3.2) of a depth L = 5 and a width
dy = 64 with the SoftPlus activation function o (z) = %log (1 + €f7) with 3 = 100.
Additional experiments on alternative network architectures are presented in Appen-
dix C.1. The network is trained for N = 200,000 epochs using Adam optimizer [45]
with an initial learning rate of 1072 decayed by a factor of 0.99 whenever the loss
decreased. In each epoch, M = 5,000 collocation points were uniformly randomly
sampled from the domain. When boundary conditions are given, the regularization
parameter A is set to 0.1 and the number of boundary collocation points M, is set
to 200. All experiments are implemented on a single NVIDIA GV100 (TITAN V)
GPU. A more detailed description of the experimental configuration is provided in
Appendix B.

4.1. Convex Hamiltonians. We begin by measuring the error with respect
to the true solution for the theoretically validated convex (or concave) Hamiltonian.
Experiments are conducted in up to 40 dimensions. In addition to accuracy, we
evaluate computational time and memory consumption to assess the efficiency of the
approach in high-dimensional settings. We also investigate the effects of the sampling
strategy for collocation points and the network size on performance.

EXAMPLE 4.1 (Quadratic Hamiltonians).  Consider two HJ equations with the
quadratic Hamiltonians for which the true viscosity solutions are known analytically:
e Quadratic: H (p) = %||p||g and initial function g(x) = [|x|;. The exact

2
solution is given by u* (X, t) =37, .. |5 (Jil = &) + 2wl <t 3,
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TABLE 1
Quantitative results for quadratic Hamiltonian Example 4.1 in dimensions d = 1,2,3,10,40.
The mean squared errors (MSE) with respect to the exact solution and the memory usage (Mem, in
MB) for storing the predicted solutions are reported.

d=1 d=2 d=3 d=10 d =40
Method MSE Mem‘ MSE Mem ‘ MSE Mem‘ MSE Mem‘ MSE Mem
Ours 1.14E-7 0.06 [1.91E-7 0.06 |3.21E-6 0.06 |2.56E-5 0.06 [1.30E-3 0.07
PINNs 2.39E-6 0.06 |2.14E-5 0.06 |1.98E-4 0.06 [5.78E-3 0.06 | 8.00 0.07

WENO (same Mem) 3.84E-5 0.06 | 1.3E-3  0.06 |3.68E-3 0.06| N/A N/A| N/A N/A
WENO (same MSE) 1.14E-7 6.17 |1.83E-7 51498.41| N/A N/A| N/A N/A| N/A N/A

e Negative quadratic: H (p) = —34 ||p|\§ and initial function g (x) = ||x||;. The
ezact solution is u* (x,t) = [|x||, + %.

Ezxperiments were conducted on the 1,2,3,10, and 40 dimensions. We evaluate the per-
formance of the proposed method in comparison with physics-informed neural networks
(PINNs) and the classical weighted essentially non-oscillatory (WENO) scheme. The
PINNs were trained using the same neural network architecture as our model, while
the WENO scheme was implemented on a uniformly discretized grid. Following the
evaluation setup of a prior study [9], we considered two WENO configurations to
ensure a fair comparison with our deep learning-based approach: one with memory
usage comparable to that of the neural networks employed in our method and PINNs
for solution storage, and another yielding a similar level of accuracy to our method.

The errors with respect to the exact solutions, along with the corresponding mem-
ory usage for storing solutions, are summarized in Tables 1 and 2 for two test cases.
The results demonstrate that the proposed method effectively computes solutions to HJ
equations even in high-dimensional settings. In contrast, PINNs exhibit significantly
higher errors compared to our approach. This discrepancy highlights the difference
between the PDE-based loss in PINNs, which lacks information about the viscosity so-
lution, and our implicit formula, which inherently captures the characteristic structure
of the solution. For the WENQO scheme, mesh resolutions with memory consumption
comparable to that of the neural networks are generally insufficient to achieve the same
level of accuracy as our proposed method. Achieving comparable accuracy with WENO
requires significantly higher resolution, leading to substantially increased memory us-
age, which becomes computationally infeasible in high-dimensional settings.

It is important to emphasize that the memory usage reported for both our method
and PINNs corresponds to the memory required to store a continuous solution func-
tion over the entire spatio-temporal domain. In contrast, the WENQO scheme computes
solutions only at discrete grid points. Therefore, despite using comparable amounts
of memory, the proposed method and PINNs offer a significant advantage by provid-
ing a global, continuous solution that generalizes across the domain. As discussed in
subsection 3.1, the memory requirements of INRs are primarily governed by the net-
work size. While increasing the input dimension enlarges the input layer, the overall
network size remains largely unaffected. Consequently, the results presented in Tables
1 and 2 indicate that memory usage is nearly independent of dimensionality. These
findings highlight the strong scalability of deep learning approaches with respect to di-
mension, making them particularly well-suited for solving high-dimensional problems.
The computational time and peak memory usage are provided in Appendix C.4.

ExaMPLE 4.2 (Nonsmooth Solutions).  To more closely examine the proposed
method, we conduct ablation studies on the distribution of collocation points and the
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TABLE 2
Quantitative results for negative quadratic Hamiltonian in Example 4.1 in dimensions d =
1,2,3,10,40. The mean squared errors (MSE) with respect to the exact solution and the memory
usage (Mem, in MB) for storing the predicted solutions are reported.

d=1 d=2 d=3 d=10 d =40
Method MSE Mem‘ MSE Mem‘ MSE Mem‘ MSE Mem‘ MSE Mem
Ours 8.59E-6 0.06 |1.10E-4 0.06 |1.15E-4 0.06 |1.63E-4 0.06 |1.23E-3 0.07
PINNs 1.40E-5 0.06 |2.98E-4 0.06 |5.53E-4 0.06 [2.20E-2 0.06 | 11.90 0.07
WENO (same Mem) 1.01E-6 0.06 |1.30E-3 0.06 |1.35E-1 0.06 | N/A N/A| N/A N/A
WENO (same MSE) ~ |1.11E-4 3.81|1.53E-4 686.33| N/JA N/A| N/A N/A

network size and for the following two HJ, both of which admit non-smooth solutions:
e L% Hamiltonian: H (p) = ||pll, and the initial function is the signed distance
function from two (d—1)-spheres g (x) = min {||x — c1||, — 7, [|x — cal|, — r},
where ¢; = (—0.3,0,---,0), ca = (0.3,0,---,0), and r = 0.2. This rep-
resents the level set equation [64] that governs the collision of two spheres,
initially separated and moving along their respective normal directions, which
ultimately results in a collision. The exact solution is given by u* (x,t) =
min {[x — ¢l — £, [x — eal|, — 7 — £},
e L>° Hamiltonian: H (p) = ||p||,, and g (x) = [|x||;, where the exact solution
is u* (x,t) = max {||x|; —¢,0}.

Effect of Collocation Sampling Strategies. To investigate the impact of the
sampling strateqy for collocation points on solving the HJ equation, we compare three
different strategies for selecting collocation points {(x;, tj)}jle used in computing the
loss defined in (3.4):

1. Uniform Random: Sampling uniformly at random over the spatio-temporal
domain.
2. Residual-Adaptive: Adaptive sampling based on regions where the residual of
the implicit solution formula (3.3) is large.
3. Gradient-Adaptive: Adaptive sampling that emphasizes regions with large gra-
dients of the solution.
In the limit as the number of collocation points increases, uniform random sampling
may under-represent regions where the solution exhibits high curvature or non-smooth
behavior. The proposed adaptive strategies aim to counteract this imbalance by con-
centrating points where the solution is less reqular, aligning with ideas from impor-
tance sampling or adaptive quadrature. Gradient-adaptive sampling is motivated by
the observation that non-smooth features such as kinks are often associated with large
solution gradients. By focusing collocation points in such regions, the network is bet-
ter trained to capture these non-smooth characteristics. Residual-adaptive sampling,
on the other hand, aims to minimize the training loss more effectively by allocating
more samples where the residual of the implicit solution formula is high, acting as a
heuristic form of importance sampling. Notably, residuals are likely to be large in the
vicinity of kinks, further reinforcing the coherence between the two adaptive strategies.
A wisual comparison of the sampled point distributions, provided in Appendiz C.5, sup-
ports the intended effect of these adaptive sampling strategies. Implementation details
for the two adaptive sampling strategies are provided in Appendiz B.

Table 3 presents the MSE with respect to the true solution for both L? and L>
Hamiltonian problems under different sampling strategies. Across all dimensions and
sampling methods, our implicit solution formula-based method accurately captures the
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TABLE 3
Comparison of sampling strategies for collocation points in terms of MSE for problems in
Ezample 4.2. Three different methods—uniform random sampling, residual-adaptive sampling, and
gradient-adaptive sampling—are evaluated across dimensions d = 1,10, and 40.

L? Hamiltonian L>° Hamiltonian
Sampling Strategy d=1 d=10 d=40| d=1 d=10 d=40

Uniform random 7.08E-6 5.57E-5 1.13E-3 | 4.62E-3 1.71E-3 2.89E-3
Residual-adaptive  8.66E-6 1.21E-5 3.87E-4 | 6.67TE-3 5.46E-3 1.27E-3
Gradient-adaptive 5.94E-6 1.91E-6 2.51E-4 | 4.24E-3 1.63E-3 7.87E-4

Effect of Network Width on Accuracy Effect of Network Depth on Accuracy

2x107?

5x1074

24 2° 26 27 28

Width

—e— L2 Hamiltonian — L® Hamiltonian

Fic. 1. Effects of network width (left) and depth (right) on the solution accuracy of 40-
dimensional Hamilton—Jacobi equations in Example 4.2. In the left plot, the depth is fized at 5
while varying the width; in the right plot, the width is fixed at 64 while varying the depth. The
plots depict mean squared errors (MSE) on a logarithmic scale for both L? and L>° Hamiltonians.
Results demonstrate that increasing the network size enhances accuracy.

non-smooth viscosity solution, demonstrating its robustness even in high-dimensional
settings. While all methods yield accurate solutions, adaptive sampling strategies
generally lead to improved performance compared to uniform random sampling. In
particular, the gradient-based adaptive sampling, which concentrates points near kink
regions, consistently achieves the best accuracy across all dimensions.

Effect of Network Capacity. We further investigate the effects of network
width and depth on the solution accuracy for the 40-dimensional problems introduced
in Example 4.2. Figure 1 illustrates the MSE on a logarithmic scale for both L? and
L> Hamiltonians as network size varies. All experiments were conducted using our
default configuration, which employs a uniform random sampling strategy for the col-
location points. The results clearly demonstrate that increasing the network width and
depth consistently improves the accuracy of the learned solution. Increasing the net-
work size enhances the representational capacity of the model, enabling it to accurately
approximate solutions even in the 40-dimensional setting. Consequently, the error is
reduced to the order of 10™%, demonstrating the effectiveness of scaling network size
for high-dimensional HJ equations.

4.2. Nonconvex Hamiltonians. In this subsection, we present experimental
results for various Hamiltonians that are neither convex nor concave. While the the-
oretical proof for the proposed implicit solution formula has not yet been established
in the nonconvex case, the experiments show that the proposed method effectively
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F1a. 2. The numerical results for one-dimensional Example 4.3. The horizontal azis represents
the spatial domain, while the vertical azis corresponds to the solution values. A zoomed-in view at
time t = %T highlights the kink region to better illustrate the differences between the two methods,
where the dashed boxes delineate the regions selected for magnification

yields viscosity solutions.

ExaMmpLE 4.3. We solve the nonlinear equation with a nonconvex Hamiltonian
H (Vu) = —cos (Zle Uy, + 1), the initial function g (x) = — cos (g Zle xi), and
periodic boundary conditions presented in [67]. The results for d = 1,2 are shown
in Figures 2 and 3, respectively, with solutions plotted up to time T = 0.2, at which
point kinks have emerged. Both the proposed method and PINNs capture the solution
behavior consistent with the findings in [67]. However, upon closer inspection of the
zoomed-in regions, it is evident that the PINN solutions do not accurately capture the
kink formation. In contrast, our proposed method accurately captures the formation
of kinks in both the one- and two-dimensional cases, demonstrating its effectiveness.

EXAMPLE 4.4. We solve the two-dimensional Riemann problem [67] with a non-
convez sinusoidal Hamiltonian H (Vu) = sin (uy + uy) and initial function g (x) =
7 (Iyl - lo]).

The predicted solution up to T = 1 obtained by the proposed method and PINNs
are presented in Figure 4. QOur method demonstrates behavior consistent with the
numerical results in [67], where the initially smooth solution profile gradually sharpens
over time. In contrast, although the PINN accurately captures the initial condition, it
learns a solution that deviates from the correct viscosity solution. This highlights the
strength of the proposed implicit solution formula, particularly in capturing the correct
dynamics of kink dynamics where PINNs tend to fail.

ExXaMPLE 4.5. The above nonconvex examples are actually one-dimensional along
the diagonal. To evaluate the performance of the proposed method on fully two-
dimensional problems [6], we solve the HJ PDE with H (Vu) = ugzu, and g(x) =
sin(x) + cos(y) with periodic boundary condition and T = 1.5. The solution is smooth
fort <1 and exhibits kinks for t > 1. Consistent with the findings in [6], the results
of both the proposed method and PINNs shown in Figure 5 indicate that the proposed
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t=0 t=T/4 ) t="T/2 I t=3T/4 ' t=T

Ours PINNs

(c) Cut along z =y

Fic. 3. The numerical results for two-dimensional Example 4.3. Figures (a) and (b) depict
surface plots of the predicted solutions by the proposed method and PINNs, respectively, where the
vertical azis represents the solution values over the two-dimensional domain. To examine the dif-
ferences between the two methods in greater detail, Figure (c) shows cross-sectional plots along the
line x = y at the final time. The regions indicated by dashed boxes are zoomed in to provide a clearer
visualization of these differences.

t=T/4

Al A

t=T/2 | t=3T/4

(a) Ours

Fi1G. 4. Surface plot illustrating the temporal evolution of the numerical solutions obtained by
the proposed method and PINNs for Example 4.4 at timest = 0,T/4,T/2,3T/4,T, where the vertical
axis represents the solution values over the two-dimensional spatial domain.

(b) PINNs
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t=0 t=T/4 t=T/2 ' t=3T/4 t=T '
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(¢) Cut along y =0

Fic. 5. The numerical results for two-dimensional Example 4.5. Figures (a) and (b) depict
surface plots of the predicted solutions by the proposed method and PINNs, respectively, where the
vertical azis represents the solution values over the two-dimensional domain. To examine the dif-
ferences between the two methods in greater detail, Figure (c) shows cross-sectional plots along the
line y = 0 at the final time. The regions indicated by dashed bozxes are zoomed in to provide a clearer
visualization of these differences.

method continues to accurately capture the solution even after the formation of a kink.
A closer examination of Figure 5(c) further reveals that, compared to the PINN, our

method more precisely captures the kink and also produces a smoother approximation
in the non-singular regions.

ExaMPLE 4.6 (Eikonal equation). Consider a two-dimensional nonconver prob-
lem [67] with H (Vu) = \/us + uy + 1 and g (x) = % (cos (2mz) — 1) (cos (2my) — 1) —
1 that arises in geometric optics. The results up to time T = 0.45 are shown in
Figure 6. For the proposed method, the initially smooth function progressively con-
centrates toward the center of the spatial domain and becomes increasingly sharp over
time, in agreement with the numerical findings reported in [67]. In contrast, while the
PINN appears to capture the overall shape of the solution, its predictions deteriorate
over time—particularly near the flat outer regions of the solution, which become dis-
torted. This behavior highlights a key distinction between the two approaches: PINNs
rely solely on minimizing the PDE residual, whereas our method leverages an implicit
solution formula grounded in the method of characteristics.

EXAMPLE 4.7. (Combustion problem) Consider the combustion problem [48] with

H (Vu) = —\/uy +uy, + 1 and g (x) = cos (2mz) — cos (21y) . Results up to time 0.27
are giwen in Figure 7 for both our method and PINNs. The proposed method accurately
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t=0 t=T/4 t=T/2 I t=3T/4 t=T '
(a) Ours

(b) PINNs

Fic. 6. Surface plot illustrating the evolution of the numerical solutions obtained by the pro-
posed method and PINNs for Example 4.6 at times t = 0,T/4,T/2,3T/4,T, where the vertical azis
represents the solution values over the two-dimensional spatial domain.

t=0 t=T/4 M t=T/2 I t=3T/4 ' t=T i
(a) Ours
“ “ (b) PINNs “

Fic. 7. Surface plot of the solutions obtained by the proposed method and PINNs for Ex-
ample 4.7, where the vertical axis represents the solution values over the two-dimensional spatial
domain.

captures the initial condition and effectively models the formation of pronounced kinks,
consistent with the results reported in [48]. In contrast, despite accurately representing
the initial condition, the PINN fails to learn the correct solution dynamics.

EXAMPLE 4.8. Consider the one-dimensional nonconvex problem with H (Vu) =
ud —uy, and g (x) = —35 cos (5x) . The results for the proposed method, in comparison
with PINNs, up to time T = 0.7 are shown in Figure 8. For the proposed method,
the sinusoidal wave is observed to sharpen progressively over time. This behavior
is consistent with the well-established theoretical result that viscosity solutions to HJ
equations with polynomial Hamiltonians and sinusoidal initial data evolve into sharp,
sawtooth-like profiles while preserving periodicity [50, 26]. In contrast, although the
PINN solution also exhibits sharpening, it fails to maintain periodicity, indicating that
it learns an incorrect solution structure.
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t=0 t=T/4 t=T/2 t=3T/4 t=T

(a) Ours

(b) PINNs

Fic. 8. The numerical solution for Example 4.8 obtained by the proposed method and PINNs,
where horizontal axis represents the one-dimensional spatial domain, while the vertical axis corre-
sponds to the solution values.

4.3. State-dependent Hamiltonians. This subsection provides experimental
validation of the methodology proposed for the state-dependent Hamiltonian in sub-
section 3.3. It includes error analyses with respect to At and addresses various state-
dependent Hamiltonians, including a 10-dimensional optimal control problem.

EXAMPLE 4.9. We evaluate the numerical error and the numerical error and in-
vestigate the convergence behavior as the time step At waries in the following two
problems:

e Ezample 4.9.1: One-dimensional variable coefficient linear equation [80] with
H (z,u;) = sin (z)u, and g(x) = sin (x) with periodic boundary condition.
The exact solution is expressed by

u* (z,t) = sin (2 arctan (e*t tan (g))) .

o Fzample 4.9.2: Two-dimensional problem which describes a solid body rota-
tion around the origin [11], where H (x,Vu) = —yu, + xu, with the periodic
boundary condition, and the initial condition is given by

0 03<r
g(x,y)=403—-7r 01<r<0.3
0.2 r <01,

where r = \/(x — 0.4)2 + (y — 0.4)2 The exact solution is
w* (z,y,t) = g(rcost + ysint, —xsint + y cost) .
For both problems, we compute the solution up to T = 1. Since the characteristic

curve for the state-dependent Hamiltonian is approzimated linearly, the accuracy of
the algorithm is influenced by the size of At. To verify this, we conducted experiments
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MSE RMSE

10745

0.1 0.25 0.5 0.1 0.25 0.5

At At
—e— Example 4.9.1 —+— Example 4.9.2  -—--- O(At)

F1G. 9. Mean squared errors (MSE) and relative mean squared errors (RMSE) between the

predicted and exact solutions for Examples 4.9.1 and 4.9.2, plotted as functions of the time step size
At.

1.0 1.0

0.0

(a) Ours (b) PINNs

Fi1c. 10. Surface plot of the numerical solutions obtained by the proposed method and PINNs
at terminal time for Example 4.10, where the vertical axis represents the solution values over the
two-dimensional spatial domain.

for various values of At = 0.5,0.25,0.1, and the results are summarized in Figure 9.
The results show that the linear approzimation of the proposed algorithm yields first-
order accuracy with respect to Atblue, which is consistent with the use of a first-order
temporal discretization scheme.

EXAMPLE 4.10. We solve an optimal control problem related to cost determina-
tion [67] with H (x,Vu) = ugsiny + (siny + sign (uy)) u, — %sin2 y— (1 —coszx) and
g (x) = 0 with periodic boundary conditions. The result at T =1 is presented in Fig-
ure 10, along with the PINNs result for comparison. As shown, the proposed method
successfully captures the kink in the solution, which is qualitatively consistent with the
findings reported in [67]. In contrast, the PINN fails to recover the correct solution
behavior.

ExaMPLE 4.11. We solve the problem associated with the state-dependent Hamil-
tonian well-known as the harmonic oscillator:

1 2 2
1 (x,p) = 5 (Ixl3 + IpI3)
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t=0 t=T/4 t=T/2 t=3T/4 t=T

(a) Ours

(b) PINNs

FiG. 11. Evolution of the numerical solutions for Example 4.11 with HT. Contour plots over the
two-dimensional spatial domain illustrate level sets of the solutions at timest = 0,T/4,T/2,3T/4,T.
The horizontal and vertical axes correspond to the x- and y-coordinates, respectively.

We consider the two-dimensional problem where the initial function is the level set
function of an ellipsoid

(41) s =3 (5542 -1).

The results for HT and H™ up to T = 0.4 are depicted in Figures 11 and 12, respec-
tively. For Hamiltonians with both positive and negative signs, the proposed method
successfully captures the corresponding solution behaviors, exhibiting characteristic
dispersive and contracting dynamics. In contrast, the PINN fails to learn appropri-
ate solutions in either case, further underscoring the effectiveness of our approach in
modeling such dynamic behaviors.

ExXaMPLE 4.12. We consider a state-dependent nonconver Hamiltonian of the fol-
lowing form given in [13]:

H(x,p) = —c(x)p1 +2|p2| + |pll, — 1,

where p = (p1,p2) and

(4.2) c(x) =2 (1+3exp (—4x - (1,DI13)).

We employ the initial function as presented in Example 4.11. The results up toT =1
are presented in Figure 13. For this problem, both the proposed method and PINN
learn similar solutions, which are consistent with those reported in [13].

ExaMpPLE 4.13. We test the proposed method for a state-dependent nonconver
Hamiltonian of the following form given in [13]:

H (x,p) = —c(x) |p1]| — ¢(=%) |pa,

where we write p = (p1,p2) and ¢(x) is a coefficient function as given in (4.2). The
initial function g (4.1) presented in Exzample 4.11 is employed in this instance. The
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t=0 t=T/4 t=T/2 t=3T/4 t=T

(a) Ours

(b) PINNs

F1c. 12. Evolution of the numerical solutions for Example 4.11 with H~. Contour plots over the
two-dimensional spatial domain illustrate level sets of the solutions at timest = 0,T/4,T/2,3T/4,T.
The horizontal and vertical axes correspond to the x- and y-coordinates, respectively.

t=0 t=T/4 t=T/2 t=3T/4 t=T
N 7 N 7 a - N\
\ ) { /“ \ ) \ S
(a) Ours
= N\ 7 N 7~ - N - S
N Y \_ U \. / \ P \ )
(b) PINNs

Fi1G. 13. Contour plot of the numerical solution obtained by the proposed method and PINNs for
Ezample 4.12 over the two-dimensional spatial domain at times t = 0,T/4,T/2,3T/4,T, illustrating

level sets of the solution. The horizontal and vertical azres represent the x- and y-coordinates,
respectively.

results up to T = 0.3 are presented in Figure 14, alongside those obtained by PINNs.
The solution attained by the proposed methods is in agreement with those reported in
[13], whereas the PINN yields a qualitatively different solution.

ExXaMPLE 4.14. We solve the following optimal control problem:
u () =inf{g (x (0):% (1) = f (x(0)a(t), x(t) =x, [a(®)], <1},

where g is defined by

(XTAX — 1)
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£=0 » t=T/4 ) t=7/2 t=37/4 ; t=T
b D N
\ ) ) -~
(a) Ours
_— S — = SN
(b) PINNs

F1a. 14. Contour plot of the numerical solution obtained by the proposed method and PINNs for
Ezample 4.13 over the two-dimensional spatial domain at timest = 0,T/4,T/2,3T/4,T, illustrating
level sets of the solution. The horizontal and vertical axes correspond to the x- and y-coordinates,
respectively.

765 with A = diag(0.25,1) and f is given by
766 F(x)=1+3exp (—4 Ix — (1, 1)||§) .

767 This corresponds to the HJ PDE given in [13]:

. ui+ £ () [ Vully = 0

u(x,0) =g(x).
769 When solving the mazimization problem sup g (x (T')) with the same constraints, we
770 obtain the following HJ PDE:

{uf&HVUEO
u(x,0) = g (x).

2 The results for both the minimization (at T = 0.2) and mazimization (at T = 0.5)
3 problems are presented in Figure 15, alongside the corresponding results from PINNs.
4 For both problems, the solutions produced by the proposed method are consistent with
5 those reported in [13]. In contrast, while the PINN captures the general trend distin-
6 guishing the minimization and mazimization cases, it yields overly flattened solutions
7 that fail to accurately represent the correct structure.

~ =1 = = = =

oo

ExXAMPLE 4.15. Consider the following 10-dimensional quadratic optimal control
problem presented in [10]:

- =

=

750 woet) = int{ [0 = e (9) ds + 9 (2 (0) (1) = x.

781 where the potential function ¥ : R — (—o00,0] is 9 (x) = Z?zl ¥; (x;), where each
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PINNs

Ours B PINNs

2 1 o 1 2 2 A o 1 2 R 1

(a) Minimization (b) Maximization

Fic. 15. Numerical solutions at the terminal time computed by the proposed method and PINNs
for Example 4.14 over the two-dimensional spatial domain. Contour plots illustrate level sets of
the solution at the terminal time. The horizontal and wvertical azes correspond to the x- and y-
coordinates, respectively.

function ¢; : R — (—00,0] is a positively 1-homogeneous concave function given by

i (@) = {—aix x>0,

b;x r <0,

with parameters (ay, -+ ,aq) = (4,6,5,---,5) and (by,--- ,bq) = (3,9,6,---,6). The
corresponding HJ PDE reads:

{ut +3Vul’ + v (x) =0
u(x,0) =g (x).

We conduct experiments for the two initial cost functions:

e A quadratic initial function gy (x) = %|x— 1||§, where 1 denotes the d-

dimensional vector whose elements are all one.

e A nonconver initial function

1
g2(X)= min g¢g;(x)= min =

2
jef1,2,33 7 je{1,2,3}2||x Yills = e,

where y; = (—=2,0,---,0), y2 = (2,-2,-1,0,--- ,0), y3 = (0,2,0,---,0),
ay = —0.5, as =0, and ag = —1.

Figures 16 and 17 present two-dimensional slices of the solutions in the xy plane
for both cases up to time T = 0.5.

For both cases, the results obtained by the proposed method are consistent with the
experimental findings presented in [10], which demonstrate that the solution exhibits
non-trivial dynamics, as evidenced by the nonlinear evolution of the level sets and the
formation of multiple kinks over time. In contrast, PINNs fail to recover the correct
solution, highlighting the advantage of the proposed method over PINNs in solving
high-dimensional optimal control problems.

5. Conclusion. We have introduced a novel implicit solution method for HJ
PDEs derived from the characteristics of the PDE. This formula aligns with the
Hopf-Lax formula for convex Hamiltonians but simplifies it by removing the need
for Legendre transforms, thereby enhancing computational efficiency and broadening
its practical applicability. The proposed formula not only bridges the method of
characteristics, the Hopf-Lax formula, and Bellman’s principle from control theory
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t=0 t="T/4 t=T/2 t=3T/4 t=T

(a) Ours

(b) PINNs

Fic. 16. Ewolution of the numerical solutions of the proposed method and PINNs for the 10-
dimensional optimal control problem in Example 4.15 with the quadratic initial function g1. Contour
plots of two-dimensional slices of the solutions in the xy-plane at times t = 0,T/4,T/2,3T/4,T are
presented. The horizontal and vertical azes represent the - and y-coordinates, respectively.

t=0 t=T/4 t=T/2 t=3T/4 t=T

(a) Ours

(b) PINNs

Fic. 17. Ewvolution of the numerical numerical solutions of the proposed method and PINNs
for the 10-dimensional optimal control problem in Example 4.15 with the monconvex initial func-
tion ga. Contour plots of two-dimensional slices of the solutions in the zy-plane at times
t = 0,7/4,T/2,3T/4,T are presented. The horizontal and vertical azes represent the x- and y-
coordinates, respectively.

but also offers a simple and effective numerical approach for solving HJ] PDEs. By
integrating deep learning, the formula provides a scalable method that effectively
mitigates the curse of dimensionality. Experimental results demonstrate its robustness
and effectiveness across various high-dimensional and nonconvex problems without
tuning the configuration of the deep learning model. These findings validate the
method as a versatile and computationally efficient tool for solving high-dimensional,
nonconvex dynamic systems and optimal control problems governed by HJ PDEs.
An important direction for future work includes a rigorous analysis of the pro-
posed implicit solution formula. While experimental results demonstrate the method’s
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effectiveness on various nonconvex problems, a comprehensive analysis is needed to
confirm whether the proposed formula describes the viscosity solution of HJ PDEs in
nonconvex problems. Since the formula involves the first derivatives and is a compos-
ite of multiple terms, the proposed minimization problem (3.1) is nonconvex, making
the convergence of gradient descent non-trivial. Consequently, a convergence analysis
would be an important future endeavor.

Regarding the deep learning approach, we approximate the expectation loss (3.1)
using Monte Carlo integration (3.4), which introduces a discrepancy between the
empirical and expectation losses. A valuable research direction could involve investi-
gating whether the stochastic gradient descent process, with its random collocation
points at each epoch, converges to the global minimum of the expectation loss in the
context of stochastic approximation. Although we focused on scalability by maintain-
ing a fixed model configuration across experiments, future research should explore the
optimal selection of collocation points and network size for different problem dimen-
sions. Furthermore, the investigation of using automatic differentiation to compute
exact derivatives of the network, rather than finite differences such as ENO/WENO,
presents an intriguing avenue for future research, particularly in its ability to capture
kinks. For state-dependent Hamiltonians, the development of higher-order methods
beyond the proposed first-order linear approximation of the characteristic curve would
be a promising direction. Finally, the simplicity and efficiency of the proposed method
open up avenues for its application to a wide range of problems, including level set
evolutions, optimal transport, mean field games, and inverse problems, which would
constitute valuable extensions of this work.

Acknowledgments. We would like to express our sincere gratitude to Tingwei
Meng for the valuable discussions on the implicit solution formula during the early
stages of our manuscript.
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Appendix A. Proofs of Theorems.
A.1. Proof of Theorem 2.1.

Proof. The differentiability of the Hamiltonian, assumed in both theorems, is
required for the implicit solution formula (2.3).

The remaining assumptions on the Hamiltonian and the initial condition, as stated
in Theorems 2.1 and 2.2, are required to ensure the validity of the Hopf-Lax (2.4) and
Hopf (A.12) formulas, respectively. First, we can observe that the implicit solution
formula (2.3) exactly satisfies the initial condition v = g of (2.1) at the initial time
t=0.

Under the assumptions (2.6) on H and the l.s.c. condition on g, the viscosity
solution of the HJ PDE is described by the Hopf-Lax formula (2.4)

(A1) wbxn) =i (50 g,
where
(A.2) y*= argminy{tH* <X ; y) +g (y)}.

Given that H is differentiable, differentiating both sides of (A.1) with respect to x
at the point leads to the Euler-Lagrange equation corresponding to the Hopf-Lax
formula:

(A3)  Vu(x,t)=VH* (X;yv + aay (H (X;y> —i—g(y)) .% ey

(A.4) = VH* (X _ty> ,

where the last equality follows from the fact that y* is the optimizer as in (A.2). Since
H is strictly convex (or concave), it satisfies (VH*)"' = VH. Therefore, it follows
that

*

(A.5) (VH*) " (Vu (x, 1)) = X_ty
(A.6) =y =x—t(VH") ' (Vu(x,1))
(A.7) =x—tVH (Vu(x,t))

By expanding the Legendre transform in the Hopf-Lax formula (2.1), the viscosity
solution is expressed as follows
Y) - 1) +9 )

(A.8) u(x,t) = inf sup{t(z (

(A.9) 1nfsup{ (x—y)—tH (z )—I—g(y)}.

Differentiating (A.9) with respect to z provides that the optimal z* satisfies

x—y*—tVH (z")=0.
Together with (A.7), we have

(A.10) z* = Vu.
Substituting these (A.7) and (A.10) into (A.9) results in the implicit solution formula
(2.3). O
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A.2. Proof of Theorem 2.2.

Proof. First, we can observe that the implicit solution formula (2.3) exactly sat-
isfies the initial condition v = g of (2.1) at the initial time ¢ = 0.

Under the assumptions on H and g stated in the theorem, the viscosity solution
of the HJ PDE is described by the Hopf formula (A.12)

(A.11) u(x,t) = — {g* (z*)+tH (z*) — xTz*} ,
where
(A.12) 7" = argminz{g* (z) +tH (z) — XTZ}.

By expanding the Legendre transform of ¢g in (A.11), we have

u(x,t) = igf{Z*T (x—y)—tH(z")+g (y)}

=z (x—y*) —tH (z") + g (y*).

Differentiating the both side of (A.11) with respect to x induces

o0z*

0
Vu:——{*z* tHz*}-
55 9 (@) HtH (2"~
where the last equality follows from the optimality of z*. Consequently, we have
z* = Vu. Furthermore, differentiating (4) with respect to z provides that the optimal
y* satisfies

+Z* — Z*,
X

x—y* —tVH (z*) =0,
that is,
v =x—-tVH (z*) =x —tVH (Vu),

which concludes the proof. 0

Appendix B. Implementation Details. All derivatives required for the loss
computation are evaluated using PyTorch’s automatic differentiation. Collocation
points are sampled uniformly at random from the spatio-temporal domain using Py-
Torch’s built-in random number generation utilities. For clarity and reproducibility,
we include a representative pseudocode in Python illustrating the training loop based
on the implicit solution formulation below.

# Problem setup

dim = 2

T =1

domain_min = [-1, -1]
5| domain_max = [1, 1]

7| # Network wnttialization

network = MLP(input_dim=dim + 1, layers=[64, 64, 64, 64, 64], activation
=’softplus’)
optimizer = Adam(network.parameters (), lr=1e-3)

for epoch in range (200000) :
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# Sample collocation points wuniformly in space-time domain
pnts = random_sampler (M, domain_min, domain_max, T) # (M, dim+1)
with time in pnts/[:,0]

# Forward pass: predict solution at collocation points
pred = network(pnts) # (M, 1)

# Compute spatial gradients of predictions
grad_pred = gradient(pnts, pred)[:, 1:1 # ezclude time dimension

# Evaluate Hamiltonian and its gradient
Hamiltonian_pred = H(grad_pred)
H_diff_grad = H_diff (grad_pred)

# Compute implicit solution formula loss
loss = ((pred
- pnts[:, [0]] * torch.sum(H_diff_grad * grad_pred, dim=1,
keepdim=True)
+ pnts[:, [0]] * Hamiltonian_pred
- u0(pnts[:, 1:]1 - pnts[:, [0]] * H_diff_grad)) ** 2).mean
O

# Backpropagation and optimization step
optimizer.zero_grad()

loss.backward ()

optimizer.step ()

LISTING 1
Training procedure using implicit solution formula for HJ equations.

If boundary conditions are specified, 200 points are uniformly sampled from the
boundary of the domain. The corresponding boundary loss is computed using the
formulations given in (3.2) and (3.2). This boundary loss is scaled by a factor of 0.1
and added to the loss from the implicit solution formula to form the total loss used
for training.

The PINN baseline are trained under the same network architecture and exper-
imental configuration as the proposed method. For the PDE loss, we used 5,000
collocation points, consistent with those used to compute the loss from the implicit
representation formula. An additional 200 points are sampled to compute the loss as-
sociated with the initial condition. All collocation points are randomly sampled from
a uniform distribution at each training epoch. The PDE loss and the initial condition
loss are combined with equal weights, both having a regularization coefficient of 1.
We observed that both loss terms decreased consistently during training, indicating
stable convergence.

For WENO, the spatial and temporal domains are discretized using uniform grids.
A fifth-order WENO reconstruction is employed to approximate spatial derivatives,
and the Lax-Friedrichs numerical flux is adopted for Hamiltonian evaluation. For time
integration, a third-order strong stability-preserving Runge-Kutta (SSP-RK3) method
with a CFL number of 0.2 is utilized, effectively balancing accuracy and stability in
the presence of nonlinearities.

Adaptive Sampling. Residual-based adaptive sampling selects half of the total
M collocation points (M/2) uniformly at random from the computational domain,
while the remaining M /2 points are chosen based on large residual values. Specifically,
5M candidate points are first sampled uniformly at random, and from these, the top
M /2 points with the highest residual values—computed using the implicit solution
formula—are selected.
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Fic. 18. Effect of the smoothness parameter 3 on the SoftPlus activation function. (Left)
Ezxperimental results for the 10-dimensional cases of two examples from Example 4.1, demonstrating
the impact of different B wvalues. (Right) The SoftPlus activation function plotted for various
values.

Gradient-based adaptive sampling follows a similar approach: M/2 points are
drawn uniformly at random, and the remaining M /2 are selected based on the magni-
tude of the solution gradient. To identify high-gradient regions, 5M candidate points
are uniformly sampled, and the gradient of the solution is evaluated at each point.
The M /2 points with the largest gradient magnitudes are then selected for training.

Appendix C. Additional Results.

C.1. Influence of Network Architecture. Throughout our experiments, we
employed an MLP with the SoftPlus activation function to approximate the solution.
While the ReLU activation function is widely adopted due to its practical advan-
tages—including the ability to approximate non-smooth functions—it is not suitable
for our setting because the loss function involves computing derivatives of the network
with respect to its input. To address this, we use the SoftPlus activation, a smooth
approximation of ReLU that has been widely adopted in the context of implicit neural
representations (INRs) [34, 56, 30].

Impact of SoftPlus Smoothness Parameter (.. The smoothness of the
SoftPlus activation function is controlled by the parameter 3, as illustrated in the
right subfigure of Figure 18. To examine its effect, we conducted experiments on
10-dimensional instances of two test cases from Example 4.1 using various [ values.
The results, presented in Figure 18, show that the quadratic example yields a smooth
solution, while the negative quadratic case produces a non-smooth solution charac-
terized by a kink. Notably, for the non-smooth problem, increasing g sharpens the
activation function, resulting in a more accurate approximation of the solution. This
suggests that sharper activations are beneficial for capturing kinks in the solution. In
contrast, the smooth quadratic case exhibits minimal sensitivity to changes in 3, with
only a slight increase in error observed as § increases.

Evaluation of Alternative Network Architectures.. To examine the impact
of network architecture on performance, we conducted additional experiments using
alternative configurations. Specifically, we evaluated an MLP with the tanh activa-
tion function, as well as the SIREN architecture [76], which incorporates sinusoidal
activations. For both models, we preserved the same network structure as in our
baseline architecture of width 64 and depth 5, modifying only the activation function.
For SIREN, we adopted the initialization scheme proposed in the original paper [76]
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TABLE 4
Comparison of network architecture in terms of MSE for problems in Example 4.1. Three
different methods—MLP with SoftPlus activation function, MLP with tanh activation function,
SIREN, and Transformer—are evaluated across dimensions d = 1,10, and 40.

Quadratic Hamiltonian Negative quadratic Hamiltonian
Sampling Method d=1 d=10 d:40‘ d=1 d=10 d =40

MLP (SoftPlus) 1.14E-7 2.56E-5 1.30E-3 | 8.59E-6 1.63E-4 1.23E-3

MLP (tanh) 8.11E-7 1.16E-4 8.82E-2 | 2.35E-5 9.95E-4 9.99
SIREN 1.53E-5 1.25E-4 3.44E-2 | 2.89E-5 1.98E-3 11.44
Transformer 9.57E-5 1.43E-4  3.88 1.51E-3 2.89E-3 33.87

to ensure stable training.

Additionally, we implemented a Transformer-based architecture inspired by [85].
This model consists of a single encoder-decoder block with two-headed multi-head
self-attention and sinusoidal activation functions. Input coordinates are embedded
into a latent space of dimension 32 via a linear layer, followed by encoder and decoder
stages. The final output is generated through a feedforward network comprising two
hidden layers of width 512, with sinusoidal activations applied throughout.

These architectures are evaluated on the two HJ equations presented in Ex-
ample 4.1 across spatial dimensions d = 1,10, and 40. The MSE with respect to
the exact solutions are summarized in Table 4. As the input dimensionality in-
creases—particularly in the 40-dimensional case—we observe significant performance
degradation in MLPs with tanh activations, STREN, and even Transformer architec-
tures. The degradation in the performance of tanh-based MLPs and SIREN can be
attributed to inherent limitations of their activation functions in high-dimensional
settings. The tanh activation saturates for large input magnitudes, leading to vanish-
ing gradients and inefficient optimization. Likewise, SIREN’s sinusoidal activations
become increasingly oscillatory in higher dimensions, resulting in unstable gradient
behavior and poor convergence.

In contrast, MLPs with SoftPlus activations exhibit improved scalability in high
dimensions, due to the smooth and non-saturating nature of the activation, which
ensures stable gradient propagation. This can be attributed to the smooth, non-
saturating nature of the activation function, which facilitates stable gradient propa-
gation throughout the network. Since the derivative of SoftPlus is a sigmoid function
that approaches unity for large positive inputs, it helps prevent vanishing gradients
during backpropagation. This property is particularly advantageous when optimizing
loss functions that involve nested derivatives, as in our case.

Although Transformer architecture offers greater expressivity through its self-
attention mechanism, it still suffers in high-dimensional regimes. The self-attention
module incurs quadratic computational and memory costs with respect to input size,
making it less efficient as dimensionality increases. Furthermore, standard attention
may struggle to capture meaningful spatial dependencies in high-dimensional Euclid-
ean spaces without additional structural priors or specialized encodings. Together,
these limitations hinder both the expressivity and scalability of the architecture in
high-dimensional regimes.

C.2. L*™ Errors. To further assess the performance of the proposed method,
we additionally report the L> norm errors of both the solution and its gradient for
the examples in Examples 4.1 and 4.2. These results are summarized in Table 5.
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TABLE 5
L norm errors for problems in Examples 4.1 and 4.2.

Solution Error Gradient Error
Sampling Strategy d=1 d=10 d=40 ‘ d=1 d=10 d=40
Quadratic Hamiltonian 1.47E-3 2.19E-2 6.99E-1 | 2.02E-2 5.31E-2 4.99E-1
Negative quadratic Hamiltonian 4.28E-2 5.28E-2 1.02E-1 | 5.00E-1 1.29E0 1.37E0
L? Hamiltonian 5.66E-3 6.15E-3 5.13E-2 | 1.99E-1 1.96E-1 1.27E-1
L*>° Hamiltonian 2.15E-1 9.88E-2 1.13E-1| 1.14E0 9.05E-1 1.13E0

While L? norm errors provide a global measure of accuracy, the L™ norm captures
the worst-case error across the domain, offering a more stringent criterion. This is
particularly relevant in the context of HJ equations, where accurately capturing sharp
features such as kinks or discontinuities in the gradient is critical.

C.3. Training Dynamics. Figure 19 illustrates the training behavior of the
proposed model for the HJ equations presented in Example 4.1, under both quadratic
and negative quadratic Hamiltonians. The training loss and the mean squared error
(MSE) with respect to the exact solution are plotted on a logarithmic scale over
training epochs for three representative dimensions: d = 1, d = 10, and d = 40.
The HJ equation is closely related to optimal control problems, where it is important
not only to approximate the value function u, but also to accurately recover the
optimal control. To this end, we additionally evaluate the MSE of the gradient of
the solution Vu, which determines the control. In the case of the quadratic-type
Hamiltonians considered in Example 4.1, where VH (Vu) = +Vu, the gradient error
directly corresponds to the control error.

We observe that the training loss consistently decreases over epochs in all cases,
indicating stable optimization behavior regardless of the problem dimension. The
MSE of the MSE of both the solution and its gradient exhibits a similar convergence
trend and closely follows the training loss throughout. Interestingly, it can be ob-
served that the variance in both loss and MSE curves is highest in the 1D case, while
it noticeably decreases as the dimensionality increases. This reduction in variance in
higher dimensions suggests that training becomes more stable in high-dimensional set-
tings. These results support the conclusion that our approach generalizes well across
dimensions and remains robust for solving both convex and concave HJ equations.

C.4. Computational Complexity. To assess the scalability of each method
with respect to dimensionality, we measure both the total computational time and
peak memory usage required by the proposed method, PINNs, and the classical
WENO scheme to compute the solution. For deep learning-based methods, the mem-
ory consumption is recorded as the maximum memory usage observed during a single
training epoch, which typically corresponds to the backpropagation step. For the
WENO scheme, the reported memory usage corresponds to the maximum memory
required at each time step iteration. The results for the problems in Example 4.1 are
summarized in Table 6.

It can be observed that for INR-based methods—our method and PINNs—neither
the computational time nor the memory usage increases drastically with dimension.
While both methods demonstrate similar trends, PINNs generally incur slightly higher
computational and memory costs. This is primarily due to the need to differentiate
the neural network with respect to both spatial and temporal inputs, as well as the
necessity to compute separate loss terms corresponding to the initial condition and the
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Loss Solution Error Gradient Error
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(a) Quadratic Hamiltonian
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(b) Negative quadratic Hamiltonian

Fi1Gc. 19. Log-scaled loss and MSE values for both the solution and its gradient are plotted
over training epochs for problems in FExample 4.1 across dimensions d = 1,10,40. The results
demonstrate convergence of both the training loss and error, highlighting the stability and accuracy
of the method across dimensions.

TABLE 6
Computational time (s) and peak memory usage (MB) for solving the quadratic and negative
quadratic Hamiltonians in Example 4.1 across different problem dimensions d = 1,2, 3,10, 40.

d=1 d=2 d=3 d=10 d =40
Sampling Method Mem Time | Mem  Time | Mem  Time |[Mem Time |[Mem Time
Ours 52.86 1162.38] 52.92 1231.55| 52.98 1238.52|53.39 1365.75|55.13 1431.31
PINNs 52.91 1294.81| 52.96 1328.55| 52.99 1354.11|53.28 1464.04|54.48 1654.49

WENO (same Mem) 0.09 006 | 019 007 | 062 006 [NJA N/A |[N/A N/A

WENO (same Err):
Quadratic HJ 6.41 1.02 |52017.08 2015.01| N/A N/A
Negative Quadratic HJ 4.94 0.32 [813.8234 34.84

N/A N/A
N/A N/A

N/A N/A
N/A N/A

HJ PDE. Due to the need for training, both neural network—based methods generally
incur higher computational costs compared to WENO. However, it is important to
emphasize that the reported computational times for these methods correspond to
learning a continuous solution representation over the entire spatio-temporal domain,
rather than computing solutions only at a fixed set of discretized points. Furthermore,
in the two-dimensional quadratic HJ case, achieving a level of accuracy comparable to
that of the proposed method requires WENO to use significantly more memory and
computational time. As discussed in Section 3.1, the memory requirements of INRs
are primarily determined by the network size. Consequently, as shown in Table 6,
memory usage remains largely independent of dimensionality.

In contrast, the WENO scheme—based on discretizing the spatio-temporal do-
main on a grid—exhibits rapidly increasing computational cost and memory usage
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Fic. 20. Comparison of collocation point distributions generated by three sampling strategies
for two examples in Example 4.2. (Left) Uniform random sampling distributes points evenly across
the domain, shown overlaid on the true solution surface. (Center) Gradient-adaptive sampling
concentrates points in regions with large solution gradients (background heatmap), highlighting sharp
features such as kinks. (Right) Residual-adaptive sampling focuses points in areas with high residuals
of the implicit solution formula (background heatmap), corresponding to regions where the network
has not yet fully learned the solution.

as the dimension grows. In high-dimensional settings (e.g., d = 10,40), the method
becomes computationally infeasible. These findings collectively highlight the strong
scalability and efficiency of deep learning—based approaches, making them particularly
suitable for solving high-dimensional PDEs.

C.5. Visualization of Sampling Distributions. Figure 20 illustrates the spa-
tial distributions of collocation points generated by three different sampling strategies
applied to the two examples described in Example 4.2. In each subplot, collocation
points are overlaid on a background heatmap representing a characteristic quantity
related to the sampling criterion: the true solution for uniform sampling, the gradient
norm for gradient-adaptive sampling, and the residual of the implicit solution formula
for residual-adaptive sampling.

The figures clearly demonstrate that both adaptive sampling methods concen-
trate points near kinks and regions where the solution is less regular or the model
error remains significant, in contrast to the uniform sampler which distributes points
homogeneously. This targeted placement of collocation points effectively enhances the
network’s ability to resolve challenging features and improves approximation quality
in these critical areas.
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