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1 Introduction

Given a set of n feature vectors 
n = fx i gn
i=1 � 
 � R d, where we assume xi

iid� � 2 P(
), and a
set of binary labels fyi gN

i=1 � f0; 1g, the goal of semi-supervised learning is to infer the missing labels for
fx i gn

i=N+1 by leveraging both labeled and unlabeled data. Graph-based learning (see, e.g., [17, 65] for non-
deep learning methods and [55,95] for deep learning approaches) has become a widely used framework for this
task, owing to the ability of graphs to effectively encode the underlying geometry of the data. Typically, one
constructs a graph Gn = (
 n ; Wn ), where the nodes correspond to the feature vectors 
n and Wn = (w ij )n

i;j=1
is an edge-weight matrix re�ecting pairwise similarities. A variational problem is then posed on this graph to
recover a labeling function on the vertices [8, 84, 94, 103]. When Wn is not intrinsic to the the data, the main
subtlety lies in the edge-construction. For most applications, the assumption of graph homophily is made,
i.e. connected points should share similar labels and therefore, one uses a local approach for the design of
Wn . Most prominently, k-nearest neighbour graphs [18, 89] or random geometric graphs [26, 72, 84, 94] are
employed.

We now detail the latter model. Given a parameter " and a non-increasing function � : [0; 1) 7! [0; 1),
weights w";ij between vertices xi and xj are de�ned as

w";ij = �
�

jx i � x j j
"

�
:

The canonical choice of � is 1[0;1] which ensures that only points within an "-distance are connected. In order
to capture the geometry in a more delicate manner, one can go beyond pairwise interactions and decide to
more strongly connect all points within the same "-ball: e.g. if x0; x1; x2 are all connected pairwise, then
we could add an additional connection for the tuple (x0; x1; x2). This observation leads to the considerations
of hypergraphs (see Figure 1). Another alternative is, for example, to consider multiscale Laplace learning as
in [65] and we refer to Section 3.3 for a thorough discussion about the link between multiscale Laplace learning
and hypergraph learning.

Figure 1: From graphs to hypergraphs. Left: In the graph, the vertices v1, v2, and v3 are all connected pairwise. Right: A
single hyperedge is added connecting all three vertices, transitioning from a graph to a hypergraph representation.

A hypergraph G is de�ned as G = (V; E) where V is a set of objects and E a family of subsets e—called
hyperedges—of V . Hypergraphs extend graphs by allowing hyperedges to connect arbitrary subsets of nodes,
and hypergraph-based methods have found success in various areas of science as in [22, 30, 33, 34, 52, 62, 69,
73, 76, 78, 96, 98, 100]. We denote the weight of hyperedge e by w0(e) and its degree/size by jej. In our
setting, we will be considering V = 
n . Learning on hypergraphs is, for example, considered in [100] where
the following optimization problem (we keep the scaling with the edge degree but remove the vertex degree
below) is proposed as a relaxation of the hypergraph cut problem (similar to what is done in [89] for the graph
setting): feature vectors are clustered based on the value of the function u which solves

(1) argmin
v:
 n !R

X

e2E

X

fx i ;x j g�e

w0(e)
jej

(v(x i ) � v(x j ))2 such that
X

x r 2
 n

v(x r )2 = 1 and
X

x r 2
 n

v(x r ) = 0.

Continuing the graph analogy, it is also shown that u is an eigenvector of the hypergraph Laplacian matrix.
Similarly to what is considered in [103] (Laplace learning) or [84] (p-Laplacian learning), it is natural to
extend (1) to the semi-supervised learning regime, namely to consider the solution to

(2) argmin
v:
 n !R

X

e2E

X

fx i ;x j g�e

w0(e; xi ; x j )
jej

(v(x i ) � v(x j ))2 such that v(xi ) = y i for i � N
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Figure 2: Classi�cation of several algorithms based on their continuum limit. Edges indicate convergence to a Sobolev-
type seminorm in the continuum limit, with each algorithm linked to its associated W(k;p) space. Methods from left-to-
right: [19], [103], [100], [27], [78], [26], [65], this work.

where the weight function w0 now can also depend on the vertices xi and xj .
Several points are apparent from the formulation (2), which naturally decomposes into two components:

the mechanism of label interaction, encoded via the �nite difference term, and the support of these interactions,
governed by the hypergraph's hyperedge weights and connectivity pattern.

P.1 Since the dependence on v in the objective function arises solely from pairwise interactions between
vertices, the resulting regularization is inherently �rst-order. Consequently, the hypergraph itself con-
tributes only to de�ning the support of interactions—that is, which and how strongly vertex pairs are
connected—not to specifying the order or nature of the regularization being applied. We show in The-
orems 3.2 and 3.3 that the solution of (2), in an appropriate limit, behaves as the sum of �rst order
energies.

P.2 Given the previous point, the hyperedge construction is essential to the success of semi-supervised learn-
ing as in (2). We refer to [34] for a review of commonly used weight models in hypergraph learning.

P.3 In order to go beyond simple pairwise interaction, in Section 3.3, we propose another hypergraph learn-
ing model that penalizes higher-order derivatives similar to what can be found in [26, 94] for the graph
setting. By doing so, we also establish a link between hypergraph learning and multiscale Laplace learn-
ing [65].

In order to make these insights rigorous, we provide a new consistency analysis of hypergraph learning (2)
in the large-data regime. Asymptotic consistency analysis is a widely used framework for studying graph-based
learning algorithms, see [7,15,24,47,82,86]. It serves two main purposes: (1) identifying the continuum limit
as n ! 1 enables a principled classi�cation of algorithmic behavior—see Figure 2 for a visual summary
of several algorithms and their associated continuum limits; (2) analyzing the limiting continuum problem
provides insights into fundamental properties of the discrete model, such as well-posedness and ill-posedness,
i.e. convergence to nontrivial labelling functions or constants, on large datasets (see for example [26, 84, 94]).
In contrast, consistency analysis for hypergraph-based regularization methods remains largely unexplored, with
the exception of [78], and this work addresses that gap.

Consistency analysis between discrete energies En de�ned for discrete functions vn : 
 n 7! R and an
appropriate continuum energy E1 de�ned for continuum functions v : 
 7! R, can be performed in various
ways:

• in spectral convergence [7, 18, 35, 71, 83, 90, 91], one analyses the convergence of the eigenpairs of the
discrete operator appearing in En to the eigenpairs of the corresponding continuum operator in E1 ;

• in pointwise convergence [7, 24, 47, 49, 51, 82, 86], one studies whether En (vb
 n ) converge to E1 (v) as
n ! 1 and " ! 0, for a suf�ciently smooth function v : 
 ! R—an alternative approach is to analyze
the corresponding operators in the Euler–Lagrange equations and study their convergence instead [93];

• in variational convergence [15, 25, 26, 39–42, 84, 85, 87], one is interested in the convergence of mini-
mizers of En to the minimizers of E1 .
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In this paper, we study the consistency of (2) through the lens of the latter two complementary notions
of convergence. Pointwise convergence allows us to show that the operator appearing in the discrete Euler–
Lagrange equation of (2) converges to a weighted p-Laplacian operator. Variational convergence, on the other
hand, enables a precise characterization of the well- and ill-posedness of hypergraph learning in the semi-
supervised setting, as a function of the hypergraph construction parameters. The appropriate analytical frame-
work for convergence of minimizers is �-convergence [11], which requires a common metric space in which
both discrete and continuum functions can be embedded. To this end, we rely on the TLp space introduced
in [39], which is based on tools from optimal transport [77,88]. We review these methodologies in Section 2.

Another conclusion of our analysis is that hypergraph learning, in its standard variational formulation, is
inherently a �rst-order method. This con�rms our intuition discussed in Point P.1. Indeed, both the non-
trivial operator obtained via pointwise convergence and the limiting energy identi�ed through variational con-
vergence are associated with �rst-order regularization: the former behaves like a p-Laplace operator, while
the latter corresponds to a weighted Sobolev W1;p-seminorm. To move beyond �rst-order regularization and
capture richer geometric structures encoded by the hypergraph, we therefore propose a new approach called
Higher-Order Hypergraph Learning (HOHL) that penalizes higher-order derivatives of the labeling function.
This is achieved by introducing powers of graph Laplacians computed at multiple scales, each induced by the
underlying hypergraph structure.

We also study the variational convergence of the proposed HOHL model and provide a rigorous characteri-
zation of its well- and ill-posedness. This analysis also shows that HOHL converges to a genuinely higher-order
Sobolev-type energy in the continuum limit, thereby distinguishing it fundamentally from classical hypergraph
learning frameworks (see Figure 2) and addressing Point P.3. Furthermore, we establish a formal connection
between HOHL and multiscale Laplacian learning, showing that our method can be interpreted as a princi-
pled extension of existing multiscale approaches. We support this interpretation with empirical results that
demonstrate the effectiveness of HOHL in leveraging higher-order regularization for semi-supervised learning.

1.1 Contributions

Our main contributions (summarized in Table 1) are as follows:

1. Pointwise Convergence to Continuum Operator: We establish the quantitative pointwise convergence
of the discrete Euler–Lagrange operators arising in hypergraph learning to a weighted p-Laplacian oper-
ator.

2. Well-/Ill-Posedness via Variational Convergence: We characterize the well- and ill-posedness of clas-
sical hypergraph learning via variational convergence, explicitly as a function of the hypergraph con-
struction parameters.

3. Classical Hypergraph Learning is First-Order: We demonstrate that both the limiting operator and
the limiting energy in classical hypergraph learning correspond to �rst-order regularization, thereby
con�rming that this framework is inherently �rst-order and effectively reduces to reweighted graph-
based learning.

4. HOHL and Multiscale Higher-Order Regularization: We introduce the HOHL framework, which
explicitly penalizes higher-order derivatives of the labeling function. Furthermore, we establish a formal
link between HOHL and multiscale Laplacian learning and characterize the well-/ill-posedness of this
model via variational convergence.

5. Empirical Validation of HOHL: We empirically validate HOHL on standard semi-supervised learning
benchmarks, demonstrating its ability to exploit hypergraph geometric information.

6. Continuum-Based Framework for Algorithm Classi�cation: We propose a principled framework for
comparing and classifying graph- and hypergraph-based learning algorithms via their continuum limits.
This asymptotic perspective reveals structural similarities between methods that may appear distinct in
the discrete setting, as illustrated in Figure 2.
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Classical Hypergraph learning (2) HOHL (5)

Pointwise convergence Theorem 3.2 —

Well/Ill-posedness characterization Theorem 3.3 Theorem 3.4

First-order method X —

Higher-order method — X

Table 1: Summary of contributions.

1.2 Related works

Laplace learning [103] is a widely used algorithm de�ned on undirected graphs and has served as a founda-
tional tool for label propagation and semi-supervised learning. Its success has led to numerous extensions,
including to directed graphs [50,99] and hypergraphs [100]. However, it has been observed that Laplace learn-
ing performs poorly in low-label regimes, especially when the number of unlabeled data points is large [27,68].
The asymptotic consistency analysis in [84] provides a theoretical explanation for this phenomenon and, by
precisely characterizing the well-posedness of the algorithm, allows practitioners to circumvent limitations of
Laplace learning (or of its variants – in the case of [84], the authors consider the more general p-Laplacian
method). The work presented in this paper is partly concerned with the analogous analysis for the hypergraph
learning algorithm of [100].

Our �rst contribution is to establish a continuum limit and characterize the well- and ill-posedness of
hypergraph learning in the semi-supervised setting. This can be viewed as a continuation of recent efforts
in discrete-to-continuum analysis of graph-based methods. For instance, the authors in [39] deal with the
asymptotic consistency of graph total variation for clustering problems. Other examples include graph cut
problems and their continuum counterparts in [37, 41, 42] and [70], the Mumford-Shah functional in [21] and
an application in empirical risk minimization [36]. In the semi-supervised setting, the most relevant papers are
[84, 94] dealing with p-Laplacian learning and fractional Laplacian regularization respectively. The latter two
methods were developed as an alternative to Laplace learning [103], in order to loosen the strict well-posedness
requirements of Laplace learning (other variants for this purpose are Lipschitz learning [14, 16, 58, 75], game
theoretic p-Laplacian regularization [15], Poisson learning [13,17], re-weighting of the graph Laplacian in [19,
79–81] or truncated energies in [5, 6]). Extending these graph-based techniques to the hypergraph setting
remains an important avenue for future research.

Our second contribution is an asymptotic characterization of the role of hypergraph structure in semi-
supervised learning. Previous works demonstrated, that hypergraphs can offer meaningful advantages over
graphs — see, for example, [69,97], where the richer combinatorial structure of hypergraphs is argued to better
capture complex geometric relationships. This has led to the development of a variety of hypergraph-based
learning methodologies [30, 34, 52, 62, 76, 100], often accompanied by discrete probabilistic or combinato-
rial comparisons with graph-based analogues (e.g., [3, 23, 53, 54, 67]). In contrast, our work focuses on the
asymptotic regime, where n ! 1, and studies the continuum limits of hypergraph learning objectives. To the
best of our knowledge, such asymptotic analysis has only been carried out in [78], and only for their speci�c
hypergraph regularization model. Extending this line of analysis to other hypergraph learning methodologies
mentioned above remains an important and largely open direction. We believe that such asymptotic charac-
terizations are highly valuable: as illustrated in Figure 2, identifying continuum limits provides a principled
framework for comparing and classifying a broad range of algorithms that may appear quite different at the
discrete level. Notably, our analysis reveals that certain hypergraph models, while distinct at the discrete level,
asymptotically behave like graph-based models, revealing underlying structural equivalences.

We note that asymptotic analysis of hypergraphs has also been studied in the context of stochastic block
models, where the hypergraph is itself a random object sampled from a generative process conditioned on the
node labels [45, 46]. This setting is fundamentally different from ours which focuses on the regularization of
label functions on a �xed hypergraph.

Our proposed HOHL model builds on prior work on nonlocal Laplacian-based regularization [26, 65, 94,
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102], and introduces higher-order penalties by applying powers of the graph Laplacian at multiple scales in-
duced by hypergraph structure. This uni�es and generalizes ideas that have emerged in the graph neural
network literature [2, 44, 66]. Although (hyper)graph neural networks (see [9] for a recent review) achieve
strong empirical performance, they typically require extensive supervision, hyperparameter tuning, and often
lack theoretical guarantees. In contrast, HOHL provides a theoretically grounded, architecture-free alternative
that is well-suited for low-label regimes.

On the technical side, our proofs rely on nonlocal approximation results for W1;p initially formulated
in [10] and then considered under the �-convergence lens in [74]. The latter were extended to the discrete-
to-continuum setting in [39, 84]. For other discrete-to-continuum results approximating Ws;2 we refer to [26,
38,94]. Finally, we note that our variational convergence results are purely asymptotic. Discrete-to-continuum
rates have for example been obtained on similar graph learning problems in [20,28,93].

The remainder of the paper is structured as follows: in Section 2, we review the theoretical foundations of
our approach; in Section 3, we state our main results; in Section 4, we provide detailed proofs; in Section 5,
we present numerical experiments; in Section 6, we conclude and propose directions for future research.

2 Background

In this section, we introduce the TLp topology and provide a brief overview of �-convergence. These two
notions are essential for studying variational convergence, which concerns the convergence of minimizers of
our machine learning objective. This perspective is particularly relevant in the semi-supervised learning setting,
where the minimizers are often the primary objects of interest. In practice, label predictions are frequently
obtained by thresholding the minimizer: for instance, if the discrete minimizer un takes real values and the
observed labels satisfy fyi gN

i=1 � f0; 1g, then for i > N, predicted labels are set via thresholding as yi =
1[0;0:5](un (x i )). For more than two classes the methodology is extended using 1-hot encoding.

2.1 The TLp Space

Let P(
) be the set of probability measures on 
 and Pp(
) be the set of probability measures on 
 with
�nite pth-moment. We denote by Lp(�) the set of functions u that are measurable with respect to � and such
that

R

 ju(x)j p dx < +1 . The pushforward of a measure � 2 P(
) by a map T : 
 ! Z is the measure

� 2 P(Z) de�ned by

�(A) = T # �(A) := �(T �1 (A)) = � (fx j T (x) 2 Ag) for all measurable sets A:

For �; � 2 P p(
) we denote by �(�; �) the set of all probability measures on 
� 
 such that the �rst marginal
is � and the second marginal is �, i.e. (PX )# � = � and (P Y )# � = � where P X : 
 � 
 3 (x; y) 7! x 2 

and PY : 
 � 
 3 (x; y) 7! y 2 
. The following de�nition of the TL p space and metric can be found in [39].

De�nition 2.1. For an underlying domain 
, de�ne the set

TL p = f(�; u) j � 2 P p(
); u 2 L p(�)g :

For (�; u); (�; v) 2 TL p, we de�ne the TLp distance dTL p as follows:

dTL p ((�; u); (�; v)) = inf
�2�(�;�)

� Z


�

jx � yj p + ju(x) � v(y)j p d�(x; y)

� 1
p

:

The TLp distance is related to the p-Wasserstein [77, 88] distance between the measures � and � and we
refer to [39] for more details. In particular, from the latter property, we can characterize convergence in the
TL p space as follows.

Proposition 2.2. [39, Proposition 3.12] Let (�; u) 2 TLp where � is absolutely continuous with respect to
Lebesgue measure and let f(�n ; un )g1

n=1 be a sequence in TLp. The following are equivalent:

1. (� n ; un ) converges to (�; u) in TLp;

6



2. � n converges weakly to � and there exists a sequence of transport maps fTng1
n=1 with (Tn )# � = � n

and
R


 jx � T n (x)j dx ! 0 such that
Z



ju(x) � u(T n (x))j p d�(x) ! 0;

In order to compare discrete functions to continuum ones, we will let �n be the empirical measures of our
samples fxi gn

i=1 and � will be the measure from which the points are sampled. Furthermore, fung1
n=1 and u

will respectively be the minimizers of our discrete and continuum objectives. In order to use the above result,
we need certain transport maps Tn whose existence is guaranteed by the next theorem [43, Theorem 1.1].

Theorem 2.3 (Existence of transport maps). Let 
 � Rd be open, connected and bounded with Lipschitz
boundary. Let � be a probability measure on 
 with a density that is bounded above and below by positive

constants. Let xi
iid� � 2 P(
) and we denote the empirical measure of fx i gn

i=1 by � n . Then, there exists a
constant C > 0 such that P-a.s., there exists a sequence of transport maps fTn : 
 7! 
 ng1

n=1 from � to � n

such that: 8
>>><

>>>:

lim supn!1
n1=2 kId�T n kL 1

log(log(n)) � C if d = 1;

lim supn!1
n1=2 kId�T n kL 1

log(n) 3=4 � C if d = 2;

lim supn!1
n1=d kId�T n kL 1

log(n) 1=d � C if d � 3:

The probability measure P is de�ned in Section 3. In terms of the assumptions we introduce later, the
conditions in the above theorem are given by S.1, M.1, M.2 and D.1.

2.2 �-Convergence

The appropriate framework to describe the convergence of variational problems is �-convergence from the
calculus of variations. We only recall the key properties used in this paper similarly to what be found in
[39,84,94] and refer to [11] for more details.

De�nition 2.4. Let (Z; dZ ) be a metric space and Fn : Z ! R a sequence of functionals. We say that Fn
�-converges to F with respect to dZ if:

1. For every z 2 Z and every sequence fzng with dZ (zn ; z) ! 0:

lim inf
n!1

Fn (zn ) � F (z);

2. For every z 2 Z, there exists a sequence fzng with dZ (zn ; z) ! 0 and

lim sup
n!1

Fn (zn ) � F (z):

The notion of �-convergence allows one to derive the convergence of minimizers from compactness.

De�nition 2.5. We say that a sequence of functionals Fn : Z ! R has the compactness property if the
following holds: if fnkgk2N is an increasing sequence of integers and fzkgk2N is a bounded sequence in Z for
which supk2N Fnk (zk ) < 1, then the closure of fz kg has a convergent subsequence.

Proposition 2.6. Convergence of minimizers. Let Fn : Z 7! [0; 1] be a sequence of functionals which are not
identically equal to 1. Suppose that the functionals satisfy the compactness property and that they �-converge
to F : Z 7! [0; 1]. Then

lim
n!1

inf
z2Z

Fn (z) = min
z2Z

F(z):

Furthermore, the closure of every bounded sequence fzng for which

(3) lim
n!1

�
Fn (zn ) � inf

z2Z
Fn (z)

�
= 0

has a convergent subsequence and each of its cluster points is a minimizer of F . In particular, if F has a
unique minimizer, then any sequence satisfying (3) converges to the unique minimizer of F .

In this paper, we show that our discrete objectives �-converge (with respect to the TLp-topology) to the
appropriate continuum objectives. Then, we will show that the sequence of discrete minimizers are precompact
in TL p and, using Proposition 2.6, deduce that the latter converge to the continuum minimizers.
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3 Main results

In this section, we present our main results as well the relevant notation and assumptions used for our proofs.

3.1 General notation

For z 2 Rd and A 2 Rd�d , we denote by (z)i the i-th coordinate of z and by (A)ij the ij-th element of A. We
denote the Sobolev space of functions in Lp with k-th order derivatives as Wk;p [61].

3.2 Hypergraph setting

We will use the same probabilistic setting as in [94]. In particular, the idea is to consider a probability space
with measure P in which elements are sequences fxi g1

i=1 . Our results will be formulated in terms of P, showing
that certain properties holds for a set 	 of sequences fxi g1

i=1 with P(	) = 1.

Given a set of n feature vectors 
n = fx i gn
i=1 � 
 � R d where we assume that xi

iid� � 2 P(
), a
length-scale " > 0 and a function � : [0; 1) 7! [0; 1), we can de�ne weights w";ij between vertices xi and
x j as follows:

w";ij = �
�

jx i � x j j
"

�
:

The graph (
n ; Wn;" ) where W";n = fw ";ij gn
i;j=1 is called a random geometric graph [72].

We now de�ne essential matrices related to such graphs. Let Dn;" be the diagonal matrix with entries
dn;";ii =

P n
j=1 w";ij and de�ne � � = 1

d

R
Rd �(jhj)jhj 2 dh < 1. The graph Laplacian is de�ned as

� n;" :=
2

� � n" d+2 (D n;" � W n;" ):

The latter can be interpreted as a matrix �n;" 2 Rn�n or as an operator �n;" : L2(� n ) ! L 2(� n ) where
� n = 1

n

P n
i=1 � x i is the empirical measure.

Given functions un ; vn : 
 n ! R, we also de�ne the L 2(� n ) inner product:

hun ; vn i L2 (� n ) =
1
n

nX

i=1

un (x i )vn (x i ):

Such functions can be considered vectors in Rn and we will understand un as both a function un : 
 n ! R
and a vector Rn .

The eigenpairs of �n;" are denoted by f(�n;";k ;  n;";k )gn
k=1 where �n;";k are in increasing order, 0 =

� n;";1 < � n;";2 � � n;";3 � : : : � � n;";n , (where strict inequality between �n;";1 and �n;";2 follows when the
graph Gn;" is connected) and we note that f n;";k gn

k=1 form for a basis of L2(� n ).
We can generalize the random geometric graph weight model to create random geometric hypergraphs. In

particular, we de�ne the weight of a hyperedge of size k + 1 by aggregating pairwise interactions as

(4) w";i 0 ���i k =
kY

j=1

j�1Y

r=0

w";i j i r :

This construction biases the model toward hyperedges whose constituent nodes lie within a shared neighbor-
hood, effectively encoding a �ner notion of locality. For instance, choosing � = 1[0;1] yields w";i 0 ���i k > 0
if and only if the entire tuple (xi 0 ; : : : ; x i k ) lies within a common ball of radius ". In this sense, " should be
thought of as the length-scale of interaction between vertices. We denote by t(k) the number of terms in the
product

Q k
j=1

Q j�1
r=0 w";i j i r .

The weight construction introduced in (4) serves as the foundation for all subsequent theoretical analy-
sis. In particular, we reformulate the hypergraph learning energy (2) using this weight model in (7). With

� p(x i 0 ; : : : ; x i k ) =
Q k

j=1
Q j�1

r=0 �
�

jx i j �x i r j
"

�
, we de�ne the discrete (k; p)-Laplacian operators which we

relate to the hypergraph learning energy (7) in Proposition 3.1 as

� (k;p)
n;" (u)(x i 0 ) =

1
nk"p+kd

nX

i 1 ;:::;i k =1

�
� p(x i 0 ; : : : ; x i k )ju(x i 1 ) � u(x i 0 )jp�2 (u(x i 1 ) � u(x i 0 ))

�
:
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We note that the (1; 2)-Laplacian is just �n;" .

In order to introduce the continuum counterpart of �(k;p)
n;" , we �rst de�ne

~� p(z1; : : : ; zk ) =

"
kY

s=1

�(jz sj)

# 2

4
kY

j=2

j�1Y

r=1

�(jz j � z r j)

3

5 ;

and the constant

� (k;p)
� =

Z

(Rd )k
~� p(~z1; : : : ; ~zk )j(~z1)djp d~zk � � � d~z1:

In Theorem 3.2, we will establish the precise asymptotic relationship between �(k;p)
n;" and the following opera-

tor:

� (k;p)
1 (u)(x) =

� (k;p)
�

2�(x)
div(�(x) k+1 kruk p�2

2 ru(x)):

3.3 Higher-order hypergraph learning

To penalize higher-order derivatives in a discrete setting, one must go beyond pairwise interactions in the
energy functional (as in (2)). In this section, we introduce the Higher-Order Hypergraph Learning (HOHL)
model, which is speci�cally designed to achieve this. In particular, we recall that v> � s

n;" v, with s 2 R,
corresponds to a discrete Sobolev Ws;2 semi-norm applied to v [26,94].

Let (V; E) be a hypergraph (independently of its weight model), and de�ne q = maxe2E jej � 1 as the
maximum hyperedge size minus one. For each k 2 f1; : : : ; qg, we de�ne a corresponding skeleton graph
G(k) = (V; E (k) ) by

E (k) = ffv i ; vj g j 9e 2 E with jej = k + 1 and fv i ; vj g � eg ;

that is, G(k) includes all pairwise edges induced by hyperedges of size k + 1. Let L(k) denote the graph
Laplacian associated with G(k) . In hypergraph models where larger hyperedges connect increasingly closer
points—a locality principle satis�ed by our random model de�ned via (4)—the skeleton graphs G(k) become
more selective as k increases, capturing �ner local interactions.

We de�ne the HOHL energy as

(5) v>

" qX

k=1

� k (L (k) )pk

#

v

for v 2 Rn , where 0 < p1 < : : : < p q are powers and �1; : : : ; � q > 0 are tuning parameters. In practice, we
often set pk = k for simplicity, although the same reasoning applies to any positive and increasing sequence
fp kgq

k=1 . For hypergraph models based on the locality principle detailed above, this energy imposes a hier-
archical, scale-aware regularization: small k enforces global smoothness, while large k imposes �ne-grained
regularity on hyperedges of large sizes. Figure 3 illustrates this mechanism. In this paper, we restrict our
attention to the HOHL energy (5) applied to the random hypergraph model where the vertex set is 
n � R d

and hyperedges are constructed via (4). For a generalization of (5) to non-geometric datasets and arbitrary
hypergraphs, as well as an analysis of the computational properties of HOHL, we refer the reader to [92].

The idea behind HOHL—imposing higher-order regularity based on sample closeness—naturally reduces,
in point cloud settings where locality is geometrically de�ned, to a multiscale approach. In particular, our
framework provides a theoretical justi�cation for the multiscale Laplace model proposed in [65]. In the latter,
the authors consider the energy

(6) v>

" qX

k=1

� k � pk

n;" (k)

#

v;

where "(1) > � � � > " (q) , and pk > 0 controls the regularity imposed at each scale. When using the random
hypergraph model, our HOHL formulation recovers this multiscale behavior via hypergraph structure and offers
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