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Abstract

Hypergraphs provide a natural framework for modeling higher-order interactions, yet their theoretical un-
derpinnings in semi-supervised learning remain limited. We provide an asymptotic consistency analysis of
variational learning on random geometric hypergraphs, precisely characterizing the conditions ensuring the
well-posedness of hypergraph learning as well as showing convergence to a weighted p-Laplacian equation.
Motivated by this, we propose Higher-Order Hypergraph Learning (HOHL), which regularizes via powers
of Laplacians from skeleton graphs for multiscale smoothness. HOHL converges to a higher-order Sobolev
seminorm. Empirically, it performs strongly on standard baselines.
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1 Introduction

Given a set of n feature vectors 0, = {z;}1; C Q C R4, where we assume z; S uw € P(R), and a
set of binary labels {y, Y, C {0,1}, the goal of semi-supervised learning is to infer the missing labels for
{@i}iy41 DY leveraglng both labeled and unlabeled data. Graph-based learning (see, e.g., [[17,/65]] for non-
deep learning methods and [55//95]] for deep learning approaches) has become a widely used framework for this
task, owing to the ability of graphs to effectively encode the underlying geometry of the data. Typically, one
constructs a graph G, = (€,,, W,,), where the nodes correspond to the feature vectors €2,, and W,, = (w,-j)gszl
is an edge-weight matrix reflecting pairwise similarities. A variational problem is then posed on this graph to
recover a labeling function on the vertices [8}/84,(94,/103]. When W,, is not intrinsic to the the data, the main
subtlety lies in the edge-construction. For most applications, the assumption of graph homophily is made,
i.e. connected points should share similar labels and therefore, one uses a local approach for the design of
W,,. Most prominently, k-nearest neighbour graphs [[18}/89]] or random geometric graphs [26,[72}84}/94]] are
employed.

We now detail the latter model. Given a parameter ¢ and a non-increasing function 7 : [0, 00) + [0, c0),
weights w, ;; between vertices x; and x; are defined as

v —
we,z‘j—??(‘ — ”|>.

The canonical choice of 7 is 1y ;) which ensures that only points within an e-distance are connected. In order
to capture the geometry in a more delicate manner, one can go beyond pairwise interactions and decide to
more strongly connect all points within the same e-ball: e.g. if xg,x1,z2 are all connected pairwise, then
we could add an additional connection for the tuple (z¢, z1, z2). This observation leads to the considerations
of hypergraphs (see Figure[I)). Another alternative is, for example, to consider multiscale Laplace learning as
in [65]] and we refer to Section[3.3|for a thorough discussion about the link between multiscale Laplace learning
and hypergraph learning.
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Figure 1: From graphs to hypergraphs. Left: In the graph, the vertices vy, v2, and v3 are all connected pairwise. Right: A
single hyperedge is added connecting all three vertices, transitioning from a graph to a hypergraph representation.

A hypergraph G is defined as G = (V, E') where V is a set of objects and F a family of subsets e—called
hyperedges—of V. Hypergraphs extend graphs by allowing hyperedges to connect arbitrary subsets of nodes,
and hypergraph-based methods have found success in various areas of science as in [22}30,33,34}/52}62,69.
73.176L /78,96, 98, [100]. We denote the weight of hyperedge e by wy(e) and its degree/size by |e|. In our
setting, we will be considering V' = €,,. Learning on hypergraphs is, for example, considered in [100] where
the following optimization problem (we keep the scaling with the edge degree but remove the vertex degree
below) is proposed as a relaxation of the hypergraph cut problem (similar to what is done in [89] for the graph
setting): feature vectors are clustered based on the value of the function u which solves

(1) argmmz Z (zi) — v(z;))* such that Z v(x,)? =1 and Z

vl =R ecl {IZ,IJ}CC Tr€Qn r€Qn

Continuing the graph analogy, it is also shown that u is an eigenvector of the hypergraph Laplacian matrix.
Similarly to what is considered in [103]] (Laplace learning) or [84] (p-Laplacian learning), it is natural to
extend (1)) to the semi-supervised learning regime, namely to consider the solution to

) argmin Z Z wole, 2 ;) (v(z;) —v(z;))* suchthat v(z;) = y; fori < N
v:Q2p—R ccE | |
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Figure 2: Classification of several algorithms based on their continuum limit. Edges indicate convergence to a Sobolev-
type seminorm in the continuum limit, with each algorithm linked to its associated W(**) space. Methods from left-to-
right: [[19]], [103]], [100], [27], [78]l, [26], [65]], this work.

where the weight function wy now can also depend on the vertices ; and ;.

Several points are apparent from the formulation (2)), which naturally decomposes into two components:
the mechanism of label interaction, encoded via the finite difference term, and the support of these interactions,
governed by the hypergraph’s hyperedge weights and connectivity pattern.

P.1 Since the dependence on v in the objective function arises solely from pairwise interactions between
vertices, the resulting regularization is inherently first-order. Consequently, the hypergraph itself con-
tributes only to defining the support of interactions—that is, which and how strongly vertex pairs are
connected—not to specifying the order or nature of the regularization being applied. We show in The-
orems [3.2] and [3.3] that the solution of (2), in an appropriate limit, behaves as the sum of first order
energies.

P.2 Given the previous point, the hyperedge construction is essential to the success of semi-supervised learn-
ing as in (2). We refer to [34] for a review of commonly used weight models in hypergraph learning.

P.3 In order to go beyond simple pairwise interaction, in Section [3.3] we propose another hypergraph learn-
ing model that penalizes higher-order derivatives similar to what can be found in [26},94] for the graph
setting. By doing so, we also establish a link between hypergraph learning and multiscale Laplace learn-
ing [65]].

In order to make these insights rigorous, we provide a new consistency analysis of hypergraph learning (2))
in the large-data regime. Asymptotic consistency analysis is a widely used framework for studying graph-based
learning algorithms, see [[7,{15}[24,/47,82//86]. It serves two main purposes: (1) identifying the continuum limit
as n — oo enables a principled classification of algorithmic behavior—see Figure [2] for a visual summary
of several algorithms and their associated continuum limits; (2) analyzing the limiting continuum problem
provides insights into fundamental properties of the discrete model, such as well-posedness and ill-posedness,
i.e. convergence to nontrivial labelling functions or constants, on large datasets (see for example [26,84,(94])).
In contrast, consistency analysis for hypergraph-based regularization methods remains largely unexplored, with
the exception of [[78]], and this work addresses that gap.

Consistency analysis between discrete energies &, defined for discrete functions v, : €2, — R and an
appropriate continuum energy &, defined for continuum functions v : 2 — R, can be performed in various
ways:

* in spectral convergence [7,|18},135,/71,83,/90,/91]], one analyses the convergence of the eigenpairs of the
discrete operator appearing in &, to the eigenpairs of the corresponding continuum operator in E;

* in pointwise convergence [7.[24,/47,49.|51}82,86], one studies whether &, (v|q,, ) converge to Ex(v) as
n — oo and € — 0, for a sufficiently smooth function v : {2 — R—an alternative approach is to analyze
the corresponding operators in the Euler—Lagrange equations and study their convergence instead [93];

* in variational convergence [15}25,26}(39-42,/84,85,[87]], one is interested in the convergence of mini-
mizers of &, to the minimizers of £,.



In this paper, we study the consistency of through the lens of the latter two complementary notions
of convergence. Pointwise convergence allows us to show that the operator appearing in the discrete Euler—
Lagrange equation of (2)) converges to a weighted p-Laplacian operator. Variational convergence, on the other
hand, enables a precise characterization of the well- and ill-posedness of hypergraph learning in the semi-
supervised setting, as a function of the hypergraph construction parameters. The appropriate analytical frame-
work for convergence of minimizers is I'-convergence [11]], which requires a common metric space in which
both discrete and continuum functions can be embedded. To this end, we rely on the TL? space introduced
in [39]], which is based on tools from optimal transport [77,88]]. We review these methodologies in Section

Another conclusion of our analysis is that hypergraph learning, in its standard variational formulation, is
inherently a first-order method. This confirms our intuition discussed in Point [Pl Indeed, both the non-
trivial operator obtained via pointwise convergence and the limiting energy identified through variational con-
vergence are associated with first-order regularization: the former behaves like a p-Laplace operator, while
the latter corresponds to a weighted Sobolev W!”-seminorm. To move beyond first-order regularization and
capture richer geometric structures encoded by the hypergraph, we therefore propose a new approach called
Higher-Order Hypergraph Learning (HOHL) that penalizes higher-order derivatives of the labeling function.
This is achieved by introducing powers of graph Laplacians computed at multiple scales, each induced by the
underlying hypergraph structure.

We also study the variational convergence of the proposed HOHL model and provide a rigorous characteri-
zation of its well- and ill-posedness. This analysis also shows that HOHL converges to a genuinely higher-order
Sobolev-type energy in the continuum limit, thereby distinguishing it fundamentally from classical hypergraph
learning frameworks (see Figure [2) and addressing Point [P.3] Furthermore, we establish a formal connection
between HOHL and multiscale Laplacian learning, showing that our method can be interpreted as a princi-
pled extension of existing multiscale approaches. We support this interpretation with empirical results that
demonstrate the effectiveness of HOHL in leveraging higher-order regularization for semi-supervised learning.

1.1 Contributions

Our main contributions (summarized in Table|l) are as follows:

1. Pointwise Convergence to Continuum Operator: We establish the quantitative pointwise convergence
of the discrete Euler—Lagrange operators arising in hypergraph learning to a weighted p-Laplacian oper-
ator.

2. Well-/Ill-Posedness via Variational Convergence: We characterize the well- and ill-posedness of clas-
sical hypergraph learning via variational convergence, explicitly as a function of the hypergraph con-
struction parameters.

3. Classical Hypergraph Learning is First-Order: We demonstrate that both the limiting operator and
the limiting energy in classical hypergraph learning correspond to first-order regularization, thereby
confirming that this framework is inherently first-order and effectively reduces to reweighted graph-
based learning.

4. HOHL and Multiscale Higher-Order Regularization: We introduce the HOHL framework, which
explicitly penalizes higher-order derivatives of the labeling function. Furthermore, we establish a formal
link between HOHL and multiscale Laplacian learning and characterize the well-/ill-posedness of this
model via variational convergence.

5. Empirical Validation of HOHL: We empirically validate HOHL on standard semi-supervised learning
benchmarks, demonstrating its ability to exploit hypergraph geometric information.

6. Continuum-Based Framework for Algorithm Classification: We propose a principled framework for
comparing and classifying graph- and hypergraph-based learning algorithms via their continuum limits.
This asymptotic perspective reveals structural similarities between methods that may appear distinct in
the discrete setting, as illustrated in Figure 2]



Classical Hypergraph learning 2)  HOHL (@)

Pointwise convergence Theorem 3—2 —
Well/lll-posedness characterization Theorem ; Theorem
First-order method v —
Higher-order method — v

Table 1: Summary of contributions.

1.2 Related works

Laplace learning [[103] is a widely used algorithm defined on undirected graphs and has served as a founda-
tional tool for label propagation and semi-supervised learning. Its success has led to numerous extensions,
including to directed graphs [50,99] and hypergraphs [[100]]. However, it has been observed that Laplace learn-
ing performs poorly in low-label regimes, especially when the number of unlabeled data points is large [27,68]].
The asymptotic consistency analysis in [|84f] provides a theoretical explanation for this phenomenon and, by
precisely characterizing the well-posedness of the algorithm, allows practitioners to circumvent limitations of
Laplace learning (or of its variants — in the case of [84], the authors consider the more general p-Laplacian
method). The work presented in this paper is partly concerned with the analogous analysis for the hypergraph
learning algorithm of [[100].

Our first contribution is to establish a continuum limit and characterize the well- and ill-posedness of
hypergraph learning in the semi-supervised setting. This can be viewed as a continuation of recent efforts
in discrete-to-continuum analysis of graph-based methods. For instance, the authors in [[39] deal with the
asymptotic consistency of graph total variation for clustering problems. Other examples include graph cut
problems and their continuum counterparts in [37,41.,/42] and [[70], the Mumford-Shah functional in [21]] and
an application in empirical risk minimization [36]]. In the semi-supervised setting, the most relevant papers are
[84,94]] dealing with p-Laplacian learning and fractional Laplacian regularization respectively. The latter two
methods were developed as an alternative to Laplace learning [[103]], in order to loosen the strict well-posedness
requirements of Laplace learning (other variants for this purpose are Lipschitz learning [14,(16}/58.(75]], game
theoretic p-Laplacian regularization [15]], Poisson learning [[13}(17]], re-weighting of the graph Laplacian in [19,
79-81] or truncated energies in [3,|6]]). Extending these graph-based techniques to the hypergraph setting
remains an important avenue for future research.

Our second contribution is an asymptotic characterization of the role of hypergraph structure in semi-
supervised learning. Previous works demonstrated, that hypergraphs can offer meaningful advantages over
graphs — see, for example, [[69,97]], where the richer combinatorial structure of hypergraphs is argued to better
capture complex geometric relationships. This has led to the development of a variety of hypergraph-based
learning methodologies [30\[34}|52}162,/76,/100], often accompanied by discrete probabilistic or combinato-
rial comparisons with graph-based analogues (e.g., [3,23,53,54,/67]]). In contrast, our work focuses on the
asymptotic regime, where n — oo, and studies the continuum limits of hypergraph learning objectives. To the
best of our knowledge, such asymptotic analysis has only been carried out in [78]], and only for their specific
hypergraph regularization model. Extending this line of analysis to other hypergraph learning methodologies
mentioned above remains an important and largely open direction. We believe that such asymptotic charac-
terizations are highly valuable: as illustrated in Figure [2| identifying continuum limits provides a principled
framework for comparing and classifying a broad range of algorithms that may appear quite different at the
discrete level. Notably, our analysis reveals that certain hypergraph models, while distinct at the discrete level,
asymptotically behave like graph-based models, revealing underlying structural equivalences.

We note that asymptotic analysis of hypergraphs has also been studied in the context of stochastic block
models, where the hypergraph is itself a random object sampled from a generative process conditioned on the
node labels [45,/46]. This setting is fundamentally different from ours which focuses on the regularization of
label functions on a fixed hypergraph.

Our proposed HOHL model builds on prior work on nonlocal Laplacian-based regularization [26}65,94,



102], and introduces higher-order penalties by applying powers of the graph Laplacian at multiple scales in-
duced by hypergraph structure. This unifies and generalizes ideas that have emerged in the graph neural
network literature [2,/44,160]. Although (hyper)graph neural networks (see [9] for a recent review) achieve
strong empirical performance, they typically require extensive supervision, hyperparameter tuning, and often
lack theoretical guarantees. In contrast, HOHL provides a theoretically grounded, architecture-free alternative
that is well-suited for low-label regimes.

On the technical side, our proofs rely on nonlocal approximation results for W? initially formulated
in [[10] and then considered under the I'-convergence lens in [[74]]. The latter were extended to the discrete-
to-continuum setting in [39,/84]. For other discrete-to-continuum results approximating W*?2 we refer to [26,
38,94]. Finally, we note that our variational convergence results are purely asymptotic. Discrete-to-continuum
rates have for example been obtained on similar graph learning problems in [20,[28}93]].

The remainder of the paper is structured as follows: in Section 2] we review the theoretical foundations of
our approach; in Section [3] we state our main results; in Section ] we provide detailed proofs; in Section [5]
we present numerical experiments; in Section [o] we conclude and propose directions for future research.

2 Background

In this section, we introduce the TLP topology and provide a brief overview of I'-convergence. These two
notions are essential for studying variational convergence, which concerns the convergence of minimizers of
our machine learning objective. This perspective is particularly relevant in the semi-supervised learning setting,
where the minimizers are often the primary objects of interest. In practice, label predictions are frequently
obtained by thresholding the minimizer: for instance, if the discrete minimizer u,, takes real values and the
observed labels satisfy {y; Z-]\Ll C {0,1}, then for ¢ > N, predicted labels are set via thresholding as y; =
1{0,0.5)(un(7;)). For more than two classes the methodology is extended using 1-hot encoding.

2.1 The TL” Space

Let P(Q2) be the set of probability measures on {2 and P,(2) be the set of probability measures on € with
finite pth-moment. We denote by LP(u) the set of functions u that are measurable with respect to p and such
that [, [u(x)[P dz < +o0 . The pushforward of a measure 1 € P(2) by amap T : Q — Z is the measure
v € P(Z) defined by

v(A) = Typ(A) == w(THA) = p({z|T(x) € A}) for all measurable sets A.

For p1, v € P,(£2) we denote by IT(1, ) the set of all probability measures on 2 x € such that the first marginal
is ;1 and the second marginal is v, i.e. (Px)xm = pand (Py)xm = v where Px : Q@ X Q 3 (z,y) — x €
and Py : Qx Q3 (z,y) — y € Q. The following definition of the TL? space and metric can be found in [39].

Definition 2.1. For an underlying domain €, define the set
TL? = {(p,u) [ 1 € Pp(Q),u € LP (1)} .
For (p,u), (v,v) € TLP, we define the TLP distance dryp as follows:
1
P
drr (o) = int ([ o=yl lute) = sp)P aston))
mell(pr) \JaxQ

The TLP distance is related to the p-Wasserstein [77,/88]] distance between the measures p and v and we
refer to [39] for more details. In particular, from the latter property, we can characterize convergence in the
TLP space as follows.

Proposition 2.2. /39, Proposition 3.12] Let (u,u) € TLP where p is absolutely continuous with respect to
Lebesgue measure and let {(fin,, un)}22, be a sequence in TLP. The following are equivalent:

1. (fn,uy) converges to (p,u) in TLP;



2. ln converges weakly to 11 and there exists a sequence of transport maps {T,,}5°; with (Ty,) g1t = pin
and [ |x — Ty(z)|de — 0 such that

/|u (T (@) P duz) — 0;

In order to compare discrete functions to continuum ones, we will let y,, be the empirical measures of our
samples {z;}7_; and p will be the measure from which the points are sampled. Furthermore, {u,}5>; and u
will respectively be the minimizers of our discrete and continuum objectives. In order to use the above result,
we need certain transport maps 7, whose existence is guaranteed by the next theorem [43], Theorem 1.1].

Theorem 2.3 (Existence of transport maps). Letr Q C R be open, connected and bounded with Lipschitz
boundary. Let 11 be a probability measure on () with a density that is bounded above and below by positive

constants. Let z; » w1 € P(Q) and we denote the empirical measure of {x;}}'_| by . Then, there exists a

constant C > 0 such that P-a.s., there exists a sequence of transport maps {T}, : Q — Q,}>°, from  to pu,
such that:

. nt/2 o .
hmsupn_ﬂmM <C ifd=1,

1/lgg(log(n)”)

. 1d—Th || oo : .
lim sup,,_, W <C ifd=2;
. n/ 4| Id—Th || 00 .
llmsupn%wll)ng/ngC ifd > 3.

The probability measure [P is defined in Section 3] In terms of the assumptions we introduce later, the
conditions in the above theorem are given by and[D.1]

2.2 TI'-Convergence

The appropriate framework to describe the convergence of variational problems is I'-convergence from the
calculus of variations. We only recall the key properties used in this paper similarly to what be found in
[39./84,94] and refer to [[11]] for more details.

Definition 2.4. Let (Z,dyz) be a metric space and F,, : Z — R a sequence of functionals. We say that F),
I'-converges to F with respect to dy if:

1. Forevery z € Z and every sequence {z} with dz(zy,z) — 0:
liminf F,,(z,) > F(z);
n—oo

2. Forevery z € Z, there exists a sequence {zp} with dz(zp, z) — 0 and
limsup F,(z,) < F(2).

n—oo
The notion of I'-convergence allows one to derive the convergence of minimizers from compactness.

Definition 2.5. We say that a sequence of functionals F,, : Z — R has the compactness property if the
Sollowing holds: if {ny }ren is an increasing sequence of integers and { zy, } ken is a bounded sequence in Z for
which supyey Fr,, (21) < 00, then the closure of {z} has a convergent subsequence.

Proposition 2.6. Convergence of minimizers. Let F), : Z — [0, 00| be a sequence of functionals which are not
identically equal to co. Suppose that the functionals satisfy the compactness property and that they I'-converge
toF: Z — [0,00]. Then

lim inf F),(z) = min F'(2).

n—0o0 z€Z 2€Z
Furthermore, the closure of every bounded sequence {z,} for which

3) lim <Fn(zn) — inf Fn(z)> =0
z€Z

n—oo

has a convergent subsequence and each of its cluster points is a minimizer of F. In particular, if F' has a
unique minimizer, then any sequence satisfying (3)) converges to the unique minimizer of F.

In this paper, we show that our discrete objectives I'-converge (with respect to the TLP-topology) to the
appropriate continuum objectives. Then, we will show that the sequence of discrete minimizers are precompact
in TL? and, using Proposition deduce that the latter converge to the continuum minimizers.



3 Main results

In this section, we present our main results as well the relevant notation and assumptions used for our proofs.

3.1 General notation

For z € R% and A € R4, we denote by (z); the i-th coordinate of z and by (A);; the ij-th element of A. We
denote the Sobolev space of functions in L.? with k-th order derivatives as Wk [61]].

3.2 Hypergraph setting

We will use the same probabilistic setting as in [94]. In particular, the idea is to consider a probability space
with measure P in which elements are sequences {x; }2°,. Our results will be formulated in terms of P, showing
that certain properties holds for a set ¥ of sequences {x; }3°; with P(¥) = 1.

. iid
Given a set of n feature vectors Q,, = {z;}7;, C Q C R? where we assume that z; ~ p € P(Q), a
length-scale € > 0 and a function 7 : [0,00) — [0, 00), we can define weights w, ;; between vertices x; and

x; as follows:
wes; = [ Fi
e — .
J €

The graph (€2,,, W,, o) where W ,, = {wsyij}’iszl is called a random geometric graph [72].
We now define essential matrices related to such graphs. Let D, . be the diagonal matrix with entries
(. cii = )y We,ij and define o) = § [pa n(|])|2[?> dh < cc. The graph Laplacian is defined as

2

Npei=m ———
T oynedt?

(Dn,a - Wn,e)-
The latter can be interpreted as a matrix A,, . € R"*"™ or as an operator A,, . : LQ(un) — LZ(Mn) where
U = % > ity 0z, is the empirical measure.

Given functions u,,, v, : £2, — R, we also define the L? (11, ) inner product:

1 n
(Un, Vn)12(,) = - Zun(xz)vn(l‘z)
=1

Such functions can be considered vectors in R™ and we will understand u,, as both a function u,, : €2,, — R
and a vector R".

The eigenpairs of A, . are denoted by {(/\n,e,kawn,s,k)}zz1 where ), . ;, are in increasing order, 0 =
Mgl < Mne2 < Apesz < ... < Ayen, (Where strict inequality between A, . 1 and A, . 2 follows when the
graph G, . is connected) and we note that {wn,e,k}ﬁzl form for a basis of L2 (tn)-

We can generalize the random geometric graph weight model to create random geometric hypergraphs. In
particular, we define the weight of a hyperedge of size k 4 1 by aggregating pairwise interactions as

kg1

(4) We i1, — H H w57iﬂ‘7,.

j=1r=0

This construction biases the model toward hyperedges whose constituent nodes lie within a shared neighbor-
hood, effectively encoding a finer notion of locality. For instance, choosing 1 = 1jg 1) yields we ;y...;,, > 0
if and only if the entire tuple (x;,, ..., z;, ) lies within a common ball of radius ¢. In this sense, ¢ should be
thought of as the length-scale of interaction between vertices. We denote by #(k) the number of terms in the
product H?zl Hf;(l) We i, -

The weight construction introduced in (4) serves as the foundation for all subsequent theoretical analy-
sis. In particular, we reformulate the hypergraph learning energy (2)) using this weight model in (7). With

k -1 |mi; =i
Mo (Tigs - - - Tiy) = Hj:l Hf«:on e
relate to the hypergraph learning energy (7) in Proposition [3.1] as

Agfz’?p)(u)(xlo) = m Z |:77p(xi0> s 75621@)’“(1'11) - u($i0)|p_2(u($i1) - u(xio)) :

i1, yip=1

, we define the discrete (k, p)-Laplacian operators which we



We note that the (1, 2)-Laplacian is just A, ..

In order to introduce the continuum counterpart of Aﬁfg” ), we first define
k kE j—1
Mp(215 -y 28) = [Hn(!zsl)] I 70z — =D},
s=1 j=2r=1

and the constant
SR R NORSENEAVTEREER
(R)k

In Theorem we will establish the precise asymptotic relationship between Aﬁ{‘fgp ) and the following opera-

tor:
) (k.p) 07(7k7p) k41 p—2
ALY (u)(z) = div(p(z Vull; “Vu(z)).

3.3 Higher-order hypergraph learning

To penalize higher-order derivatives in a discrete setting, one must go beyond pairwise interactions in the
energy functional (as in (2))). In this section, we introduce the Higher-Order Hypergraph Learning (HOHL)
model, which is specifically designed to achieve this. In particular, we recall that UTAfwv, with s € R,
corresponds to a discrete Sobolev W*2 semi-norm applied to v [264(04].

Let (V, E) be a hypergraph (independently of its weight model), and define ¢ = max.cp |e| — 1 as the
maximum hyperedge size minus one. For each & € {1,...,q}, we define a corresponding skeleton graph
G® = (V,EW) by

E®) = {{v;,v;}|3e € E with |e| = k + 1 and {v;,v;} C €},

that is, G*) includes all pairwise edges induced by hyperedges of size k + 1. Let L(*) denote the graph
Laplacian associated with G(*). In hypergraph models where larger hyperedges connect increasingly closer
points—a locality principle satisfied by our random model defined via (@)—the skeleton graphs G®) become
more selective as k increases, capturing finer local interactions.

We define the HOHL energy as

q
) vl [Z )\k:(L(k))pk] v
k=1

for v € R", where 0 < p; < ... < pg are powers and A1,...,\; > 0 are tuning parameters. In practice, we
often set pr = k for simplicity, although the same reasoning applies to any positive and increasing sequence
{pr}i_,. For hypergraph models based on the locality principle detailed above, this energy imposes a hier-
archical, scale-aware regularization: small k enforces global smoothness, while large k imposes fine-grained
regularity on hyperedges of large sizes. Figure [3illustrates this mechanism. In this paper, we restrict our
attention to the HOHL energy (5) applied to the random hypergraph model where the vertex set is ©,, C R?
and hyperedges are constructed via {@). For a generalization of (5)) to non-geometric datasets and arbitrary
hypergraphs, as well as an analysis of the computational properties of HOHL, we refer the reader to [92].

The idea behind HOHL—imposing higher-order regularity based on sample closeness—naturally reduces,
in point cloud settings where locality is geometrically defined, to a multiscale approach. In particular, our
framework provides a theoretical justification for the multiscale Laplace model proposed in [65]]. In the latter,
the authors consider the energy

q
T P
(6) v [Z )‘kAanE(k) U,
k=1
where €M) > ... > @ and p; > 0 controls the regularity imposed at each scale. When using the random

hypergraph model, our HOHL formulation recovers this multiscale behavior via hypergraph structure and offers
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Figure 3: Illustration of the HOHL energy with p, = k. Left: For ¢ = 2, the energy imposes hierarchical regularization
by penalizing v " L") v on skeleton edges E(") and v (L(?))%v on E(), Right: With the random hypergraph model of (@),
in high-density regions, hyperedges of large size capture finer structural details, and HOHL imposes stronger smoothness
to exploit this local structure.

a principled explanation for choosing p;, = k (or any increasing sequence): since UTAfmv converges (under
suitable conditions) to a W*2 seminorm in the continuum, increasing p;, enforces higher regularity in high-
density regions where large hyperedges—and hence skeleton graphs with large k—are more likely to form.
The main distinction between (5) and (6)) lies in how the Laplacians are obtained: in (6)), they are constructed
explicitly from multiple scaled kernels, while in (3)), they are derived from the hypergraph structure.

While the hypergraph construction in (4) is theoretically appealing, it becomes computationally expensive
due to the combinatorial growth in hyperedge enumeration. To address this, we propose using the multiscale
Laplace model (6)), which preserves the hierarchical regularization structure of HOHL while remaining com-
putationally efficient and analytically tractable. Although (6) does not exactly approximate (5)) with weights
from (@)—since the corresponding limiting Laplacians may differ in density scaling—it provides a practical
surrogate for point clouds embedded in a metric space, where hypergraphs are constructed based on proxim-
ity and we do not have access to the (skeleton) Laplacians. In contrast, for general hypergraphs where the
Laplacians L(*) are known, we apply (@) directly.

3.4 Variational problems for hypergraph learning

For some p > 1 and k£ > 1, the classical hypergraph energy can be written as

n k j—1

1 T, — Ty,
) Elefép)(v)zm Z IT1I7 <| : |> v(@iy) — v(wi)[”

10, ,ig=1 [ j=17=0

for v :  — R while the associated discrete semi-supervised learning objective is

(k‘,p) 1 — o < . — .
f,(LkE’p)((V, v)) = {&175 (v) ifv=py,andfori < N,v(z;) =y;
' 400 else

for (v,v) € TLP(2) and where {y;}}¥., C {0, 1} are binary labels.
For p the density of p with respect to Lebesgue measure, in the continuum, we define

k k j—1
U):/Q/(Rd)k [Hn(!zsl)] TT T 7z — 2D | [Vo(o) - 21[P plao) dey - -~ dzrdag

s=1 j=1r=1
k j—1

®) :/ Rd)k !Hn ‘Zs’ ] HHW |Z] _Zr| |6 Zl‘pdzk dzl/ ||VU 530 H2P($0)k+1 dag
Jj=1lr=1

= o1 /Q IV 0(20) 12 plao) ! dag

10



where ¢ € R? is any vector with ||e||s = 1 and (§) follows by isotropy of the kernels. The corresponding
semi-supervised learning objectives are:

(k,p) . _ 1,p < N — g
FED (1, ) = {500 (v) fv=p,ve W-P(Q)andfori < N,v(z;) =y
400 else,

EP(v) ifv = pand v € WHP(Q)

400 else.

GLEP (v,0)) = {

Our final objective, for ¢ > 1 and a positive sequence {/\k}zzl C R, is to consider the sums

(SF)e2 ZAk ),

(S]:) Zx\k]: ’p ((v,v))
and

(SG)%ep Zxkg P)((v,0)).

3.5 Variational problems for higher-order hypergraph learning

For HOHL and p > 0, we define the discrete energies

PN (0) = (0, A 0} 12

for v : 2 — R and their associated semi-supervised learning objectives

VAT

() = Iff)ﬁ‘"vs (v) ifv = pp andfori < N,v(z;) =y
- +00 else

for (v,v) € TLP(Q).
The latter have continuum analogues. Indeed, let A, be the continuum weighted Laplacian operator defined
by

1 .., 9 ou
QO g _ 0
p(.’L’)le(p Vu)(z), z € o 0,z€0

and let {(8;, ;) }32, be its associated eigenpairs where 51 = 0 < 2 < 3 < .... We note that {¢;}3°, form
a basis of L2(j1). The continuum energy is then defined as

Apu(z) = —

Icgg) (U) - <’U, A%U>L2(u)

for v : © — R and we consider the following well-posed and ill-posed semi-supervised learning objectives:

I(gg)(v) ifv=yp,veHP(Q)and fori < N,v(z;) =y

400 else,

TP ((v,v)) = {

Iég)(v) if v = pand v € HP(Q)

+00 else

K& ((v,0)) = {
for (v,v) € TL?(Q) and where

HP(Q) = {h € L2(u) | I (h) < +oo}.

11



The latter set can be shown to be very closely related to the Sobolev space W?2(€2) [26, Lemma 17]. Finally,
for ¢ > 1 and positive sequences {\;}{_; C R, P := {p;}{_, CRand E := {M}{_ withe® > ... >
E(Q), we consider the sums

(SJ) q’P) (v,v) Z (v,v)),

(SIE(v,0) = D MITE)(v,0))

k=1
and .
(SKOLD (v,0) =Y MKEI (v, 0)).
k=1
We will also index our length-scales by the number of vertices, i.e. ek) = 5§lk), and in this case, we write
b, = {E%k) Z:I' The above sums correspond to the multiscale model for HOHL as detailed in Section

3.6 Assumptions

In this section, we list the assumptions used throughout the paper.

Assumptions 1. Assumption on the space. We assume either [S.1] or[S.2]
S.1 The feature vector space €2 is an open, connected and bounded subset of R¢ with Lipschitz boundary.
S.2 The feature vector space {2 is the unit torus R? /z.
Assumptions 2. Assumptions on the measure. In most cases we need both [M.1]and[M.2]
M.1 The measure p is a probability measure on ).

M.2 There is a continuous Lebesgue density p of p which is bounded from above and below by strictly
positive constants, i.e. 0 < mingcq p(z) < max,cq p(x) < +oo.

The data consists of feature vectors {x;}?_; and labels {y;}Y; and we make the following assumptions.
Assumptions 3. Assumptions on the data. Assumption [D.1]is needed for consistency results and [D.2]is needed
in the semi-supervised setting.

D.1 Feature vectors 2, = {x;}}_; are iid samples from a measure 1, satisfying [ML.1]

D.2 There are N labels {y;}Y, C R corresponding to the first N feature vectors {x;}}¥ ;.

The weight function 7 is assumed to satisfy the following assumptions.
Assumptions 4. Assumptions on the weight function or kernel.

W.1 The function 7 : [0,00) — [0, 00) is non-increasing, has compact support, is continuous and positive at
z = 0.

The compactness of the support of 7 corresponds to the setting in most applications where, for computa-
tional purposes, one wants to restrict the range of interactions between vertices in our hypergraph. Theoreti-
cally however, the compact support assumption is not strictly necessary and we can extend our results to the
non-compactly supported case as in done in [|39}/84].

Finally, we make the following assumption on the length scale € = ¢,, which we scale with n.

Assumptions 5. Assumptions on the length-scale. For our consistency results we will need one of [L.1]

or[L.3

L.1 The length scale € = ¢, is positive, converges to 0, i.e. 0 < &, — 0.

12



L.2 The length scale € = ¢, is positive, converges to 0, i.e. 0 < &, — 0, and satisfies the following lower

bound:
1
lim °g<j;> —0  ifd>3;
n—oo ’I’LEn
1 3/2
T L0 By T
n—00 nes;
i 108008() _ gy
n—oo nEn

L.3 The length scale € = ¢, is positive, converges to 0, i.e. 0 < &, — 0 and satisfies the following lower

bound: log(n)
og(n
R nedtt

=0.

Assumption guarantees that (with probability one — measured with PP) that there exists N such that for
all n > Ny the graph G, ., = (2, Wy, ¢,,) is connected (see [48] or [72]). We also note that the condition
in the d = 2 case in Assumption [L.2] can be tightened by removing the log-term (using the techniques from
[18,21]D), i.e. lim,, o0 l‘fa( ") — 0 ford > 2, so that ,, can be chosen to be any sequence asymptotically greater

than the connectivity radius for all d > 2.

3.7 Main results

We give our results for (classical) hypergraph learning (2) in Subsection [3.7.1] and our results for higher order
hypergraph learning (6)) in Subsection

3.7.1 Hypergraph learning

We start by determining the corresponding Euler—Lagrange equations of (7). The result implies that the gradient
of the energy decomposes into a sum of discrete operators, each tied to a hyperedges of a given size. The proof
is in Section .11

Proposition 3.1 (Discrete Euler-Lagrange equations of hypergraph learning). The energy
q
N d Z )\k&gksp )
k=1

is minimized by u if and only if u satisfies )\k»AS’L sn)( ) =0.

We now study the asymptotic behavior as n — oo. The next result shows quantitative pointwise conver-
gence of the discrete hypergraph operator to its continuum analogue.

Theorem 3.2 (Pointwise consistency). Assume that Assumptions [S.1) [M.1} [M.2] [D.1] and [L.1)| hold. Fur-
thermore, assume that p € C?(Q). Let Q' be compactly contained in , ¢ > 1, {\}I_, C (0,00),
p € {2} U[3,0), en < § and u € C3. Then, for n large enough, we have that

‘(Z)\kAng;)> V(i) — piy) (ZA,CA(’W> Y wiy)| = (6HuHC3(Rd)

or x;, € Q, N, with probability 1 — C'n exp —C’n&%(prqd) 62 ) where C > 0 is a constant independent o
0
n and 6.

The proof uses a Taylor expansion of [¢[P~2t for p > 3, relying on bounded second derivatives. For p = 2,
the expansion is exact. The details are in Section[4.2]

Next, we precisely characterize the asymptotic consistency of hypergraph learning as a function of the
length-scale €,,. We refer to Figure {4 for a visual summary of the result.

13
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Figure 4: Well- and Ill-posedness characterization of hypergraph learning as a function of the length-scale ¢,,.

Theorem 3.3 (Asymptotic consistency analysis of hypergraph learning). Assume that[S.1}[M.1}[M.2|[D.1][D.2]
m and|L.2|hold. Let (jin, uy,) be minimizers of (SI)%?;’;).

1. (Well-posed case) Assume that nel — 0. Then, P-a.s., there exists a continuous Sfunction u such that
(tn, un) — (p,u) in TLP(Q) and for any Q' CC Q, maxq,<p|z.co) [u(@r) — un(zr)| — 0. In

particular; (1, u) is @ minimizer of (SF)$).

2. (Ill-posed case) Assume that neh, — oo. Then, P-a.s., there exists u € W'P(Q) and a subsequence

{n, }22 such that (pin, , un, ) — (1, w) in TLP(Q) and (p,w) is a minimizer of(Sg)g%’p),

The limiting energy identified in Theorem [3.3]is

q q
©) > Mol / V0 (o) |5 plao) ¥+ dag = / V(o) |15 (kaé’%@o)“l) dao.
k=1 Q Q

k=1

In particular, it only differs from the limiting energy of p-Laplacian learning

) , )
U%L?R/WU(%)HM(%) dzg

by a weighting of the density. This also means that, asymptotically, these hypergraph models are similar to
graph models. We thus obtain an identical characterization of well-/ill-posedness in terms of ¢, as in [84,
Theorem 2.1], now in the hypergraph context. In particular, the well-posedness, in which minimizers smoothly
interpolate the known labels, is ensured if and only if ¢, satisfies the lower bound and the upper bound
neb — 0.

Similarly to [94, Remark 3.1], the above-mentioned bounds also imply that p > d and we recover an
intuition stemming from Sobolev spaces. Indeed, in the continuum, our functions in W1 (£2) must be at least
continuous in order to satisfy pointwise constraints, i.e. be in the well-posed case: by Sobolev inequalities,
this can only the case whenever p > d. Our results show that this condition is necessary but not sufficient as
€n, also has to satisfy an upper bound. We also note that in practice, the condition p > d often leads to p > 3,
which satisfies the requirements for pointwise convergence in Theorem[3.2]

For the ill-posed case, we note that minimizers of (S g)&%’p ) are constants and therefore, for large n, we
expect our discrete minimizers to be almost constant with spikes at the known labels (this is observed for
q = 11in [27,/68]]). The labelling problem relying on the thresholding of our minimizers is therefore rendered
nonsensical, hence our denomination of ill-posed. The case p < d is also covered by our characterization of
our ill-posed case (see [94, Remark 3.3]), linking our results back to the Sobolev embedding intuition.

14
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Figure 5: Well- and Ill-posedness characterization of HOHL as a function of the length-scale 555). The striped regions

are conjectured results.

3.7.2 Higher Order Hypergraph Learning

We observe from the definition of ASJQ’? ) and the limiting energy functional (9) that the notion of locality en-

coded by hyperedges of size k + 1 appears through higher powers of the sampling density p. This has the
beneficial effect of amplifying the contribution of high-density regions during learning. As mentioned in the
introduction, this illustrates that hypergraph learning—at least in the classical formulation—modifies where
pairwise interactions occur, but not how they occur. In contrast, the HOHL framework fundamentally alters
the nature of interactions by introducing higher-order terms. For instance, the term v " (L(2))2v incorporates
nested finite differences of L(?) (x;) (see [89]]), which already represent aggregated information from multi-
ple neighbors. Such terms approximate second-order derivatives (see Section [3.3)) and cannot be decomposed
into purely pairwise interactions. In this way, HOHL better leverages the hypergraph structure by simultane-
ously modifying the support of interactions (via multiscale decompositions) and the mechanism of interaction
(through higher-order regularization).

We obtain the following asymptotic consistency result for HOHL/the multiscale Laplacian learning energy
(6. Figure[5|provides a visual summary of the result.

Theorem 3.4 (Asymptotic consistency analysis of higher-order hypergraph learning). Assume that[S.2] [M.1]

. .and W.1| hold. Let (tn, un) be minimizers of (Sj)n 2. Letq > 1, P = {pp}]_, C R with

p1<---<pgand E, = {5n }q | with 57(1) S > 57(1 ). Assume that p e C™®.

1. (Well-posed case) Assume that 6% satisfies . that n - (e (q))pQ/ 2-1/2 s bounded and that Py >

5d + 4. Then, P-a.s., there exists a continuous function u such that (fin,un) — (p,u) in TL*(Q)

and maxg,<py |[u(zr) — un ()| — 0. In particular, (j1,u) is a minimizer of (Sj)(q’p)

2. (lll-posed case) Assume that squ) satisfies as well as n(sg ))27"? — oo. Furthermore, assume that
sup,,>1 |[unlli2(,) is bounded. Then, ]P’-a.s., there exists u and a subsequence {n,}> such that

(s Un,.) — () in TL2(Q) and (11, u) is @ minimizer of (S/C)g%’p).

Similarly to Theorem [3.3] this result shows how the choice of scale and regularity governs the transition
between expressive interpolation (i.e. minimizers are smooth-functions satisfying the pointwise constraints in
the well-posed case) and trivial smoothing (i.e. minimizers are constants in the ill-posed case). Theorem [3.4]
identifies the precise parameter regime needed for well-posedness in semi-supervised learning with HOHL.

(9)

Notably, we remark that the characterization mostly depends on the parameters of the finest scale, i.e. £y, and

Dq-
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In contrast to standard hypergraph learning, which converges to a W' seminorm, as explained in Section
3.3| the continuum limiting enery identified through Theorem indicates that HOHL converges to a WPa>2
seminorm, as illustrated in Figure[2] This underscores the distinct regularity structure induced by our higher-
order formulation.

Furthermore, the same Sobolev intuition developed for hypergraph learning prevails for HOHL. In par-
ticular, our result implies that p, > d/2—or equivalently that W42 is embedded in C°—is necessary for
well-posedness. Similarly p, < d/2 also partly characterizes the ill-posed case.

4 Proofs

4.1 Euler-Lagrange equations of hypergraph learning

In this section, we present the proof for the derivation of the Euler-Lagrange equations of hypergraph learning.

Proof of Proposition[3.1] 'We want to obtain the Euler-Lagrange equation of Y 7 _, Akgé’fg” ) (+) and to this pur-
pose, let us evaluate

d q
<dt § )‘kgr(L],fa’p)(uthU) t=0=— E )‘kdt ns u+tv)[
k=1

In particular, we proceed as follows:

d
T := —ET(LIfE’p) (u 4 tv) =0

dt
p . -2
= W Z np(xim ceey xlk) |u(xll) - u(xio)|p (u('rll) - u(xio))(v('ril) - U(xio))
10, i =1
n
= Z g(xioa xil)(v(xil) - U(xio))
10,i1=1
n n
= Z g(xiovxil)v(xil) - Z g($i0,$i1)U(Ii0)
i0,i1=1 10,i1=1
n n
= Y gl wi)v(@i) — Y (@i, wiy)o(wi)
i0,i1=1 10,01=1
(10) = -2 Z g(xig, i, Yo (s,
10,01=1

= <_2pASzkjép) (u)v U>L2 (n)

where we used the fact that the function f(x,y) = 0y (2, y, T4, . . . , T4, ) satisfies f(z,y) = f(y, x) for all fixed
Tiy, . . ., i, implying that g(z,y) = —g(y, ) for (I0). From this, we deduce that u minimizing > 7 _, /\ké',(l’fgp)
must satisfy

Z Ak Agzkeljl)

Conversely, by convexity any u satisfying > 7_, )\kAgfgﬁ) (u) = 0 must be a minimizer. O

4.2 Pointwise convergence of hypergraph learning

In this section, we present the proofs related to Theorem 3.2
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4.2.1 Preliminary results

We start with several auxiliary results. First, the following inequality [[64]] will be useful in the proof of Theorem
3.2

Theorem 4.1 (McDiarmid/Azuma Inequality). Let X1, ..., X, be iid random variables satisfying | X;| < M
almost surely. Let Y,, = f(X1,...,X,,) for some function f. If there exists b > 0 such that f satisfies

[f(x1, i) — fX1, oo Ty ooy zp)| < b

forall x; and ©;, 1 < i < n, then forallt > 0,
2
B[V, — E(Y;)| > 1) < 2exp <—2an> |

Lemma 4.2. Let S"® (i) = #{(o1,...,on) € {1,...,n}¢|31 < £ < ksuchthat ay = i}. Then, for
1 <i<n, SR G) =nk1 4+ (n—1)SF=D(5) and S (7) =< knkF~1.

Proof. Let (a1,...,ax) € {1,...,n}¥. If we fix ay = 1, then there exists n*~! tuples of the form (i, ..., ay).
Now, if iy = j # i, there exist S(#~1) () tuples of the form (j, az, .. ., ay) that contain at least one i. Since,
4 can take n — 1 values, we conclude that S(™*)(3) = n*=1 4 (n — 1)Sk=1)(;). The second claim can be
proven simply by induction. O

The following lemma can be proven by induction and Taylor’s expansion.

Lemma 4.3 (Product identity). Let p € C?(RY). Then, for k > 1, we have

k

[T o(io + nze) = plaie)* + enplio) 1V p(wiy) (21 + - + 21) + O(E2)
=1

forxziy,z1,...,2, € R? and e,, € R.
We recall the following lemma from [93]].

Lemma 4.4 (Asymptotics of domain of integration). Assume that Q C R? is a bounded open domain. Let
en > 0 be a sequence that tends to 0, ¥ be compactly contained in 2 and C C R? be a compact subset. Then,
for n large enough, for all x;, € S, the set S., (x;,) = {z € R? | z;, +en2 € Q} N C is equal to C.

We recall that f : (R%)* — R is odd symmetric if f(—x1,...,—x}) = —f(z1,...,x;) and that for such

a function, fA fzy,...,xg) dag - - - dag = 0 if A is symmetric.

4.2.2 Equivalent representation of the continuum Laplacian

In this section, we prove an equivalent representation of the continuum Laplacian AS)’;”’ ). The latter will appear

as the continuum limit in Theorem [3.2] We start by introducing the following constants:

o = /( Mp(Z1, - 2| (B1)aP 2 (B0)T d2g - da,
R

d)k

and
(k,il%?) — = 3 = ~ p—2 ~ ~ ~ -~
oy —/ Mp(Z15 -5 Z6)[(Z1)alP "= (21)a(Z2)q A2 - - - d 2.
(R)k

The key idea for the following computations is to consider integrals of the form

/(de)k ﬁp(zl, ey Zk;)g(21, RN Zk:) le . de

as an expectation with respect to the measure (Q defined through the density

1 ~
f(zla"'azk>:Enp(zla"wzk’)v zZ = np(z)dz
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By considering a random vector (71, ..., Z) ~ Q, we obtain that
M(z1,...,2
Z/ Mg(zl, o z2k) dzy - day = ZBglg(Zy, .., Zy)).
(Rd)k Z

The structure of 7, implies strong symmetry properties of the law of (Z1, . . ., Z},), specifically invariance under

simultaneous rotations of all coordinates and under affine reflections fixing Z;. Exploiting these invariances

via conditional expectations and multivariate symmetry arguments, we obtain the identities between aék’p ),

07(7]“ P1) and a,gk’p 2) stated below.

Lemma 4.5 (Radial marginal). Assume that Assumption holds. Let (Z1,...,Zy) be a random vector in
(RF with distribution Q defined through the density

1 ~
f('zla"'azk):E”?p(zla"'azk’)v zZ = Up(z)dz
(R)*
Then, the marginal law of Z, is rotation-invariant.
Proof. Let Q € O(d) be any orthogonal matrix. Orthogonality implies that ||Qz|| = ||z|| for all z € RY, and

more generally
1Qz — Qyll = [l —yll

for all 2,y € R?. Therefore each factor in 7p is invariant under the simultaneous rotation

(Zly o 'azk) = (th . 'ank)'

Indeed,
n(1Qzsll) = nlllzsl),  n(lQz — Qzll) = n(llz; — 2[)),

o)

Mp(Qz1,...,Qzk) = Np(21,. .., 2k)
forall z1, ..., 2z, € R? Since the Jacobian determinant of a rotation is 1, it follows that the probability density
f satisfies

f(Qz1,...,Qzk) = f(z1,...,2k).
Thus the law of (Zy, . .., Zy) is rotation-invariant under simultaneous rotations of all coordinates:

(Z1,.. . Zk) 2 (QZ1,...,QZ).
By [12} Proposition 4.1.1], this implies that every marginal of Q is also rotation-invariant. O

Lemma 4.6 (Constant identity I). Assume that Assumption holds. Let d > 2. Then,
G,(Ik’p) =(p—1) 07(71@,1171).

Proof. We define
Z::/ ﬁp(zl,...,zk)dzl...dzk
(Re)F

and
1

dQ(z1,- -+, 2x) == =np(21,. .., 2k) d2z1 ... dzg.
Z

For (Z1,...,7Z;) ~ Q, we write Z; = (X1,...,Xy)". Then,
oP) = ZE[|XyP),  and  ofPD = ZE[| Xy X7)

where the expectation is taken with respect to Q.
By Lernma the marginal law of Z; is rotation-invariant. By [[12, Theorem 4.1.2], since the distribution
of Z; is rotation invariant, we may write

7, L RU,
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where R £ ||Z1]| > 0, U € S! is uniformly distributed on the unit sphere and R and U are independent.
Writing U = (Uy, ..., Uy), we have

(X P L RPIULP and | Xg[P2X2 L RPIU,P2UZ.

Therefore, using the independence of R and U, we obtain that

E| X _  E(R)EUL) _ E[U)
ElXqP2X7 ~ ERVE[U2U7 ~ E[Uar207)

LetY; := U2. For U uniform on S?~1, by the proof of [29, Theorem 3.3] (which shows that (U1, ..., Uy) 4

z/||z| where  ~ N(0,Idgx4)) and [29, Section 1.4] (which shows that (z%/||z|, ...,22/||z||) is Dirichlet-
distributed with parameters (3, ..., 3)), the vector (Y7, ..., Yy) is Dirichlet-distributed with parameters (3, ..., 3).
We can then apply the moment formula for Dirichlet distributions [57, Section 27.6]: for Y ~ Dirichlet(ay, ..., ay)
and 3; > 0,
E ﬁ Yﬂz‘ _ r (Z?:l ai) ¢ F(ai + ﬁz) .
el Il e+ 8i) 5 Do)
This yields:
1\d-1 p+l p+1 d
r(d) T T (T) r (T) ['(3)
r (T) I'(3) I'(z)T (T)
and
a=2p(p=1\ (3 =1\ (3
p—27721 _ (p—2)/2y,1 _ I () r'(3) F( 2 )F(2)_ I () F( 2 )F(2)
IE[|Ucl| Ul} - E[Yd YVl] - d+p—2+2 1\d o d+p 1)2
L (f) '(3) r (T) r(3)

Taking the ratio, we obtain

—
N—
!
—~

I

U=Vl 1 () r(3) 1 (25) 4r(

[\

where we used the identity I'(¢ + 1) = ¢I'(¢) for the middle equality. We conclude that

o) = (p—1) o). O

Lemma 4.7 (Reflections). Let z; € R? be non-zero. Define v :=
by

IIZH’ m = %1 the function R, : RY — R4

R, (y) =y —2(y-v)v,

and the function S, : R¢ — R? by
S.(y) :=m+ R, (y —m).

Then,:

1. R, is the reflection across the hyperplane {y : y - v = 0} and an isometry;

2. S,, is the reflection across the affine hyperplane H,, == {y € R% : (y —m) - v = 0},
3. S,, is an isometry;

4. 5,,(0) =z and S;,(z1) =0;

5.8 W = llzr — yll and |15z, (y) — zull = [Jyll-
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Proof. 1. R,, is linear by definition. We check that ., is an isometry and has the expected geometric
action. For any y € R?, decompose

y=(y-v)v+yi,
where y| :=y — (y - v)v satisfies y | - v = 0. Then
R (y)=y—2y-v)v
= -vvt+yL—2(y-vv
(1) =—(-v)v+yL.

Thus, R, flips the component along v and preserves the orthogonal component, which is precisely the
reflection across the hyperplane {y : y - v = 0}.

Moreover, by the orthogonality of (y - v) v and y, , we have
IR =l = (y - v)o+y |
= llyLl? + (y - v)?
= [y - v)v +yul?
= |yl
so that I?;, is an isometry.

2. S, fixes every point of the hyperplane H,. Indeed, if y € H,, then (y — m) - v = 0, and hence

Re(y—m)=(y—m)=2((y—m)-v)Jv=y—m.

It follows that
Su(y) =m+ Ry (y —m) =m+ (y —m) =y.

For a general point 3y € R, the vector i — m has the orthogonal decomposition
y—m:((y—m)-v)v—}—(y—m)b (y—m), -v=0.
Using the reflection identity (I1]), we obtain
Rey(y—m)=—(y—m)-vo+(y—m)L,

s0 R, reverses the normal component ((y —m) - v)v and preserves the tangential component (y —m) | .

Geometrically, R, is the reflection across the hyperplane
Hy:={yeR¥:y-v=0}

The hyperplane
H, :={yeR: (y—m)-v=0}

is simply the translation of Hy by the vector m. Therefore, to obtain the reflection across H,,, we must
conjugate R by this translation, which yields the affine map

Sa (y) =m+ Rzl(y - m)
Thus S, is precisely the affine reflection across H, (see Figure[6).
3. Forany y,r € RY,

Sz (y) = Sz (r) = (m+ R.y (y —m)) — (m+ R, (r —m))
=R, (y—m)— R, (r—m)
(12) = R, ((y —m) — (r —m))
=R, (y — 1),

where we used the linearity of R, for (I2). Since R., is an isometry by part 1 of the lemma,

1520 (y) = Sz (M)l = 1Rz, (y — 1)l = [ly = 7.
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H,
Y o :J 7777777 S..(y)
“h h
0 v '__ z1 2 v
m= 5

Figure 6: Geometric interpretation of the affine reflection S, across the hyperplane H,, orthogonal to v and passing
through m = z; /2. The points y and S, (y) are symmetric with respect to H, .

4. We have
R..(—=m) = —m —2((—m) - v)v
2( 21 21 ) 21
= —m — _—— [
2 lall/ ||zl

=-m+2z

(13) =m.

Therefore,

S, (0)=m+ R, (0—m)=m+ R,,(—m) =2m = 2.
Similarly, by linearity of R and (13)),

S.(z1)=m+ R, (z1—m)=m+ R,,(m)=m— R,,(—m) =0.

5. We compute as follows:

(14) 1521 (I = 1521 () = Sz (1)
(15) =y — 2l

where we used part 4 of the lemma for (I4)), and part 3 of the lemma for (I3)). Similarly,

(16) 1521 (y) = 21l = 1521 (y) = Sz, ()]
(17) = |y — 0]
= [lyll
where we used part 4 of the lemma for (I6)), and part 3 of the lemma for (I7). O

Lemma 4.8 (Constant identity IT). Assume that Assumption|W.1| holds. Then,

—_

(k,p,2) _ = _(k,p)
oy = -0,

\V)

Proof. We define
Z::/ ﬁp(zl,...,zk)dzl...dzk
(RA)F

and
1.
dQ(z1,- -+, zx) == Enp(zl,...,zk) dzy...dzg == f(z1,...,2,)d21 ... dzg.

For (Z1,...,Zy) ~ Q, we write Z; = (X1,...,Xy)" and Y := (Z3)4. Then,

ggk,p) = ZE[|Xq|"] and 07(7’“4’:2) = ZE[|X4/P2X,Y]
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where the expectation is taken with respect to Q.
As shown in the proof of Lemma since 77, depends only on norms and pairwise distances,

p(Qz1, ..., Qzk) = Np(21,. .., 2k)
for all Q € O(d), where O(d) denotes the group of orthogonal matrices in R?. We now fix z; # 0 and let
G, ={Q € 0(d): Qz =2}
be the subgroup of orthogonal transformations fixing z;. For Q) € G, , we therefore have
(18) (21, Qz2, ..., Qzr) = Np(21, 22, .. -, 2k).

The marginal density of Z; at 27 is
fZ1<Zl) :/ f(zl,zQ,...,zk) dZQ"'de.
(Rd)k—l

For fz, (z1) > 0, the conditional density of (Zs, ..., Zy) given Z; = z is

f(zl, 2y e eny Zk)
fz, 20, ..., 2k | 21) =
Za, ,Zk\Zl( ) ’ | ) fZ1 (Zl)

For a fixed Q € G,, we consider the conditional density at the point (Qz2, ..., Qz):

f(21,Qz,. .., Qz)
fZl(Zl)
~ p(21, Q2. .., Qzp)
a Zfz,(=1)
(19) = 20,2021 (22, 28 | 21)

fZQ,A..,Zk|Zl (Q227 o 7sz‘ | Zl) =

where we used (T8) for (T9). Thus, for any measurable set A C (R?)*~1,

P((Z2,.... Zy) € Al Z1 = =) = / I 20, zi)z0 (225 -+ s 21 | 21) dzg -+ - dzy
A

(20) = /Afzg,...,zkzl(w27-~7wk | z1) dwy - - - dwy,
Q
1) =P((Zs,...,2Z;) € QA| Z1 = =)

where we used the change of variables w; = Qz; for 2 < j < k and the fact that |det Q| = 1 for (20).
Equivalently, we obtain that

d
(Z2s- s Zi) | (1 =21) = (QZ2,...,QZ) | (Z1 = 21).
By picking A = B x R% x --- x R for B C R a measurable set, we obtain

P(Zo € B|Zy=2z1) =P((Zo,...,Z;) € A| Z1 = 21)
((Zg,...,Zy) € QA | Z1 = 1)
(ZQEQB|21221)

(22)

P
P

where we used (21)) for (22)), which implies that

(23) Zo| (Z=2) £ QZy | (71 =)
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for all ) € G, . Taking expectations gives
(24) E[Zy | Z1 = 2] = QE[Z2 | Z1 = x].

Specifically, this means that E[Zy | Z; = z] is a vector which is fixed by all Q € G,,. We decompose

o— . —_ 4 z 4 —— z z
w = E[Zg ’ Z1 = Zl] = (u) . ”z1”> H21|| + ( (w . ”71“) m) = (w. ”21”) m 4+w,.LetQ € Gzl,
then we compute as follows:

(25) w = Qw
= (w- ) @z + Quw,
EIVAEN]
(26) - (w : Zl) 2L Quy
EIVAEN]

=w—w, +Quw,

where we used (24) for (23) and the fact that Qz; = 21 by assumption for (26). This implies that w; = Quw
and, since the action of G, on the orthogonal complement z;- is the full orthogonal group O(d — 1) [60,
Example 21.19], this implies that w; = 0. We therefore conclude that

(27) E[Zy | Z1 = z1] = az1) 21

for some scalar «(z7).
We recall that

I

s=1

(21, s 2) =

k 71
rzsy] TITT05 - =)

j=2r=1

and let S, be the map defined in Lemma[4.7] Now, we estimate as follows:

ﬁp(zlv Szl (ZQ>7 R 7521 (Zk))
Mk 1T & k-1
=n(lz)) | [T (8= oD | | T 0082 (z5) = 2D | | T] TT 908 (25) = S (z)))
Ls=2 1 |[7=2 j=2r=2
Mk 10 & 11k j—1
(28) =n(l21)) [T] 08z (z)D | | TT 9IS (z) =20 | | TT T (125 — 21)
Ls=2 1 g=2 1 =2 r=2
Mk 11 & k-1
29 =an(al) |[Tn(z —z0| [TT20zD| |TT Tz - =0
Ls=2 i _j:2 j=2r=2

(30) = ﬁp(’zl)ZQ?"'vzk)
where we used part 3 of Lemma[4.7|for (28) and part 4 of Lemma[.7|for (29). This directly implies:
f (21, Sz (Z2)a R (Zk))

fZg,...,Zk|Zl (SZI (ZQ)v N (Zk) | Zl) =

fZ1 (Zl)
_ 7~]p(2'1, 521 (22)7 R SZl (Zk))
a Z [z, (=)
3D = 20,221 (22, 28 | 21)

where we used (30) for (31). Therefore, for a measurable set A C (R%)¥—!
P((Zs,...,2k) € Al Z1 = 21) = / [ 29z 20 (225 2 | 21) dzo - dy
A

(32) = /AfZQ,...,Zk|Z1 (Szl (22)7 s 7521 (Zk) ‘ Zl) dZQ T de-
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(33) = /s )fzz,.‘.,zk\zl(wz oo wy | 21) dws - - - dwy
Z]1

=P((Z2,...,Zk) € 521 (A) | Z1 = =)

where we used (31)) for (32), the change of variables w; = S, (2;) and the fact that | det DS, | = 1 (since S,
is an isometry by part 3 of Lemmal4.7) for (33). We conclude that

d
(Zas - Zk) | (21 = 21) = (54 (Z2), -+ 82 (Zk)) | (Z1 = 21),
and taking marginals, analogously to how we derived (23),
(34) ZQ ’ (Zl = Zl) i Szl(ZQ) ‘ (Zl = 2’1).

We now estimate as follows (and using the notation of Lemma [4.7):

(35) a(z1)z1 = E[Zy | Z1 = 1]
(36) = EI[S,, (Z2) | Z1 = z1]

=E[m+ R, (Za —m) | Z1 = z1]
(37) =m+ Rzl (E[ZQ | Zl = 2’1] — m)
(38) =m+ R, (a(zl)zl - %)

1
(39) =m+ <a(z1) — 2) R, (z1)
1

(40) S <2 _ oz(zl)) .

=(1—a(z1))z.

where we used (27) for (33), (34) for (36), part 1 of Lemma.7|for (37)), 27) for (38), part 1 of Lemma[4.7] for
(B9) and the fact that R, (z1) = —z1 for {@0). Since 21 # 0, we deduce that a(z1) = § and
2
E[Z: | Z) = z1] = 51

or equivalently

7z X
(41) E[(Z2)a | Z1) = E[Y | Z1] = ( 21)d — 7d
We conclude with the following computation:
(42) E[|X4[P2X4Y] = E[E[| Xq|P 2 XY | Z1]]
43) = E[|XaP > X4E[Y | Z1])

1
= ZE[| Xq[?
SB[ X

where we use the tower property of conditional expectation for (2)), the fact that X is measurable with respect
to the o-algebra induced by Z; and (@T)) for @3)). From this, we directly obtain

1 1
ot = ZE[|XaPP 2 XqY] = 5 ZE[| X)) = 5 oftP. O
Corollary 4.9 (p-Laplacian). Assume that assumption[W.1|holds. Then,
k7 k’ k)
204" + (k = Doy ™)

(k.p) (k.p,1)
oy - 1) Vu(m)TVZU(x)Vu(x)]> oy U (p—1)

NP2 | Aulz
+ o) [ Vula) {A(H(ng,p,l [Vu()]3 2p(x)

AP (u) () = <|!VU(JU)|!§_20(I)'“W($) - Vu(z) x

where A denotes the regular continuum Laplacian operator.
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Proof. By Lemmaf.6] we have that

JT(]k,p)
"
Similarly, we have
20y + (k= Doy ™) _ 2 [ oy” oy
(k.p1) - (& 1)+<k_1) (k.p,1)
(p— Doy ™ p—1 Loy 0
) [ (k22
(45) =1 _(p—1)+(k—1)(P—1)W
2 (k= 1)(p-1)
(46) o1 _(P 1)+ 5
(47) =k+1
where we used Lemma[4.6| for (5]) and Lemma [4.8] for (46). We then have:
(k.p) (k.p,2)
_ 2 k—1
(IFu@l 20T pta) - Tu(e) x 27 EZ D000
_ p;1)
(p—1)oy
(k.p) T2 (k.p,1)
k1 p—2 op ) Vulz) Viu(e)Vu(z) |\ oy ™ (p — 1)
T )+ <U<k,,,,1> 1) V)l 27(r)
U

= <HVU(~’6)|!§2/)(95)’“VP($) -Vu(z)(k +1)

Vu(w)Tvzu(x)Vu(:c)]> a,gk’p71)(p —1)

@8 4 @) V)5 [Au(w) A

IVu(@)l3 2p(z)
oy k1 p—2
49) = div(p(x Vulls “Vu(z
(o) T Tl V(o)
where we used and for and Lemma [4.6|for (49). O

4.2.3 Proof of Theorem 3.2]

Proof of Theorem[3.2] In the proof C' > 0 will denote a constant that can be arbitrarily large, independent of
n and that may change from line to line. We will roughly follow the strategy in [[15].

Let us start by assuming that p > 3. By Taylor’s theorem, if 1(¢) = [t[P~2¢, then, we have that ¥(t) =
P(a) + ' (a)(t —a) + O(Cg_3lt —a|?) for a,t € [~Cy, Cy). Foru € C3(R?), let t = u(z + 2) — u(x) and
a = Vu(z) - z. Then, using the previous identity, we obtain that

Plulz +2) - u(x))
= [Vu(a) - 2P2Vu(e) - 2 + (p — 1)|Vale) - 2P 2(u(z + 2) - ue) — Vu(z) - 2)
+O(C)  ux + 2) — u(x) — Vu(x) - 2[2).

Noting that u(z + 2) — u(z) — Vu(z) - z = 2" V2u(x)z/2 + O(|Julcs(ra|2[*) and also u(z + 2) — u(x) —
Vu(z) - z = O(||ullc3 e |z|2), we continue the above computation:

-1
Y(u(z + 2) —u(z) = |[Vu(z) - 2|P2Vu(z) - 2z + (p2)|Vu(3:) 2P722 V()2
+ Ol sy [27) + O(CE g 21°)
Finally, we note that max{|u(x + z) — u(z)|, [Vu(z) - z|} < C, means that we can pick Cp = [|ul|cs(ra)|2|
which allows us to conclude that
(r—-1)
2

Y(u(z + 2) —u(z)) = |[Vu(z) - 2|P2Vu(x) - 2 + \Vau(z) - 2[P~22 " V2u(z)z

25



(50) + O(|ulls gy |217).

We first start by assuming that z;, € €, N is fixed (and hence non-random) and let 1 < k < ¢ be fixed.
Let us estimate as follows:

n

n 6p+de7(’L )( )(mio) = Z np(xiov cee 7xik)|(xi1 - 331'0) ’ vu($i0)’p_2(xi1 - xio) ’ vu(xio)

01 yeeeyip=1

G - L) Z np(xim s ’xik)|(xi1 = i) - vu(xio)|p72(xi1 - xiO)Tv2u(xio)(xi1 — i)

2 -
LLyeeey ’Lkil
n
+ Z Mo (Zigs - - - 5 iy )O <”U’HCS R) |i, — xio‘erl)
i1 yeyip=1
= Ti(x1,...,2n) + To(x1, ..., 2n) + T3(x1, ..., 2p)
3
=E(Th) + E(T2) + E(T3) + Y _ (T — E(T}))
i=1

where we used (50) with z = z;, and z = z;, — x;, for (51).
We now want to estimate |7; — E(7;)| for 1 < i < 3 using Theorem For the purpose of the next

few equations, for a general function f(x;,, ..., x;,), we will write f(z,, ..., %i,)|{z, ... 2,) Where the extra
subscript {x1, ..., xy} indicates that z;, € {z1,...,z,} for 1 < ¢ < k. Let us start by considering

|T3(.T1,.. 3 Ljy e ,.In) —Tg(l'l,...,fi,...,l'n)|

n
~1 1
< 30 [mlior @00 (el fga |7 = il )] Lo, o)
i15enyif=1
= [p@ios s 20)O (Il i = 2l )| s, 0o

We note that each term in the latter sum is different from O only if there exists 1 < ¢ < k with iy = 4.
By Lemma |4.2| there exists S("F) (z) < knF~! such cases and for each of those, the term in the sum can

be bounded by Cap“”nHLoo Hu”C2 (ray Where t(k) is the number of terms in the double product in 7,. By
Assumptions[W.I]and [S.1] this leads to:

T5(21, o Ty @) — T3,y Ty oy )| < OF 1Py 257
Similarly,
L1y @iy ) = T,y Fiy ooy )| < ORF i Pl
and
To (1, oy @iy ey ) = To(1, oy Fiy ey a)| < ORF 1?18 257
Using Theorem {4.1} we therefore obtain that P(|7; — E(T;)| > t) < 2exp <_Cn2k16§;2||u||c3> and with

t = kel 5 lul %,
P(|T; — E(T})| > nkePt5) < 2exp (—C’nsi(“rkd)(;?)

forl <17 <3.
We now estimate E(7;) for 1 <4 < 3. In particular,

1 1 -
(52) WE(T3) = WO 6p+1HuH03 Rd)E Z np(xio, cee ,xik)
n n

i1 ip=1

26



k
1
o < nH“’”cS (R4) Ekd /Qk np(xioa Lly.-- axk) [H p(xe)] day -- 'dx1>

(=1

(53) = <5n||u||CS Rd) / o215, 28) d2g - d21>

(54) = O (enllull? )

where we used Assumption[W.1]to deduce that |z;, — z;,| = O(g,,) for (52), Assumption and the change
of variables z; = (z; — x4,)/en for 1 < j < k for (53) as well as Assumption [W.1for (54).
For T, for n large enough, we proceed as follows:

1
kd
nkebt

1
= vrd |, Np(Tig, T1s - -+, Th)
En

E(T1)

k
X (@1 = i) - Vulas,) P2 (@1 = 24) - V(i) [H p(:vg)] dxy -+~ day
=1

1 - _
= — (215 .-, 28) |21 - Vu(xi, )P 22 - Vu(zi,)

®;({zj | ziy+enz; €Q}Nsupp(n))

k
(55) X [H p(xiy + EnZ[)] dzp - --dz
/=1

1 N _
— Tp(21, -5 28) |21 - Vu(zi,) [P 22 Vu(acio)p(xio)k dz---dz

En Jsupp(n)k
56) + / 7?p)(kz1, oo 2k)|7 Vu(xio)]p_zzl . Vu(xio)p(xio)k_1Vp(x,;0)(21 + -+ zp)dzg - -d2y
supp(n

e (%/ p (2155 2k) |21 - V(i) [P 221 - V(i) dzy, - “d21>
supp(n)*

= /( o (21, s 2i) |21 - Vu(aig) P2 21 - V(@i ) p(wi) 7V p(2ig ) (21 + -+ 4 25) dzg, - - - g
R

d)k

(57) +O@ng@ﬂ

k 1 ~
p(xiy) Z 8% /(Rd)k (21, -5 26)0 (21 - Vu(zy)) (21 + -+ + 2)i dzg - - - dzg

(58) +OGMW&WQ

where we used the change of variables z; = (z; —;,) /e, for 1 < j < k for (59), LemmasHand-for 6).,

Assumptlon-as well as the fact that f (21, ..., 2k) := 7p(21, - - -, 21) |21 - V(i) [P 221 - Vu(ziy) p(i)*

is odd symmetric for (57), and recalling ¥(t) = [¢t|P~2¢. Let O be the orthogonal matrix so that Oey; =

Vu(ziy) /|| Vu(ziy)||2 where eg = (0,...,0,1) € R By the change of variables Z; = O"z; for 1 < j < k

and noting that z; - Vu(z;,) = 21 - O"Vu(z;y) = (21)al Vu(zi,)||l2, We can continue our computation
from (38):
1

nk€p+kd

= [ Va5 plig) "~ IZ

E(Ty)

axz Tio) [/(Rd)k (215 -, Zk)Y ((Z1)a)

d
X Z ij(Z1 4+ Zg);dZg - d51:| +0 (é‘nHquég(le))
J=1
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d
= Hvu(xio)”g_ wZO Z

+ O (enllulsgen) -

For j # d, we note that
Ty:= / Mo(Z15 -+ 26)Y ((21)a) (3r)j dZg - - d2y
(RE)F
=/ (Zr); [/ Tp(Z1s - Z1)0 ((21)a) d(Ze)a - d(Z1)a| d(Zk)1:a—1 - d(Z1)1:d-1
(R)k(dfl) Rk

(denoting by (a) ;. the elements a;,a;ji1 ..., ax—1,ax) and the function f : R¥ — R defined as

Fi, - uk) = p((Z1) 1d—1, Y15 (22) 1:d—15 Y25 - - -5 (Zr)1:d—15 UR)Y (Y1)

is odd symmetric for any fixed (21)1.4-1, - - - (2k)1.4—1 and therefore 7, = 0 and
1
WE(Tl)
d ap k
= [Vuta)I5 o) 2 ) (O)ia Y /( I CRACINCAERRS
i=1 r=1

+0 (ennuucg i )
d
_ op _
= Il olea) ™ 3 5 ) Oialoff + (k=)o 22) + O (euull%y g ) -

By recalling that (O);q = (Vu(zi,))i /|| Vu(zi,)

9, we can conclude:

1
nkngrkd

(59 = Vi)l p(wio) " Vp(wig) - Tu(wig) (09 + (k= )0 2D) + O (eullulslpa ) -

E(T1)

Let us now tackle T5. We can estimate as follows, for n large enough:

1

WE(TZ)
k
-1 N _
(60) - (pQ)/ np(zlv""zk”Zl : vu(xi0)|p 2zirv2u(xi0)zl !H P(-Tio +5nz€)] de” .le
(R)F —1
_ (=1 (2s,)F . V(e NPT V(s V2 dap - - -d
= p(xiy) - Tp(21, - -5 28) |21 - Vu(z) [P %2 Vu(as, )21 dzg 21
61 +0 (elulllsin)
p—1 - . e p—2/s N _
= ( 9 )P(ﬂﬂio)k”vu(%o)ng 2/(Rd7)7;£’(zl""’Zk)|(zl)d|p 2(021)TV2U($i0)(021)d2k"'dZ1

©2)  +0 (enlluls )

R O L EN e R YCREATC e

2 (R)k
d
X S (VPu(wi))ii(020)i(0%1); A2+ dZ1 + O (enlfulls )
ij=1
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d
- (p; 1)P(xio)kHVu(a:io)Hg_2 > (VQU(xio))ij/ (21, -, 2| (21)alP

ij=1 (Re)*
d
X 3 (0)ir(O)elar)e(Z)y 2+ dZ + O (enllul g )
rd=1
(p—1) . :
= (i) [Vl 52 37 (Vulai))iy Y (O)in(O)je /(Rg%<zl,.-.,zk>r<zl>d|ﬂ
3,j=1 rl=1

x (Z1)e(21)r d2g---dZ1 + O (EnHuH]é;(IRd))

where we used the change of variables z; = (x; — x;,) /ey, for 1 < j < k and Lemma“for (60D, Lemma
and Assumption -for (61) and the change of variables Z; = O z; for 1 < j < k for (62). Similarly to the
above, for £ # r #£ d,

Ts ::/ ip(Z1, -0 2 [(B)alP 2 (B1)e(21)p A2 - - - A2y
(R)F
Z/ (21)alP (1) [/ Mp(Z15 - -y 26) (20)r A(Zg)r - - d(Z1)r | d(Zg)—r - d(Z1)—r
(R)k(d—l) Rk

(denoting by (a)_, the vector (a1, ...,dr_1,ar41,...,aq)) and the function f : R* i R defined as

k) = M ((Z1)1r—1, 91, (Z1)rt1:ds (B2)1:0—1, Y25 (22)rs1:ds - - -5 (Bh)r+1:d) U1

is odd symmetric for any fixed (21)_, ..., (Zx)—r, 0 T5 = 0 in this case. By symmetry the case r # ¢ # d
follows. We therefore have:
1
WE(TQ)
(p—1) -
_ ) o o
- P (3710) V(i) Z V w(wiy))ij Z(O)H‘(O)jr /(Rd?%)(zl’ s ZR)|(Z1)al? ?
2,7=1 r=1
X (2)2dz i+ O (ennuucs )
p—1 _ - N _
=D Tl B SOV O [ o B0l
r=1
X (F1)2 Az A2+ O (enlulll ()
_ (-1

5 Pwio) | Vulai) |l

[Tl oD + (o)~ o007 VPl )

+ O (enllullslzo)
(p—1)

= 2 eIVl 2 T o)

1
(63) 4 (0_7(716717) — 0‘7(77@@,1))Hvu(xio)ngVU(:E,L-O)TV2'LL(1"L'O)VU($¢0):| + 0 (5””uHC3(Rd )

where we used the fact that

n n

(OTPu(wi)O)a = 3 (V2ulio))is(0)ia(O)a = 3 (V2uliesy) )iyt Fio))i (Velio))s

2 P V(i) V()

for (63).
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Combining (39), (63) and (54)), we obtain that, with probability 1 —6 exp (—Cngi(de)éz) , since €, < 9:

AEP () (210) = [ Vulwio) B 2p(2i0) V(i) - V(i) (0FP) + (k — 1)olFP2)

p—1 _
# P5H pa FIV e 12 (Tl

1
k, k,p,1 N\ T2 ) .
+ (07(7 p) _ 07(7 P )) Hvu(xio)”%Vu(xm) Y/ u(:):ZO)Vu(:CZO)}

+ O (8]ull ()

As in [15], by taking a union bound on all z;, € ,, N ' and using Corollary we obtain that

Al )(a3) — ) AP ()| < O (S

with probability 1 — Cn exp <—Cn5721(1+kd)62>. To conclude the proof, we sumover 1 < k < g.
When p = 2, we have ¢(¢t) = ¢ and directly obtain the estimate (50):

1
ue+2) — u() = Vu(@) - 2+ 52 V2u(@)z + O(|[ull o))
For the remainder of the proof, we proceed exactly as above with p replaced by 2. 0

4.3 TI'-convergence

By re-adapting the results in [39,84]], we are able to show the following I"-convergence results. In particular, we
note that we perform the following decomposition of our problem: we first show I'-convergence of a nonlocal
version of our continuum energies to their local counterparts; next, we establish I'-convergence of the discrete
energies to the nonlocal continuum energies.

We will use the following inequality often in our computations. For a,b € R, § > 0 and p > 1, there exists
a constant C5 such that

(64) |lef” = lal’| < Cslc — al” + dlal”.
We also note that Cs — oo as & — 0.

4.3.1 TI'-convergence of the nonlocal energies

For v : Q — R and ¢ > 0 we define the nonlocal energies

kE j—1 k
T T
R o) = i /Q HH ('J ‘) (1) = v(ao)” T plae) day, - dag

=1r=0 /=0

which are useful intermediary quantities when going from the discrete setting to the continuum one. In this
Section, by re-adapting the results in [39], our aim is to prove the I'-convergence of our nonlocal energies to
the local ones in the continuum. We start with a few technical lemmas used in the subsequent results.

Lemma 4.10 (Integral identity). Assume that[S.1|and hold. For k > 1, we have

‘37] | 2
p+dk /. [0 ( 21 — 20/ day, - day = O(£L).

j=1r=0

Proof. In the proof C' > 0 will denote a constant that can be arbitrarily large, is independent of n and that may
change from line to line.
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By using the change of variables z; = (z; — x0) /ey, for 1 < j < k, we obtain that (z; — x,)/en = 2j — 2¢
for 1 <r < j < k. By the latter,

k j—1
Tr; — X
T = P+dk/ HH (l : T|> |1 — o[ day, - - dag
Qk+t =1r=0
82p kE j—1
—T;,// 21| [H |zs|] HHn |zj — 2z|) | dzg - - - dzrdao
En JQ J{zj |wotenz €0} s=1 j=1r=1
k k oj—1
< Cé‘ﬁ/ ‘ZIPP [H W(’ZsD] H Hn(\zj — Zr|) dzg - -dzy
(R s=1 j=1r=1
= 0(en)
where the last equality follows from Assumption [W.1] O

Lemma 4.11 (Product identities). Let p : RY — R be a Lipschitz function that is bounded above. For
%0, 21, -+, 2k € RYand k > 1, we have the following identities:

k k
(65) [1 G +20) = plx0)*| < Clp) D Iz
r=1 r=1
and
k k
(66) [1r G +2) =] r@)| < Clo) 2]
r=0 r=0

for constants C(p) only depending on p.

Proof. We only show how to derive (63) as the proof of (66) is similar.
We proceed by induction. For k = 1, |p(zo + 21) — p(z0)| < Lip(p)|z1|. Now assume that (65]) holds for
k — 1. We compute as follows:

k k k—1 k—1
11 r G+ 20) - H 2+ z0) — p(xo) [ [ o (2 + o) | + [p(wo) [ ] o (20 + 20) — p(20)"
r=1 r= r=1 r=1
k—
= H (zr +0)| [p (2 + 20) — p(20)]
r=1
k—1
+ (o)l | T o (zr + w0) — plao)* "
r=1
< lpllf="Lip(p) 2| + llpllL=C(p Z |27 . O

Lemma 4.12 (Pointwise convergence of nonlocal energies). Assume that [S.1} [M.1| [M.2] and [W.I| hold. Let
{v.,, } be a sequence of functions in C*(R?) such that

(67) SUP{vaen”Lw(Rd + 1V, [0 ey} < 00
neN

Suppose that p is a positive Lipschitz function and that V., — Vv* in LP(Q) for some v* € C2(R?). Then,

(68) lim X2 (v, ) = EEP) (v7).

n—0o0
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Proof. In the proof C' > 0 will denote a constant that can be arbitrarily large, is independent of n and that may
change from line to line.
For a function v € C?(R%) and x¢, 21 € 2, we have:

v(z1) — v(xo) = Vo(zog) - (£1 — z0) + (21 — xo)TVQU(c)(:cl —x0).

for some constant c depending on zy and x1. Now, define

k 7—1 |x $| k
He, (v) = p+dk /Q,Q+1 1_[”1_[0 < ’ r> [Vo(zo) - (21 — zo)[” L:l_lop(l“ﬁ)] day, - - - dao.

We note that by Assumption we have H., (v) < C||Vv]|Le. Then, we estimate as follows for § > 0:

| En, NL (UE’VL7 77) - H@n (vsn)’

k j—1
cc Ti— Xy
= Effdi /Qk+1 H”HO <| ’ |> v, (1) — Ve, (x0) — Ve, (x0) - (1 — 20)|P day, - - - dag
(69) +dH., (ve,)
C&|’V2Uan”Lw(Rd b |z — xy 9
< Ep—‘rdk /§‘)k+1 1_[11_10 ( ) |$1 —.’L'O’ pdxk...d1'0+(5H5n(U€n)
n j r

(700 = 060(52) +0H,, (Usn)

where we used (64) and Assumption for (69) as well as Lemma for ([70).
Next, we define

101 o [0 (5] [ (552

f0ra]11<j<k s=1 Jj=1r=1

X p(xo)k+1 dzp, - - - dzdz.
We note that with the change of variables z; = x; — zg for 1 < j < k, we have

1
=\ [T T |z zr|
Hc,(v) p+dk / /{ZJJCOJFZJEQ} [ L1 < HH ") [Vo(zo) - 21|

foralll1 < j <k Jj=1lr=1

k

X p(xo) Hp (Zt + .%'0) dz - - - dzpdxg.
t=1

This leads us to

ClI Ve, [[Le[pllLee P
etk {2 |zotz €0} 11

X[ﬁ <|zs|)] ﬁﬁ <|z] Zr|> | orall 1< j <

s=1 j=1lr=1

|H5n (/Ugn) - ‘ﬁan (/Ugn)| S

dzy - - - dzidxg

k
17 e+ 20) = p(0)"
t=1

|2 . |z — 2]
M <= [ fo ey 2 [Hn( ST (2 2) |- e an - daasg

foralll1 <j <k j=1r=1 r=1
k k j—1 k
p _— . > s DY =
(72) < Cey / /{ ez <dinmyy 121 H n !zsr H n(1z = z)| - > |z dz - dzidag
fora111<]<k: j=1r=1 r=1

(73) = O(gn)
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where we used (63)) and for (71)), the change of variables z; = z; /), for and Assumption
We define

k
Hen U +dk / /{zj | zo+2; ¢} [H <

forany 1 < j < k Ls=1
X p(xo)k'H dzp - - - dz1dzg.

)] f[ﬁ (‘ZJ ZT') Vo () - 21 [P

j=1r=1

For the latter, we have:

kE j—1
|ZS| |ZJ Zr|
He,(ve,) < p+dk//{zjxo+z]¢9} |21]P - [” < || || dzg - - - dzidxg

forany1 < j <k j=1lr=1

k j—1

(74) o C/ ﬁz; | zo+enZ; ¢} 2] [H (I1Z1) ] H 1—[77 2 = Z )| dZ -~ dz1dzo

forany 1 < j <k j=1r=1
k 71

C/ AZJHZ ‘>dm 20 89)} |Zl‘ [Hn ’Zs’ ] H HU ‘ZJ - Zr| dzp - - - dz1dxg

forany1<]<k g=lr=1

where we used the change of variables Z; = z;/e, for (74). Now, by using the dominated convergence and
Assumption we get that

(75) Hgn(ven) = 0(1)
We continue by defining:

He()':_ ()+He(

- p+dk//Rd Hn<28’>] ﬁﬁ <|ZJ Zr|> V(o) - 217 plwo)* " dz - - dzidag
k-1

s=1 j=1lr=1
k
L, [Hnuzs\)] TTIT 002 — 20y | 1Vetao) - 2Patao)+* sz,
s=1

j=1r=1

(76)

where we used the change of variables Z; = z; /e, for (76). We also have

k 7—1
2 |2s] |Z Zr| k41
HEn(U) = p+dk / /de [ L < 1_{1_[1 St A |V’U(I’0) 'Zl|p ,0(1'0) + deledIEO
s= j=1lr=
k 71
= // [Hn |Zs] ] HHn 12, — Z:) | [Vo(zo) - 21|P pao) ™ d2 - - - dZrdag
Retk s=1 j=1lr=1
= £kP) (),
For 6 > 0, we continue by noting that
H(ve,) = E&P (v%)
k kE j—1
< 58§’§””(v*)+005// [21)”- [Hn(\zs\)] IIIIn0z —=D
QJ(RI)F s=1 j=1r=1
77) X Ve, (o) — Vo(zo)|P dzg - - - dz1dxg

— SEHD) (4%) + CC5C(n) / V.. (20) — Vo (20)[P dzo
Q

33



(78) = (55&””) (v*) + Cso(ey)

where C'(n) = f(Rd)k |z1|P- [lezl n (|z5|)} [HJ 1 Hr 11z — zrl)} dzj, - - - dz; which is finite by Assump-
tion[W.1]and where we used (64) for as well as the fact that Vv, — Vv* in L? for (78).
We conclude the proof by the following chain of inequalities:

(€0 R (ve,) = ELP ()] < Th + | H (0s,) — E67)(07)]
(79) S CC&E?L + 5H5n (vsn) + ‘Han (Uan) - ﬁfn (Uan)‘ + ‘ﬁen (Uan) - g&]g’p) (U*)’
(80) S CC(S&?L + 5H5n (v5n) + CEn + |ﬁ5n (ven) - gélg’p) (U*)’ + |‘E[5n (U57L)|
(81) < CCyseh + 6 H., (ve,) + Cep + 6EEP) (v*) + Cs0(2n) + o(1)
where we used (70) for (79), (73) for (80) and (73) as well as (78) for (@I)). By assumption (67), we have that

H., (ve,) < C and therefore, by first lettmg n — oo and then 0 — 0, we obtain (68). O

Proposition 4.13 (lim inf-inequality for the nonlocal energies). Assume that[S.1) [M.1} [M.2)and[W.1| hold. For
every u € LP(u) and sequence ., — win LP(p), we have that:

(82) hmlnfé'( ) L (e, ) > £EP) (y).

n—oo

Proof. In the proof C' > 0 will denote a constant that can be arbitrarily large, is independent of n, ¢ and that

may change from line to line.

Since (82) is trivial if lim inf,, Sa(k IliI)L(usn, n) = oo, we might assume without loss of generality (see

[94]) that sup,,~q 5( N)L(uen, n) < C.
We first assume that p is Lipschitz. We will be in the same setting as in [39, Theorem 4.1] and therefore let
V' be compactly contained in . This implies that there exists ' > 0 such that Q" := (J, .y B(z,d") C Q.

Furthermore, let .J be a positive mollifier supported in B(0, 1) and for 0 < § < ¢’ as well as v € LP(u1) we set

vs(x) = /]Rd Js(x — z)v(z) dz.

By [61, Theorem C.16], we have that vs — v in LP(u), vs are smooth and in particular, by Young’s convolution
inequality, for ¢ € {1, 2},

C C
(83) IV 05 [0 () < serallvliie) < spglivliee o)

If we therefore set v = u., and u., 5 := (uc, )s and insert the latter in (83)), we obtain

2
1
sup Z IV e, sl 00 ray < CZ Sd
=1

en>0 7

where the last inequality follows from the fact that u.,, — w in LP(Q2) implies that [|uc,, [|L»(o) < C uniformly.
For fixed 6 > 0, we deduce that is satisfied. Furthermore,

p

/Q/ Ve, 5(x) — Vug(e)l do = 5d—1+1 /Q /}3(076)(v,]) (%) tena— 2) — e~ 2)) da| o

C
S MH/,/ 06 ‘ugn(x—Z)—u(l'—z)‘pdzdx

(84) 5d+1 / | / o) () drd
(85) S / e (2) — u(@)|P da
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where we used a change of variables for and the definition of ¢’ as well as Assumption [S.1|for (83). We
conclude from the latter that Vu,,, 5 — Vus in LP(€Y’) as €,, — 0 and therefore, by Lemma(4.12}

k j—1 k
|13J Ty | P
Jim — p+kd /Q/ . IT1I» ( e,y 6(21) — tie,, 5(20) [P | | plae) day - - - dao

7j=1r=0 /=0
(86) :Un/ Hvué(ﬂﬁo)”gl)(%)kdeUo-
Q/
Let us define
kE j—1
|zj — | P
vers = iz [ o557 (5) HHOn( e (20) = e, (20)

k k
X (H p(xe) — H plxe + z)> dzy - - - dzodz.
=0 =0

We now estimate as follows:

E j-1 k
k, 1 Ti— Ty
5(5” ZI:I)L(UEM n > p+kd /Q” ot H H <| ! |> luc, (21) — ue, (zo) P [H ,O(l‘g)] dxy - - - dxg

(=0
k oj—1

- p+dk/Rd/nk+1(5d ) HH <‘$j m) ]uen(m)—uen(xoﬂp
X [Hp(xg+z)

dzy, - -dwodz + ag, 5

k 7—1
|$] xr’ N )
p+dk /Rd/ ryk+1 ﬁ ]1_1171_[[) < |te,, (21 — 2) — Ue, (To — z)\p
(87)
k
x [H p(@)] dZy ---dZodz + ae, s
£=0
1 k j—1 |x —;c‘
> —r J T )
= €$L+dk /(Q/)kJrl tl_[ ] ]]TIITH] (
(88)
1 2 ) ) - A
X Rd ﬁc] <g> (ué'n (1.1 - Z) - u€n (1'0 - Z)) dZ dxk v dxo + aen,é
(89)
E j—1 |:L‘J l‘r| . o )
P+dk /Q/ k41 HP l‘g H H |Uan,5(1'1) - U5n75($0)| dzy - - -dag + e, s
Jj=17r=0

where we used the change of variables 7, = x] + z for 0 < j < k and the fact that, by definition of 9,
Q’ C {we R w+ 2z € Q" for z € B(0,6)} for (7)) as well as Jensen’s inequality with probability measure

fA JdJ( ) dz for (88).
Now, using (66), we have

7j—1

k
|33J | P
|a,, 5] < p+dk /Rd/ . k+1@ ) l;[H < lue,, (1) — ue, (20)|F |2| dzg - - - dodz
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j—1

k J k
[0 Ti— Xy
e = cptdk /Q// k1 H H g <| : ‘> fuen (21) = e, (o) " H p(xe) dzy -~ dzo

j=1r=0 £=0
O < LR (e, m)
where we used Assumption for (90). We therefore obtain:
(k) S
hnrglorgfg NL(UE ,N) h%n_,%lfhnnig.}f% 5
92)
1 d P - iy

+ liminf lim inf —— / Z <H> Uz, 5(21) — ue 5(20)|P d2y - - - dE

P Ll})ﬁ( e)] Jl;[”HO?? - e, 5(21) = e, 5(20) | di 0
93)
= liminf o, / 1V us(z0) |5 p(0)* 1t dag

0—0 Q/
94

> o, / IVu(zo) 2 plao)*+ dag

where we used (89) for (92), (O1) and the fact that the energies £ (k ’?L(ugn, n) are uniformly bounded as well

En
as for and, since us — u in LP(£2), the fact that &E’;’p ) | is lower-semicontinuous for . We conclude
by noting that 2’ was an arbitrary set compactly contained in §2 so we can take 2’ 1 Q in (94) to get (82).
Dealing with the case where p is not Lipschitz is done analogously to the proof of [39, Theorem 4.1], i.e.
relying on the approximation of continuous functions by a monotone sequence of Lipschitz functions and the
monotone convergence theorem to deduce the result. O

Proposition 4.14 (lim sup-inequality for the nonlocal energies). Assume that[S.1} [M.1| [M.2|and[W.1| hold. For
every u € LP(u), there exists a sequence {ue, }>° ; C LP(u) such that u., — win LP(u) and

(95) lim sup gg(fizliI)L (tte,,m) < ELP)(w).

n—oo
In particular, if u € C*®(Q) then we can choose u., = .

Proof. In the proof C' > 0 will denote a constant that can be arbitrarily large, is independent of n, and that
may change from line to line.

We start by noting that (93)) is trivial if gk (u) = oo so that we assume u € W1P(Q). Furthermore, we
are going to apply [39, Remark 2.7], so it is sufficient to verify (93) on a dense subset of W!(2), namely
C° ().

We first start by assuming that p is Lipschitz. Let us define u,, = v and we estimate as follows:

EXR <un><// Hmzr ﬁﬁn(\z-—z!) [u(wo +&nz1) = ulwo)l”
en NL\U: 1) < (R s 7o "

j=1lr=1
(96) x p(wo) [ [ o (z0 + enze) day, -+ dzrdag
=1
k kE j—1
g// [Hn 2| I TTTT 72 — = | [Vu(zo) - ="
Q (Rd)k s=1 ] 1r=1

k
X [p(wo) H p(xo+ 5nz13)] dzy - - - dz1dxg
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j—1

k k
el s [ [Hnuzsr)] [TTT 00z - = | deeeedad
QJ(RYHF | (g j=1r=1
k k 71
//Rd [Hn ]zs!] HHn (12 — z|) | [Vu(zo) - z1|P

s=1 j=1lr=1

k
p(z0) [ [ p (xo + enze) — plag)™?

X dzy, - - dzidzg + EFP) (u) + Cep

k k j—1 k
SCsn// Hn(|zs|] L II7 (2 — =D | IVu(@o) - 21/ - Jzel da - dzrdag
QJRDF | S5y j=1r=1 =1

(97) + EEP)(u) + Ce,,
98) < &EP () + Cey
where we used the change of variables z; = (x; — xg) /e, for 1 < j < k for (96), Assumption [W.1] (63) for

and Assumption [W.1] for (98). Taking the limit as £, — 0, we obtain (93).
In order to consider general p, we proceed as in [[39, Theorem 4.1] which concludes the proof. O

4.3.2 T'-convergence of the discrete energies

Proposition 4.15 (lim inf-inequality in the ill-posed case). Assume that[S.1] [M.1] [M.2] ID.1] D.2]and|L.2]
hold. Then, P-a.s., for every (v,v) € TLP(Q2) and {(vp,v,)}22, with (v, v,) — (v,v) in TLP(Q2), we have

(99) lim inf (SF) P (v, vn)) = (SG)LP) ((v,v)).

n—o0

Proof. With probability one, we can assume that the conclusions of Theorem 2.3 hold.

Since (Q9) is trivial if lim inf,,_,~o (SF )53?:3 ((Vn,vn)) = oo, we might assume without loss of generality
(see [94]) that supn>0(8.7-")$l an)((yn,fun)) < C. This implies that v,, = pu,, and, since (v, v,) — (v,v) in
TLP(Q)), we have v = . We start by showing

(100) liminf £ (v,) > £EP (v).

n—oo

We follow the three-step decomposition of [39, Theorem 1.1]. First, suppose that n(t) = a if 0 < ¢t < b
and 7(t) = 0 else where a and b are positive constants. Define &,, = ¢, — w. From [84), Lemma 4.2],

we know that ;—Z — 1 and
. <w~— y!) < (Tn(ﬂc) —Tn(y)\> _
En €n

Using a change of variables and the above, we obtain that

k -1 k
€ T
EN) (vn) 2 p+kd/ HH (’ A |> [vn, © T (1) — vy 0 T (o) [P [Hp(:vg)] day, - - - dag
Qi j 17r=0 =0
En p+kd i
-(2) oz

Since u,, — win TLP(Q2), we have that u,, o T,, — u in L?(Q2) and we can therefore use Proposition to
deduce that:

n—oo n—o0

. €n pthd k
lim inf £F ’p)( n) > lim inf <€n> 5én:IIiI)L(U” 0 Ty, 1) > EEP (v).

Our next step is to assume that n = Zizl 7, satisfies Assumption where 7; are functions of the type
considered in the above. Then, as in [39, Theorem 1.1], we use the linearity of the integral to obtain (99).
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Our final step is to let 7 be a general function satisfying Assumption[W.I] Then, as in [39, Theorem 1.1],
we use the monotone convergence theorem and approximation of 7 by functions as in the previous step to

obtain (I00).

Now by subadditivity of the lim inf we can conclude (99). O

Proposition 4.16 (lim sup-inequality in the well-posed case). Assume that[S.1| [M.1] [M.2] D.1] ID.2| and
hold. Then, P-a.s., for every (v,v) € TLP(Q), there exists a sequence {(vp,v, )}, with (vy,v,) —
(v,v) in TLP(Q) and

(101) lim sup FP) (v, va)) < FED (v, v)).

n—oo

In particular, for 1 < k < qand v € C®(Q) with v(x;) = y; for i < N, we can pick {(vn,v,)}3%, =

{(pns vl0) 1os
Proof. With probability one, we can assume that the conclusions of Theorem [2.3]hold.

In the proof C > 0 will denote a constant that can be arbitrarily large, is independent of n, and that may
change from line to line.

We start by noting that is trivial if }"o(](f’p)(l/, v) = oo so that we assume ]-"é’g’p)(y, v) < oo which
implies that v = p, v € WHP(Q) and v(z;) = ¢; for all i < N. Furthermore, we are going to apply [39,
Remark 2.7], so it is sufficient to verify (T0I) on a dense subset of {u} x W1P(Q), namely we consider
(,v) € {u} x C>®(Q) with v(z;) = ¢; forall i < N. We let v,, = p,, and v,, = v|q, 50 v, (x;) = ¢; for all
i < N and (I0]) is equivalent to

lim sup £ (v,) < £59)(v),
n—oo
The fact that (pr,, vn) — (1, v) in TLP(Q) follows analogously from what is shown in [94] Proposition 4.17]:
it relies on the fact that v is uniformly continuous as well as ||7;, — Id|| — 0.

We follow the three-step decomposition of [39, Theorem 1.1]. First, suppose that n(t) = a if 0 < ¢t < b
and 7(t) = 0 else where a and b are positive constants. Define &,, = ¢, + w. From [39, Theorem
1.1], we know that g—z — 1 and similarly to the previous proposition

~ p+kd
(102) EkP) (v,) < (i") Ez NL(Un 0 Ty, ).

Let 6 > 0 and estimate as follows:

k, k,
= 1e8R) (v,m) — PR (o Ty, )|
i 1

J

ikd/ﬂ ]ﬁlH <|m]_m> [ﬁpm)

IN

r=0 (=0
x [Jv(z1) — v(zo) [P — |vp 0 Tn(wl) — vy 0 Tp(0)[P| dz - - - do
Cs [ oL |x; — x| ] 7.k
< = ) .
§Z+kd /Qk+1 ]1_{;1_[0 < _ [gp( ¢)
(10 X Jo(z1) —weo Tn(xl) — (v(w0) — v 0 T (w0))|" day -+~ darg + SELR (v, )

where we used (64) for (T03) and the fact that v € C°°(£2) as well as Assumptions and We obtain:

~ \ pt+kd
(104) hmﬁsup 5( :p) P)(vp) < limﬁsup <zn> Eéf”%)L(v 0Ty, 1)
~ p—‘,—kd p
(105) < limsup (i) s <g<k D) (0,7) + CCs (””L> )
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1
106 < —gkp
where we used (102)) for (T04), (T03) for (I03)) and the fact that the recovery sequence in Proposition 4.14] for
v was v for (I06)). Letting 6 — O proves for 7 in this form.

Next we proceed as in Proposition or [39, Theorem 1.1]: by assuming that n = Zi:l 7, satisfies
Assumption|[W.1] where 17, are functions of the type considered in the above, we use the linearity of the integral
to deduce (I0I); assuming that 1 is a general function satisfying Assumption [W.1] we approximate 7 by
functions of the type considered in the previous step and use the monotone convergence theorem to conclude.

O

Using the result of Proposition .16, we can prove the next straightforward corollary. The key point to note
is that, since we have the same recovery sequence for all 1 < k < ¢, we just apply the subadditivity of lim sup
to conclude.

Corollary 4.17 (lim sup-inequality for the sum of semi-supervised energies in the well-posed case). Assume

that and hold. Then, P-a.s., for every (v,v) € TLP(Q), there exists

{(Vn,v,)}>2, with (v, vy,) — (v,v) in TLP(Q) such that:

limsup (SF)F2) (v, vn)) < (SF)EP) ((v,0)).

n—oo

The following proofs use arguments from [84]. For Propos1t10n | the sum of all energies {]—'n Ep ) Z 1
has to be considered directly as we plan to use the uniform convergence results for the £k = 1 case from [84,
Lemma 4.5]. In Proposition 4.19} we show that nel, — oo is the common lower bound for all energies

{Eﬁ’fgﬁ) Z:l in order for them to converge to the ill-posed continuum objective functions.

Proposition 4.18 (lim inf-inequality for the sum of semi-supervised energies in the well-posed case). Assume

that[S.1] ID.2|and[L.2|hold. Assume that ne}, — 0. Then, P-a.s., for every (v,v) € TLP()

and {(vn,v,)}22  with (v, vy) — (v,v) in TLP(Q), we have:

(107) lim inf (Sf)(q’p) (U, vn)) = (SF)9P) (v, 0)).
n—oo
Proof. With probability one, we can assume that the conclusions of Proposition and [84, Lemma 4.5]
hold.
In the proof C' > 0 will denote a constant that can be arbitrarily large, is independent of n, and that may
change from line to line.
First, by the same argument as in Proposition |4.15, we can assume that sup,,>; (SF )( 2 ((vn,vn)) < C

n,En
and therefore v,, = u, and v = p. In particular, we also have that &S P) (vp) < C and, by [84, Lemma 4.5],
we deduce the existence of a continuous function ¢ such that for any Q’ CC Q, maxfi<p, |2,e0} |Vny (T3) —
0(x;)| — 0: this implies that 0(x;) = ¢; for all i < N with probability one. We also note that v = ¥ (in
particular, v(x;) = ¢; for all i < N) and reduces to proving

q
lgngéfZ)\k WP (0n) 2 Y MEEP (0) = > MGEP (1, 0)).

k=1 k=1

LS

By Proposition , we know that lim inf,, Sflkgﬁ) (vn) > Goo((p,v)) so that:

M@

lim inf Z )\k ’p)

n—oo

A lim inf nggﬁ ) (vy,)

n—oo

B
Il
—

eGP (1, 0)). O

M=

B
Il
—
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Proposition 4.19 (lim sup-inequality in the ill-posed case). Assume that [S.1] [M.1] [M.2] ID.1] D.2| and
[L.2| hold. Assume that neh, — oco. Then, P-a.s., for every (v,v) € TLP(RQ), there exists {(vy,v, )} with

n=1
(Vn, vpn) — (v,v) in TLP(Q) such that:

(108) lim sup FEP) (v, v2)) < GEP (v, 0)).

n—oo
In particular, for 1 < k < qand v € C*°(Q), we can pick {(Vn, vn) 5%, = {(pin, 0n) }, where by, (z;) = y;
fori < N and v,, = v|q, else.

Proof. With probability one, we can assume that the conclusions of Proposition .16 hold.

In the proof C' > 0 will denote a constant that can be arbitrarily large, is independent of n, and that may
change from line to line.

We start by noting that (T08) is trivial if G5”)((v,v)) = oo so that we assume G (v, v)) < oo which
implies that v = p and v € WP(Q). Furthermore, we are going to apply [39, Remark 2.7], so it is sufficient
to verify (TO8) on a dense subset of {u} x WP(Q), namely we consider (i,v) € {u} x C>®(2). We let
Vp = iy, and 0, = vlq,, .

By repeating the proof of Proposition we can show that (v, 0,) — (v,v) in TLP(Q) and

(109) limsupé’ffgf’l)(ﬁn) <GP (1, 0)).

n—oo

The subtlety of (I09) compared to (IOT) is that ©,, does not necessarily satisfy 0,,(z;) = ¢; for all i < NN since

this condition is not imposed on v. We note that |0y, ||~ < C since 0, = v|q,, and v € C>®(Q).

Define (jiy,, vy,) With
Yi ife <N,
vn () =

Un(x;) else.

Again, we have ||v,||e < C and, using the arguments of [94, Proposition 4.24], we can show that (i, v,) —
(4, v) in TLP(2). Since vy, (z;) = ¥¢; for all @ < N, in order to show (T08)), it therefore is sufficient to show
that

lim | FEP) (1, 0,) — EEP (0,) | = 0.

n—o00 ,En ,En

=:Ts

We estimate as follows:
k-1
1 - |i; — @i, | R R
Tl< —oma 2 |ITIw (2 v (i) = v @ao)|” = 0u(aiy) = b ()
NETTER g ig=1 | j=17r=0 n

By definition of vy, for (ig, - ,ix) € S := {(ig, - ,ix) | N < i; <nforall0 < j <1}, the corresponding
term in the above sum vanishes. This means that we need to consider all indices in

S¢ = {(io, - ,ix) | there exists 0 < j < 1suchthat1 <i; < N}.

Summing over all sets in S¢ therefore yields:

[k j—1
1 |zi; — @i, | X X
<> > > (1 () [0 (1,) = vn(ig)I? = [0n (21,) — D (25|
n En 0. . En

C 1 N 1 n [ E -1 |:Blj —ZL'@'T|
110) < @ZZ nkedk Z H L 77<E71>

IA
&o
MH
WE
:F
™ —_
&
1™
—
3
N
&
g
T
~
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Fort € {0,1}, using (s) = 0 forall |s| > 1,

1 i ﬁ |lzi; — 2i;_, |
nkedk " En

nog.=1|j=1
s#t
<77(O)k#{(i U1y b1, ) | T, — x| < epfor0 < j <k}
=~ nkggk 05 s bt—1, 0t+4-1, s Uk 15 T5—1 n 7> .
Now, for an element in (io, - - - ,ix) € {(i0, -~ ,d¢—1,0t41, - ,ix) | |2i; — @i, | < enfor0 < j <k} = S,

we have z;,_, € B(xj,,en), xi,_, € B(xi,_,,en) until ;) € B(w4,,€p) as well as z;,, € B(x;,,en),
T, € B(wi,,,,en) until 2;, € B(x;,_,,€,). Hence z;; € B(x;,, key,) for all j. This shows that

K
#5< > T b, ke (%)

21,2k €Qn J=1
= (npin(B(xi,, ken)))" .

Using the latter, we continue estimating:

|@i; — @i;_, | n(0)* &
ke deH ( = Snkggk#s

n is=1j=1
s;ét
S C (En ,U'n(xita kan))
k
=C (End/ﬂ]lﬂTn(x)x¢t<k5n}p(x) dﬂﬁ)
k
<C <€n /Qll{pc iy | <ken—|Tn—Td||y00 }P(T dl‘)
ken — 1T — Td[r=\ "\
(111) <C (Vol( (0,1)) < n = n L°°> )
En
(112) <C
where we used Assumption for (TT1)) and Assumption [L.2|for (T12).
Inserting (I12)) in (T10), we obtain that
< <
nEn
from which we deduce that T, — 0 and (T08). O

The next corollary is the analogue to Corollary [#.17]and is proved in the same manner.

Corollary 4.20 (lim sup-inequality for the sum of semi-supervised energies in the ill-posed case). Assume that

ID.2|and|L.2| hold. Assume that nel, — oc. Then, P-a.s., for every (v,v) € TLP(Q),

there exists {(vp, v, ) }o2 with (v, v,) — (v,v) in TLP(Q) such that:

limsup (SF)E2) (v, va)) < (SG)EP) ((v,v)).

n—oo

We conclude with a lemma summarizing our I'-convergence results for our semi-supervised objectives.

Lemma 4.21 (T-convergence of energies). Assume that[S.1| M. 1} [M.2} [W.1] ID.2|and[L.2hold. If neh, — 0,
then, P-a.e, (SF )£L gn) T-converges to (SF)F in TLP(Q). If neb, — oo, then, P-a.s., (SF ),(1 gn) [-converges
to (SG)EP in TLP(Q)).
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4.3.3 Compactness and proof of Theorem 3.3]
The following lemma is inspired by [[94].

Lemma 4.22 (Uniform bound of energies of minimizers). Assume that|S.1] and
hold. Let (pin, u,) be minimizers of (SF )ﬁ{{g’f} . Then, P-a.s., there exists C > 0 such that

sup(SF)P) (1, un)) < C.

n,e
n>0 "

Proof. With probability one, we can assume that the conclusions of Lemma §.21] hold.

In the proof C' > 0 will denote a constant that can be arbitrarily large, is independent of n, and that may
change from line to line. We are going to follow the proof of [94, Lemma 4.25]

Letv € C2°(Q2) be a function that interpolates the points {(x;, £;)}3°,. Then, v € W1P(Q) so in particular,
by Assumption[ML.2] there exists Cj such that

(SF)E (1 v) < Co.
By Lemma[4.21] we can pick a recovery sequence {vy, }2° ; for v such that:

lim Ay, := lim sup (SF)9) ((pm, vm))

n—o00 n—00 ;y>n mEm
= lim sup(S]:)gggi) ((tn,vn))
n—oo

< (SF)EP (1, 0))
< Cy

(since (SF)LP) (1, v)) = (SG)LP) (11, v))). Let h = limsup, . (SF)) ((stn,vy)) and let & = Co—h >
0. Then, there exists ng such that for all n > nyg, h,, — h < £/2, which means that

hn = sup (SF)EP) (vy,) < h+&/2 < Cy.

m>n

Using the latter, we have

Sup(SF)ID) (pn, 00) =max{<5f>§ P (11, 00))s - (SFYIL. (s vn)), 51D <Sf>gqg:3<<umvn>>}

n>0 n>ng

<C.

Since {uy, }5° ; are minimizers, we use (S}")gl gn) ((pnyup)) < (S]:)% En) ((tn,vy)) to conclude. O

Proof of Theorem[3.3] With probability one, we can assume that the conclusions of Lemmas [4.21] and {.22]
hold.

In the proof C' > 0 will denote a constant that can be arbitrarily large, is independent of n, and that may
change from line to line.

By Lemma . we know that there exists C' such that sup,,o(SF )2 En) ((tn,un)) < C and in particular,
Eélgﬁ) (up,) is uniformly bounded. Furthermore, analogously to what is described in the proof of [84, Theorem
2.1], we know that sup,,~ ||un||.e < C with probability 1. We can therefore apply [84, Proposition 4.4] to
obtain a subsequence {n, }°2; and (u,u) € TLP(Q2) such that (pup,. , un, ) — (@, w) in TLP($2).

1. Since nel, — 0, by [84, Lemma 4.5], we know that u is continuous and, for every €' CC (2, we have
that maxg,<p, |z,c0} |U(Ts) — un,(2s)] — 0 and, with probability 1, u(z;) = ¢; for all i < N. By
Lemma and Proposition we also have that (u, ) is a minimizer of (SF )sz;p ), Finally, by the

uniqueness of the minimizer of (SF) (%) we conclude that the whole sequence (L, Uy) converges to
(1, n) in TLP(Q2) and for every Q' CC €2, we have that max <y, |z, ey [u(s) — un(ws)| — 0.

2. By Lemma Proposmonand the assumption nel, — oo, (i, u) is a minimizer of (SG )(k’p O
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4.4 Higher-order hypergraph learning

The proofs in this section are simple corollaries from the results in [94]. In contrast to the discrete-continuum
nonlocal-continuum local decomposition used for the proofs in Section ] everything in this section relies on
spectral convergence results between the discrete Laplace operators A, ., and its continuum counterpart A ,.
For our first result, the proof follows from an application of |94, Proposition 4.21]. The key observation
is that for any €,, p > 0 and v € C®(Q) with v(z;) = y; fori < N, we can pick {(vn,v,)}32, =
{(ttn, v|q,,) }72 1 and hence the same recovery sequence for jﬁ’ ﬁ) “ with 1 < k < g. This allows us to use

the subadditivity of lim sup to deduce the result.

Proposition 4.23 (lim sup-inequality for the sum of semi-supervised energies in the well-posed case). Assume

that @ andhold. Let ¢ > 1, P = {pp}{_; € Rwithp, < --- < pq and
E, = {Egﬁ)}z:l with 57(1) > e > e%‘”. Assume that 85{1) satisfies and that p € C*°. Then, P-a.s., for
every (v,v) € TL2(R), there exists a sequence {(vp,v,) Y>>, with (v, v,) — (v,v) in TL3(Q) and

limsup(ST) 5 ((vn, vn)) < (ST)LT) (v, v)).

n—oo

The next result is shown analogously to Proposition In particular, one relies on the compactness
result [94, Proposition 4.13]: we only require that our smallest length-scale 67(1(1) satisfies the appropriate upper
bound and that the its associated power p, scales correctly with the dimension of €2. Then, the problem reduces

to using the superadditivity of lim inf and [94] Theorem 4.14].

Proposition 4.24 (lim inf-inequality for the sum of semi-supervised energies in the well-posed case). Assume

that-@ --and@hold Letqg > 1, P = {pk}:1 C Rwithpy < --- < pg and
E, = M L1 With ep, Assume that 5(q) satisfies that n - (aﬁﬁhm/ 2-1/2 js bounded
and that p; > 5d + 4. Then, P-a.s., for every sequence {(vp,v,)}2%, C TL2(Q) with (vn,vn) — (v,0) in

TL?(Q), we have

lim inf (ST) ) (v, va)) = (ST)LT) (v, 0)).

n—oo

For the next result, we again rely on the fact that [94, Proposition 4.24] implies that the same recovery can

be chosen for all j (Pr) " with 1 < k < q. In particular, we need to assume that all 5$Lk) satisfy an appropriate

7’LE

lower bound and that their associated powers py, scale correctly with the dimension of 2. We then conclude
using the subadditivity of lim sup.

Proposition 4.25 (lim sup-inequality for the sum of semi-supervised energies in the ill-posed case). Assume

that [S.2} M.1| .2} W1} D.1| and [D.2| hold. Let q > 1, P = {pp}i_, € Rwithp, < -+ < pg and E,, =
{ng)}zzl with el > - > e Assume that p € C* and that for ey, @ satisﬁesas well as n(e (q))Ql’q —
0o. Then, P-a.s., for every (v,v) € TL2(Q), there exists a sequence {(vn,v, )}, with (Vn,vn) — (v,v) in
TL?(Q) and

limsup(ST) 5 ((vn, vn)) < (SK)ED((v,0)).

n—oo

Summarizing all our previous results and using the subadditivity of lim inf in conjunction with [94, Propo-
sition 4.22], we obtain the following result.

Lemma 4.26 (I‘—convergence of energies). Assume that [S.2] [AE] - W.1| J_D?] D.2] hold. Let q > 1,

P ={pp}i_y CRwithpy <--- < pgand E,, = {5nk Yy with ey, - > ey, Assume that p € C™.

1. Assume that 67(1 satisfies . 3| that n - (553))%/2—1/2 is bounded and that p, > %d + 4. Then, P-a.s.,
(S,]) F -converges to (87 )oc (@.P),

2. Assume that 553) satisfies as well as n(s%Q))qu — o0. Then, P-a.s., (ST ) F -converges to
(SK)&".
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Proof of Theorem The proof is analogous to the proof of Theorem

In particular, for the well-posed case, we use [94, Proposition 4.17 and Lemma 4.25] to obtain a uniform
bound on the L2-norms of ,,. Then, uniform and TL?-convergence of a subsequence of u,, to some continuous
u follows from [94] Proposition 4.13 and Theorem 4.14]. By the uniqueness of the minimizer, Lemma [4.26|
and Proposition [2.6] the result follows.

For the ill-posed case, convergence of a subsequence in TL? to some u follows from [94, Theorem 4.14].
Again, Lemma[4.26] and Proposition 2.6 allow us to conclude. O]

S Numerical Experiments

Multiscale Laplace learning has demonstrated strong empirical performance on point cloud data, outperform-
ing many existing graph-based semi-supervised learning methods [65]. Building on this, and given that we
approximate HOHL using this framework, our evaluation focuses on sensitivity analyses. In particular, we
show that choosing exponents p, = ¢ leads to improved performance over constant-exponent settings, high-
lighting the benefit of applying higher-order regularization at finer scales.

In particular, we include the following experiments on four datasets of various sizes and difficulty: iris [31]],
digits [4], Salinas A [[I], MNIST [59]. We summarize all the notation used in Table 2]

g-Experiment. For 1 < ¢ < 5, we test (6) with various configurations of weight and power coefficients.
In particular, first, we pick e() > 2 > £B) > () > () and build the Laplacian matrices A, o for
1 < ¢ < 5. Then, we setup different models with constant coefficients Ay = 1 (CC), slowly increasing
coefficients A\, = ¢ (SC) or quickly increasing coefficients A\, = ¢? (QC) as well as constant powers p; = 1
(CP) or increasing powers py = £ for 1 < ¢ < 4 (IP). The aim of this experiment is to analyze the performance
of our model as a function of q.

j-Experiment. For 1 < ¢ < 3, we pick 5%1) > 5,(12) > 5,(13) and build the Laplacian matrices An,e(@ for
1 < ¢ < 3. Then, we set up different models for 1 < j < 4 with A\; = 1, A2 = 52, A3 = (j + 1)2 (VQC(¢q)
—welet g € {2,3})as well as p; = 1, po = 2 and p3 = 3. The aim of this experiment is to compare the
performance of our model as a function of the coefficients )\, for a fixed q.
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Term / Abbreviation

q-Experiment

j-Experiment

Aim of experiment

Analysis of HOHL as a function
of maximum powers ¢

Analysis of HOHL as a function
of coefficients )y

l Index over scales 1 < /¢ < gq Same meaning

q Number of Laplacians 1 < ¢ < 5 Number of Laplacians 2 < ¢ < 3

J — Coefficients A, are a function of
parameter 1 < j <4

e® Scale for /-th e-graph Laplacian Same meaning

E© Scale for ¢-th kKNN-graph Lapla- Same meaning

cian

A, e {-th e-graph Laplacian Same meaning

Ae Fixed or increasing (1 or £ or £2) Varies with j: Ay = 1, 9 =
j27>‘3 = (] + 1)2

De Constant or increasing (1 or ¢) Increasing: py, = ¢

CC =1 —

SC Ae =4 —

QC Ao = 02 —

Cp DPe = 1 —

1P Pe = y4 pr = 4

VQC(g) — Forq = 2: \ 1, Ay 52
Forg = 3: A1 = 1, Ay = j2,
Az =(j+1)%

Table 2: Terminology used in the g- and j-experiments.

We always use the full dataset as nodes in the graph construction. For MNIST, we use the same data
embedding as in [17]. For the smaller datasets, iris and digits, we use e-graphs with weights w_«) ;; =

exp (W) . To illustrate that our model works with different (hyper)graph types and in order to speed-
g

up computations, we rely on k-nearest neighbors (KNN) graphs for the large datasets (naturally substituting

the sequence e > @ > £6) > @) > 0) with k(L) > k2 > kB3 > k(4 > k:(5)) with weights

—_ 7 y 2 . . . .
W) 35 = €XP (%) where dj ) (x;) denotes the distance from z; to its k@) _th nearest neighbor. Each

experiment is conducted over 100 trials and we report the mean accuracy and standard deviation (in brackets)
of our results in percentages. In particular, for each trial we re-sample labelled points to be used as fixed con-
straints in the learning (the same constraints as in (2))). We vary the labelling rate from 0.02 to 0.8 (for the
Salinas A dataset, the rate parameter goes from 1 to 100 and denotes the number of labelled points per class).
Since we show that hypergraph learning problem and HOHL behave asymptotically like graph problems in
Theorems [3.2] [3.3]and 3.4] (see Figure 2), it is relevant to consider other graph algorithms for fair comparisons:
Laplace learning [103[], Poisson learning [17], Fractional Laplace (FL) learning [94] with s = 2 and s = 3
(only on iris), Weighted Nonlocal Laplacian (WNLL) [[79]], p-Laplace learning [32]], Random Walk (RW) [101]],
Centered Kernel (CK) [63]], Sparse LP (SLP) [56] and Properly Weighted Graph-Laplacian [19]. Lastly, we
note that no methodical hyperparameter optimization has been performed for the choice of () and k(©). The
result highlights are displayed in Tables [3| F [5] [6 [7]and [§] The complete results can be found in Appendix
We note that our proposed models mostly outperform the other graph SSL models, especially when the
labelling rate, ¢ and j are large enough (see also Tables [0} [I2] [I4] and [TI6). This signifies that the mul-
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tiscale/hypergraph structure can be efficiently leveraged when solving a discrete learning problem on point
clouds. Furthermore, our method is robust with respect to the choice of parameters py and A,.

The model configurations with increasing powers (IP) outperform all other versions of our model (3)) (see
also Tables 9] and [13)). This confirms the idea that the choice of py = ¢ is more efficient than p, = 1.
In particular, this means that our proposed HOHL model (3))/(6) is more effective than the hypergraph learning
model (2) because of higher-regularization.

Finally, we note that a choice of ¢ = 2, 3 is often sufficient to have a significant increase in performance
(see Tables [9] [I1] and which is analogous to observations in [[65]. This is an important finding as higher
values of ¢ imply a notable increase in computation time: for each additional e(®) or k(9 one has to compute
a new set of hyperedges/a new Laplacian as well as an increasingly costly matrix product. A similar statement
can be made for j (see Tables[I0]and [I2)): increasing the weights )\ is effective up to a certain point at which
the performance of our models does not improve. For this reason, we only consider a restricted set of ¢ and j
when dealing with larger datasets.

RATE LAPLACE POISSON IP-QC CP-QC IP-SC CP-SC IP-CC CP-CC

0.02 11.96(4.03) 78.81(2.98) 22.57(9.14) 15.02(5.8) 20.91(8.57) 15.46(5.4) 18.96(7.82) 13.79 (5.43)
0.05 19.35(6.62) 84.87(1.63) 61.81(7.17) 37.24(7.55) 58.56(7.5) 31.54(9.11) 52.93(7.74) 24.84(7.85)
0.10 42.87 (7.4) 87.13(1.12) 81.57(3.51) 60.04 (7.23) 80.78 (3.71) 54.66 (7.07) 78.93 (4.26)  50.4 (6.7)

0.20 68.58(4.38) 87.61(0.94) 89.12(1.5) 85.79(2.17) 89.06(1.5) 82.83(2.57) 88.82(1.47) 79.01(3.19)
0.30  82.1(2.02) 87.58(0.74) 91.74(0.87) 90.98 (1.02) 91.75(0.87) 89.44 (1.15) 91.73 (0.88) 87.57 (1.28)
0.50 88.3(1.11) 87.85(0.78) 93.87 (0.71) 93.39(0.81) 93.89 (0.7) 92.45(0.86) 93.89 (0.71) 91.37 (0.92)
0.80 89.73(1.43) 87.88(1.42) 94.98 (0.99) 94.33 (1.13) 94.96(0.98) 93.3(1.2) 94.91 (0.96) 92.18(1.21)

Table 3: Accuracy of various SSL methods on the digits dataset for the g-experiment with ¢ = 3. We pick e© = 100%~¢
for 1 < ¢ < 5. Proposed methods are in bold.

RATE LAPLACE POISSON WNLL PROPERLY p-LAP RW CK IP-VQC (2) IP-VQC (3)

0.02 12.20 (4.75) 79.00 (2.75) 67.07 (6.07) 78.29 (3.14) 77.83(3.23) 30.17(11.33) 60.00 (4.17) 25.16 (9.35) 24.25 (9.65)
0.05 20.42(7.03) 84.61(1.72) 69.20 (4.38) 83.11(2.08) 82.50(2.19) 32.00(5.96) 66.19 (3.73) 62.69 (6.84) 61.96 (6.85)
0.10 41.62(6.59) 86.73(1.36) 80.73 (3.07) 87.67 (1.45) 87.45(1.51) 31.95(5.56) 71.98(2.73) 81.51 (3.66) 81.25(3.61)
0.20 68.47 (4.79) 87.61(0.99) 86.21 (1.53) 89.04 (0.97) 88.93(1.00) 40.94 (4.75) 78.25(1.53) 89.49 (1.09) 89.41 (1.10)
0.30 82.17 (2.32) 87.62(0.80) 88.00(1.20) 89.81(0.87) 89.74(0.89) 44.89(5.34) 82.11(0.81) 91.83(0.86) 91.79 (0.83)
0.50 88.18 (1.00) 87.84 (0.96) 89.04 (1.00) 89.98 (1.00) 89.94 (0.99) 37.33(2.51) 85.67 (0.98) 93.79 (0.91) 93.77 (0.90)
0.80 89.65(1.49) 87.88 (1.40) 89.68 (1.45) 89.97 (1.42) 89.97 (1.41) 33.93(1.16) 88.34(1.39) 94.91 (1.01) 94.93 (1.00)

Table 4: Accuracy of various SSL methods on the digits dataset for the j-experiment with j = 2. We pick () = 100%~¢
for 1 < ¢ < 5. Proposed methods are in bold.

RATE LAPLACE POISSON IP-QC CP-QC IP-SC CP-SC IP-CC CP-CC

1 58.08(8.37) 57.12(7.32) 60.98(7.28) 59.25(7.54) 59.73(7.89) 59.00(7.85) 58.81(8.09) 58.67 (8.07)
2 66.85(5.49) 57.32(6.44) 67.75(5.42) 67.45(5.44) 67.26 (5.60) 67.32(5.46) 66.85(5.77) 67.22 (5.46)
5 73.46(2.31) 56.83(5.31) 73.59(2.36) 73.65(2.35) 73.61(2.42) 73.63(2.34) 73.58(2.48) 73.59 (2.27)
10 75.86(1.82) 56.08 (5.31) 76.09 (1.88) 76.21(1.81) 76.15(1.84) 76.14(1.83) 76.15(1.84) 76.06 (1.83)
20 77.61(1.15) 56.20 (4.25) 78.52(1.51) 78.14(1.18) 78.42(1.43) 78.02(1.17) 78.26 (1.31) 77.87 (1.15)
50  79.60 (0.88) 56.44 (3.93) 80.95(0.91) 80.37(0.89) 80.83(0.94) 80.18 (0.90) 80.64 (0.93) 80.00 (0.90)
100 80.86 (0.57) 56.06(2.98) 82.47 (0.70) 81.82(0.56) 82.33(0.62) 81.61(0.56) 82.10(0.61) 81.35(0.55)

Table 5: Accuracy of various SSL methods on the Salinas A dataset for the g-experiment with ¢ = 3. We pick k(") = 50,
k) =30, k) = 20 and k£*) = 10. Proposed methods are in bold.
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RATE LAPLACE POISSON WNLL PROPERLY p-LAP RW CK IP-VQC (2) IP-VQC (3)

1 59.28(8.54) 58.31(6.46) 64.13(6.05) 64.10(6.04) 60.26 (5.44) 63.10(5.14) 28.50(5.98) 61.88 (7.11) 62.23 (6.78)
2 66.82(5.35) 56.76(7.03) 67.54(5.04) 67.42(5.10) 64.65(5.13) 66.94 (4.76) 33.05(6.65) 67.53(5.07) 67.68 (5.12)
5 73.74(2.71) 55.56(5.89) 73.42(3.07) 73.14 (3.15) 72.26(3.07) 73.70 (2.60) 46.37 (5.32) 73.94(2.84) 73.86 (2.85)
10 75.88(1.67) 56.49(5.18) 75.81(1.73) 75.32(1.81) 74.80(1.85) 75.98(1.73) 55.54(4.27) 76.23(1.76) 76.14 (1.81)
20  77.44(1.37) 55.99 (4.62) 78.23(1.40) 77.56(1.58) 77.51(1.61) 77.99 (1.22) 66.04 (3.10) 78.34 (1.31) 78.40 (1.37)
50  79.58 (0.94) 56.69 (4.19) 80.87(0.90) 80.21 (0.93) 80.36(0.88) 79.10(0.85) 75.21(1.76) 80.87(0.98) 80.98 (1.01)
100 80.96 (0.73) 55.83(2.75) 82.10(0.63) 81.88(0.66) 82.12(0.61) 79.27 (0.70) 79.82(1.02) 82.41(0.72) 82.53(0.75)

Table 6: Accuracy of various SSL methods on the Salinas A dataset for the j-experiment with j = 2. We pick k(1) = 50,
E? =30, k() = 20 and £ = 10. Proposed methods are in bold.

RATE LAPLACE POISSON IP-QC CP-QC IP-SC CP-SC IP-CC CP-CC

0.02  97.07 (0.07) 96.80 (0.06) 97.36 (0.07) 97.29 (0.08) 97.26 (0.07) 97.24 (0.07) 97.19 (0.07) 97.19 (0.07)
0.05 97.37(0.05) 96.85(0.04) 97.64 (0.06) 97.59 (0.06) 97.56(0.05) 97.54(0.06) 97.50 (0.05) 97.48 (0.06)
0.10 97.58(0.04) 96.85(0.04) 97.82(0.04) 97.77 (0.04) 97.76 (0.04) 97.74 (0.04) 97.70 (0.04) 97.69 (0.04)
0.20 97.81(0.04) 96.87 (0.04) 98.01(0.04) 97.98 (0.04) 97.97 (0.04) 97.95(0.04) 97.92 (0.04) 97.91 (0.04)
0.30 97.92(0.04) 96.87 (0.05) 98.10 (0.04) 98.07 (0.04) 98.07 (0.04) 98.05(0.04) 98.02 (0.04) 98.02 (0.05)
0.50 98.08 (0.06) 96.87 (0.08) 98.24 (0.06) 98.21 (0.06) 98.21 (0.06) 98.19 (0.06) 98.18 (0.06) 98.17 (0.06)
0.80 98.25(0.09) 96.90 (0.12) 98.38 (0.09) 98.36 (0.10) 98.37 (0.09) 98.34 (0.09) 98.34 (0.09) 98.32 (0.09)

Table 7: Accuracy of various SSL methods on the MNIST dataset for the g-experiment with ¢ = 3. We pick k(©) =
30— (£ —1)-10for 1 < ¢ < 3. Proposed methods are in bold.

RATE LAPLACE POISSON WNLL PROPERLY p-LAP RW CK IP-VQC (2) IP-VQC (3)

0.02  97.06 (0.09) 96.79 (0.07) 96.55(0.09) 94.76 (0.17) 94.48 (0.17) 97.15(0.10) 95.34(0.16) 97.31(0.09) 97.34 (0.09)
0.05 97.37(0.06) 96.85(0.05) 97.20(0.05) 94.49(0.12) 95.49(0.10) 97.37 (0.07) 96.46 (0.08) 97.62 (0.05) 97.64 (0.05)
0.10  97.59(0.04) 96.86(0.04) 97.58 (0.05) 95.59(0.08) 96.88(0.06) 97.45(0.05) 97.18(0.06) 97.80(0.04) 97.82(0.04)
0.20 97.80(0.04) 96.87 (0.04) 97.86 (0.04) 97.08 (0.05) 97.71(0.04) 97.50(0.05) 97.68 (0.04) 97.99 (0.04) 98.00 (0.04)
0.30  97.92(0.05) 96.87 (0.05) 97.98 (0.05) 97.61(0.06) 97.88(0.05) 97.51(0.05) 97.88(0.05) 98.10(0.05) 98.10(0.05)
0.50 98.08 (0.06) 96.86 (0.06) 98.11(0.06) 98.01(0.06) 98.07 (0.06) 97.51(0.06) 98.09 (0.06) 98.24 (0.06) 98.24 (0.05)
0.80 98.22(0.10) 96.87 (0.14) 98.23 (0.10) 98.22(0.11) 98.23(0.10) 97.52(0.13) 98.24 (0.11) 98.37 (0.11) 98.37 (0.11)

Table 8: Accuracy of various SSL methods on the MNIST dataset for the j-experiment with j = 2. We pick k(©) =
30— (¢ —1)-10for 1 < ¢ < 3. Proposed methods are in bold.

6 Conclusion

We have conducted a rigorous continuum analysis of hypergraph-based semi-supervised learning, revealing
that classical hypergraph models—despite their combinatorial expressiveness—converge asymptotically to
first-order graph-based methods. Specifically, through both pointwise and variational convergence analyses,
we established that these discrete hypergraph models approach weighted Sobolev W regularization in the
limit. Crucially, our results identify a previously undocumented discrepancy between the operator obtained
via pointwise convergence and that derived from the variational limit. This divergence underscores the impor-
tance of considering both modes of convergence when analyzing discrete-to-continuum limits in graph- and
hypergraph-based learning. Furthermore, we demonstrated that the transition between meaningful regulariza-
tion and trivial smoothing is sensitive to the parameters chosen in the hypergraph construction.

To address the inherent limitations of classical hypergraph approaches, we introduced HOHL—a vari-
ational model that enforces higher-order smoothness by penalizing powers of graph Laplacians at multiple
scales derived from the hypergraph structure. Our theoretical results characterize the well- and ill-posedness of
HOHL, and show that it converges to genuinely higher-order Sobolev-type energies. Additionally, we argued
that for point clouds embedded in a metric space, multiscale Laplacian learning is an appropriate surrogate
for HOHL, thereby providing a principled theoretical foundation for this latter class of methods. Extensions
to more general hypergraph settings, along with algorithmic and computational developments, are discussed
in [92].
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Empirical evaluations confirm the practical effectiveness of HOHL: by leveraging multiscale structure and
higher-order regularization, the model achieves strong performance across a range of standard SSL bench-
marks.

By analyzing hypergraph learning within a unified continuum framework, our work also offers a systematic
classification of regularization-based SSL algorithms (see Figure [2) and opens new avenues for principled
model design grounded in asymptotic analysis. Promising future directions include extending our framework
to additional hypergraph-based methods [30,34,/52.62}/76].
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7 Complete numerical experiments

In this section, we present the complete numerical experiments of Section[5] We refer to Table [2| for a review
of the terminology used throughout the experiments.

Table 9: Accuracy of various SSL methods on the iris dataset. We pick e(*) = 23=% for 1 < k < 5. Proposed methods
are in bold.

q rate Laplace Poisson FL (s =2) FL (s = 3) IP-QC CP-QC IP-SC CP-SC IP-CC CP-CC

2002 64.56(150) 79.39(8.83) 70.73(7.46) 71.54(7.76) 7556 (10.01) 70.54 (10.84) 75.02(10.0)  68.75 (12.77) 73.89 (10.82) 68.29 (12.5)
0.05 73.15(9.26) 80.54 (6.05) 74.47(9.26) 76.19(9.13) 82.26(8.98) 74.65(9.73) 81.62(9.19) 73.94(9.66) 80.46 (9.69)  73.67 (9.78)
0.10 81.05(8.94) 80.58(3.25) 82.55(8.21) 84.37(7.27) 90.39 (3.84) 85.41(7.95) 90.29 (4.23)  84.44(8.47) 89.93(4.75)  83.36(8.81)
0.20 87.43(5.88) 80.33(23) 87.91(5.25) 88.74 (4.14) 9248 (249) 90.53(3.9)  92.52(2.59)  89.96 (4.38)  92.54 (2.69)  89.22 (4.92)
030 90.82(32)  79.66(2.18) 90.88 (2.87) 91.05(2.53) 93.57 (248) 92.51 (2.82)  93.57(246) 92.36 (3.01)  93.61(2.52)  92.01 (3.02)
0.50 91.81(2.71) 79.59(234) 91.67(29) 91.8(277) 94.92(23)  9352(2.77) 94.89(231) 9333(2.73) 94.85(232)  93.04 (2.75)
0.80 922(4.67) 79.33(5.44) 92.2(4.35) 9257 (4.44) 955(3.49)  94.47(3.52) 9553 (349) 93.93(3.49) 9553 (349)  93.67(3.5)

3002 6456 (15.0) 79.39 (8.83) 70.73 (1.46) 71.54 (1.76) 7652 (10.76) 71.27 (11.86) 75.99 (10.48) 69.29 (13.27) 74.5 (11.18)  68.47 (12.74)
0.05 73.15(9.26) 80.54 (6.05) 74.47(9.26) 76.19(9.13) 84.78(9.8)  75.72(10.08) 83.78 (10.0)  74.33(9.99)  82.26 (10.21) 73.53(9.82)
0.10 81.05(8.94) 80.58(3.25) 82.55(821) 84.37(727) 9199 (332) 87.44(75)  91.48(3.54) 859 (8.5) 91.04 (4.06) 8423 (8.92)
020 87.43(5.88) 80.33(2.3) 87.91(5.25) 88.74 (4.14) 94.04(2.49) 92.03(3.19) 9379 (2.51) 91.12(3.9)  93.53(2.61)  90.09 (4.69)
030 90.82(32)  79.66 (2.18) 90.88 (2.87) 91.05(2.53) 95.52(1.86) 94.04 (2.64) 953 (1.95)  93.32(2.87)  94.95(222)  92.59 (3.04)
0.50 91.81(2.71) 79.59(234) 91.67(29) 91.8(277) 95.89(1.86) 94.97 (245) 9587 (1.9) 9441 (2.62) 9589 (1.9)  93.77 (2.8)
0.80 922 (4.67) 7933 (544) 922(435) 9257 (444) 96.17(323) 9573 (3.67) 9627 (329) 9543(3.72)  96.13(3.37)  94.57 (3.72)

4002 6456(150) 79.39(8.83) 70.73 (7.46) 71.54(7.76) 7653 (10.81) 71.46(12.53) 75.97 (10.56) 69.34 (13.33) 74.46 (11.17) 68.41 (12.69)
0.05 73.15(9.26) 80.54 (6.05) 74.47(9.26) 76.19(9.13) 84.88(9.8)  76.15(10.27) 83.81(9.98) 74.42(9.92)  82.33(10.26) 73.52(9.87)
0.10 81.05(8.94) 80.58(3.25) 82.55(8.21) 84.37(727) 92.01(33)  87.63(7.6)  91.47(3.54) 86.04(8.52) 91.07(4.03)  84.27 (8.96)
020 87.43(5.88) 80.33(23) 87.91(525) 88.74(4.14) 94.08(247) 92.4(325)  93.8(252)  91.32(3.98) 93.54(2.62)  90.22 (4.6)
030 90.82(32) 79.66(2.18) 90.88 (2.87) 91.05(2.53) 95.53(1.84) 9446 (2.68) 9533(1.97) 93.58(2.87)  94.95(222)  92.73 (3.06)
050 91.81(2.71) 79.59 (2.34) 91.67(2.9) 91.8(2.77) 95.88(1.84)  95.51(2.33) 9587 (1.87) 94.79 (2.64)  95.92(1.89)  93.95(2.71)
0.80 92.2(4.67) 7933 (5.44) 92.2(435) 9257 (444) 96.17 (323)  95.9 (3.6) 96.23(327)  95.83(3.65) 96.17(3.36)  94.9 (3.8)

5 002 6456 (15.0) 79.39 (3.83) 70.73 (1.46) 71.54 (1.76) 76.6 (10.82)  71.38 (1249) 7598 (10.56) 69.14 (13.28) 74.46 (11.16) 68.37 (12.68)
0.05 73.15(9.26) 80.54 (6.05) 74.47(9.26) 76.19(9.13) 84.89 (9.81) 7631 (10.26) 83.83(9.98) 74.44(9.86)  82.33(10.26) 73.53(9.83)
0.10 81.05(8.94) 80.58(3.25) 82.55(821) 84.37(727) 92.02(33)  87.59(7.53) 91.47(3.54) 85.98(8.48) 91.07(4.03)  84.29 (8.96)
020 87.43(5.88) 80.33(23) 87.91(5.25) 88.74 (4.14) 94.08 (2.44) 9249 (327) 93.81(2.52) 91.34(4.0)  93.54(2.62)  90.27 (4.63)
030 90.82(32)  79.66(2.18) 90.88 (2.87) 91.05(2.53) 95.53(1.84) 94.53(2.69) 95.33(1.97)  93.65(2.87)  94.95(222)  92.76 (3.07)
0.50 91.81(2.71) 79.59(234) 91.67(29) 91.8(277) 9588 (1.84) 9563 (2.28) 9587 (1.87) 94.85(2.61)  95.92(1.89)  93.93 (2.71)
0.80 922 (4.67) 7933 (544) 922(435 9257 (444) 96.17(323) 96.13(347) 9623 (327) 9587(3.61) 96.17(336) 94.9 (3.8)

Table 10: Accuracy of various SSL methods on the iris dataset. We pick (©) = 23=¢ for 1 < ¢ < 5. Proposed methods
are in bold.

j rate  Laplace Poisson FL(s=2) FL(s=3) WNLL p-Lap RW CK SLP IP-VQC (2) IP-VQC(3)

1 002 61.86(13.18) 82.17(8.39) 70.41(6.98) 71.54(7.29) 82.59(8.64) 86.56(8.18) 77.13(9.09) 76.24(8.18) 32.05(6.24) 59.76 (13.85) 53.71 (15.23)
0.05 71.06(7.31) 81.55(5.92) 72.73(8.16) 74.31(7.75) 84.42(7.85) 88.54(6.52) 78.38(9.14) 79.48(7.88) 34.97(7.18) 7028 (9.06)  69.32 (8.69)
0.10 81.07(8.72)  80.23(3.19) 82.76(7.99) 84.78(7.04) 89.34(4.42) 91.61(2.74) 82.34(7.84) 85.9(4.5) 46.67 (19.38)  81.03 (10.58)  80.19 (10.61)
020 87.58(4.63) 80.12(2.62) 88.2(4.11) 89.09(3.37) 90.57(2.57) 91.68 (2.13) 84.25(6.29) 89.39(2.82) 64.05(12.29) 90.46 (3.6) 90.31 (3.74)
0.30  90.12 (3.0) 79.69 (2.11)  90.21(2.97) 90.36(2.42) 91.11(2.25) 92.06(2.28) 86.19(5.72) 91.26 (2.54) 58.99 (15.82) 92.1(3.21) 92.29 (3.26)
050 91.37(3.23) 79.44(2.37) 91.36(3.01) 91.41(3.03) 91.4(3.23) 92.07(3.09) 88.52(4.53) 92.29(2.53) 56.39(16.53) 93.4(3.22) 93.88 (3.11)
0.80 92.0(4.42) 78.17(44) 91.67(43) 9197 (4.16) 92.07 (4.36) 92.5(4.14) 88.97(4.89) 9297 (4.37) 89.7(4.88) 94.5 (3.86) 95.37 (3.51)

2 002 61.86(13.18) 82.17(8.39) 70.41(6.98) 71.54(7.29) 82.59(8.64) 86.56(8.18) 77.13(9.09) 76.24 (8.18) 32.05(6.24) 67.74 (12.14) 67.59 (12.34)
0.05 71.06(7.31) 81.55(5.92) 72.73(8.16) 74.31(7.75) 84.42(7.85) 88.54(6.52) 78.38(9.14) 79.48(7.88) 34.97(7.18) 72.77(9.79)  72.53(9.82)
0.10 81.07(8.72)  80.23(3.19) 82.76(7.99) 84.78(7.04) 89.34(4.42) 91.61(2.74) 82.34(7.84) 85.9(4.5) 46.67 (19.38)  83.77 (10.48)  83.66 (10.64)
020 87.58(4.63) 80.12(2.62) 882 (4.11) 89.09(3.37) 90.57(2.57) 91.68 (2.13) 84.25(6.29) 89.39(2.82) 64.05(12.29) 91.52(3.07) 91.57(3.1)
0.30  90.12 (3.0) 79.69 (2.11)  90.21 (2.97) 90.36(2.42) 91.11(2.25) 92.06(2.28) 86.19(5.72) 91.26 (2.54) 58.99 (15.82) 92.82(3.06)  92.93 (3.06)
050 91.37(3.23) 79.44(2.37) 91.36(3.01) 91.41(3.03) 91.4(3.23) 92.07(3.09) 88.52(4.53) 92.29(2.53) 56.39(16.53) 93.91(2.99) 94.24 (2.92)
0.80 92.0(4.42) 78.17(44) 91.67(43) 91.97(4.16) 92.07 (4.36) 92.5(4.14) 88.97(4.89) 9297 (4.37) 89.7(4.88) 9547 (3.75)  95.8 (3.44)

3 002 61.86(13.18) 82.17(8.39) 70.41(6.98) 71.54(7.29) 82.59(8.64) 86.56(8.18) 77.13(9.09) 76.24(8.18) 32.05(6.24)  70.62(9.65)  70.09 (10.95)
0.05 71.06(7.31) 81.55(5.92) 72.73(8.16) 74.31(7.75) 84.42(7.85) 88.54(6.52) 78.38(9.14) 79.48(7.88) 34.97(7.18)  73.8(10.51)  73.49 (10.33)
0.10 81.07(8.72)  80.23(3.19) 82.76(7.99) 84.78(7.04) 89.34 (4.42) 91.61(2.74) 82.34(7.84) 85.9(4.5) 46.67 (19.38)  85.27 (9.58)  85.34(9.78)
020 87.58(4.63) 80.12(2.62) 882(4.11) 89.09(3.37) 90.57(2.57) 91.68(2.13) 84.25(6.29) 89.39(2.82) 64.05(12.29) 91.9(2.9) 92.04 (2.96)
0.30  90.12 (3.0) 79.69 (2.11)  90.21 (2.97) 90.36 (2.42) 91.11(2.25) 92.06(2.28) 86.19(5.72) 91.26(2.54) 58.99 (15.82) 92.94 (3.0) 93.15 (3.05)
050 91.37(3.23) 79.44(2.37) 91.36(3.01) 91.41(3.03) 91.4(3.23) 92.07(3.09) 88.52(4.53) 92.29(2.53) 56.39(16.53) 94.03(2.99)  94.31(2.85)
0.80 92.0(4.42) 78.17(44) 91.67(43) 9197 (4.16) 92.07 (4.36) 92.5(4.14) 88.97(4.89) 9297 (4.37) 89.7(4.88) 95.5(3.71) 95.73 (3.45)

4 002 61.86(13.18) 82.17(8.39) 70.41(6.98) 71.54(7.29) 82.59(8.64) 86.56(8.18) 77.13(9.09) 76.24(8.18) 32.05(6.24)  70.98 (9.86)  70.96 (9.8)
0.05 71.06(7.31) 81.55(5.92) 72.73(8.16) 74.31(7.75) 84.42(7.85) 88.54(6.52) 78.38(9.14) 79.48(7.88) 34.97(7.18) 7424 (10.64) 74.03 (10.44)
0.10 81.07(8.72)  80.23(3.19) 82.76(7.99) 84.78(7.04) 89.34(4.42) 91.61(2.74) 82.34(7.84) 85.9(4.5) 46.67 (19.38)  86.04 (9.08)  86.18 (9.05)
020 87.58(4.63) 80.12(2.62) 882(4.11) 89.09(3.37) 90.57(2.57) 91.68(2.13) 84.25(6.29) 89.39(2.82) 64.05(12.29) 92.09(2.92)  92.18 (2.91)
0.30  90.12 (3.0) 79.69 (2.11)  90.21 (2.97) 90.36(2.42) 91.11(2.25) 92.06(2.28) 86.19(5.72) 91.26 (2.54) 58.99(15.82) 93.04 (3.01)  93.19 (3.04)
050 91.37(3.23) 79.44(237) 91.36(3.01) 91.41(3.03) 91.4(3.23) 92.07(3.09) 88.52(4.53) 92.29(2.53) 56.39(16.53) 94.08(2.97) 94.31(2.9)
0.80 92.0 (4.42) 78.17(44)  91.67(43) 91.97(4.16) 92.07 (4.36) 92.5(4.14) 83.97(4.89) 92.97 (4.37) 89.7 (4.88) 95.53(3.74)  95.8 (3.47)
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Table 11: Accuracy of various SSL methods on the digits dataset. We pick (*) = 100%2~% for 1 < k < 5. Proposed
methods are in bold.

rate  Laplace Poisson IP-QC CP-QC IP-SC CP-SC IP-CC CP-CC

2002 11.96(4.03) 78.81(2.98) 24.19(8.92) 1581(5.5 21.91(8.44) 14.88(5.48) 19.55(7.77) 13.44 (5.08)
0.05 19.35(6.62) 84.87(1.63) 62.35(7.28) 34.88(8.75) 59.01(7.52) 29.09 (9.18) 53.38(7.77) 23.86(7.5)
0.10 42.87(7.4) 87.13(1.12) 81.84(3.6) 58.25(7.34) 80.96 (3.81) 53.24(6.98) 79.07 (4.3)  49.71 (6.62)
020 68.58 (4.38) 87.61 (0.94) 89.21(1.5) 84.77 (2.24) 89.11(1.48) 81.91(27) 88.86 (1.44) 78.27 (3.3)
030 82.1(2.02) 87.58(0.74) 91.78 (0.86) 90.13 (1.08) 91.78 (0.88) 88.85(1.2) 91.74 (0.89) 87.13(1.3)
0.50 88.3(1.11) 87.85(0.78) 93.87(0.72) 92.78 (0.87) 93.87(0.72) 92.01 (0.87) 93.91(0.7)  91.08 (0.93)
0.80 89.73 (1.43) 87.88(1.42) 94.96 (0.98) 93.64 (1.16) 94.94 (0.97) 92.86(1.22) 94.9(0.96)  91.89 (1.22)

3002 11.96(4.03) 78.81(298) 2257 (9.14) 15.02(58) 2091 (8.57) 15.46(5.4) 18.96(7.82) 13.79 (5.43)
0.05 19.35(6.62) 84.87(1.63) 61.81(7.17) 37.24(7.55) 58.56(7.5) 31.54(9.11) 52.93(7.74) 24.84 (7.85)
0.10 42.87(7.4) 87.13(1.12) 81.57(3.51) 60.04 (7.23) 80.78 3.71) 54.66 (7.07) 78.93 (4.26) 50.4 (6.7)
020 68.58 (4.38) 87.61 (0.94) 89.12(1.5) 8579 (2.17) 89.06(1.5) 82.83(2.57) 88.82(1.47) 79.01 (3.19)
030 82.1(2.02) 87.58(0.74) 91.74 (0.87) 90.98 (1.02) 91.75(0.87) 89.44 (1.15) 91.73 (0.88) 87.57 (1.28)
0.50 88.3(1.11) 87.85(0.78) 93.87 (0.71) 93.39 (0.81) 93.89 (0.7)  92.45(0.86) 93.89 (0.71) 91.37 (0.92)
0.80 89.73 (1.43) 87.88(1.42) 94.98(0.99) 94.33(1.13) 94.96 (0.98) 93.3(1.2)  94.91(0.96) 92.18 (1.21)

4002 11.96(4.03) 78.81(2.98) 22.57(9.14) 15.03(5.82) 2091 (8.57) 1546 (541) 18.96 (7.82) 13.79 (5.43)
0.05 19.35(6.62) 84.87(1.63) 61.81(7.17) 37.29(7.55) 58.56(7.5) 31.56(9.11) 52.93(7.74) 24.85 (7.85)
0.10 42.87(7.4) 87.13(1.12) 81.57(3.51) 60.09 (7.24) 80.78 (3.71) 54.68 (7.06) 78.93 (4.26) 50.41 (6.71)
020 68.58 (4.38) 87.61 (0.94) 89.12(1.5) 85.83(2.18) 89.06(1.5) 82.84(2.57) 88.82(1.47) 79.01 (3.19)
030 82.1(2.02) 87.58(0.74) 91.74(0.87) 91.0(1.02)  91.75(0.87) 89.45(1.15) 91.73(0.88) 87.57 (1.29)
0.50 88.3(1.11) 87.85(0.78) 93.87 (0.71) 93.4(0.81) 93.89(0.7)  92.45(0.86) 93.89 (0.71) 91.38 (0.92)
0.80 89.73 (1.43) 87.88(1.42) 94.98(0.99) 94.34 (1.13) 94.96 (0.98) 93.3(1.2)  94.91(0.96) 92.18 (1.21)

5 002 11.96(4.03) 78.81(298) 22.57(0.14) 15.03(5.82) 2091 (8.57) 15.46(5.41) 18.96(7.82) 13.79 (5.43)
0.05 19.35(6.62) 84.87(1.63) 61.81(7.17) 37.29(7.55) 58.56(7.5) 31.56 (9.11) 52.93(7.74) 24.85(7.85)
0.10 42.87(7.4) 87.13(1.12) 81.57(3.51) 60.09 (7.24) 80.78 (3.71) 54.68 (7.06) 78.93 (4.26) 50.41 (6.71)
020 68.58(4.38) 87.61 (0.94) 89.12(1.5) 85.83(2.18) 89.06(1.5) 82.84(2.57) 88.82(1.47) 79.01 (3.19)
030 82.1(2.02) 87.58(0.74) 91.74(0.87) 91.0(1.02)  91.75(0.87) 89.45(1.15) 91.73(0.88) 87.57 (1.28)
0.50 88.3(1.11) 87.85(0.78) 93.87(0.71) 93.4(0.81) 93.89(0.7)  92.45(0.86) 93.89 (0.71) 91.38 (0.92)
0.80 89.73 (1.43) 87.88(1.42) 94.98(0.99) 94.34 (1.13) 94.96 (0.98) 93.3(1.2)  94.91(0.96) 92.18 (1.21)

Table 12: Accuracy of various SSL methods on the digits dataset. We pick ¢(©) = 1002~ for 1 < ¢ < 5. Proposed
methods are in bold.

j rate Laplace Poisson WNLL Properly p-Lap RwW CK IP-VvQC (2) IP-VQC(3)

1 002 122475 79.0(2.75) 67.07(6.07) 78.29(3.14) 77.83(3.23) 30.17(11.33) 60.0(4.17)  20.58 (8.29) 19.66 (8.71)
0.05 20.42(7.03) 84.61(1.72) 69.2(4.38)  83.11(2.08) 82.5(2.19) 32.0(5.96) 66.19 (3.73)  53.07(7.79) 50.55 (8.44)
0.10 41.62(6.59) 86.73(1.36) 80.73(3.07) 87.67 (1.45) 87.45(1.51) 31.95(5.56) 7198 (2.73) 78.63 (4.42) 77.94 (4.46)
020 68.47(4.79) 87.61(0.99) 86.21(1.53) 89.04(0.97) 88.93(1.0) 40.94 (4.75) 78.25(1.53) 89.19(1.11) 88.97(l.1)
0.30 82.17(2.32) 87.62(0.8) 88.0(1.2) 89.81(0.87) 89.74 (0.89) 44.89(5.34)  82.11(0.81) 91.75(0.84) 91.67 (0.84)
0.50 88.18(1.0) 87.84(0.96) 89.04(1.0) 89.98(1.0) 89.94(0.99) 37.33(2.51) 85.67(0.98) 93.8(0.87)  93.77 (0.86)
0.80 89.65(1.49) 87.88(1.4) 89.68(1.45) 8997 (1.42) 89.97(1.41) 33.93(1.16) 88.34(1.39) 94.86(1.0) 94.89(1.02)

2 002 122@4.75) 79.0(2.75) 67.07(6.07) 7829(3.14) 77.83(3.23) 30.17(11.33) 60.0(4.17)  25.16(9.35) 24.25 (9.65)
0.05 20.42(7.03) 84.61(1.72) 69.2(4.38) 83.11(2.08) 82.5(2.19) 32.0(5.96) 66.19 (3.73)  62.69 (6.84) 61.96 (6.85)
0.10 41.62(6.59) 86.73(1.36) 80.73(3.07) 87.67 (1.45) 87.45(1.51) 31.95(5.56) 71.98(2.73) 81.51(3.66) 81.25(3.61)
0.20 68.47(4.79) 87.61(0.99) 86.21(1.53) 89.04(0.97) 88.93(1.0) 40.94(4.75)  78.25(1.53) 89.49(1.09) 89.41(1.1)
030 82.17(2.32) 87.62(0.8) 88.0(1.2) 89.81 (0.87) 89.74 (0.89) 44.89(5.34)  82.11(0.81) 91.83(0.86) 91.79(0.83)
0.50 88.18(1.0)  87.84(0.96) 89.04(1.0) 89.98(1.0) 89.94(0.99) 37.33(2.51) 85.67(0.98) 93.79(0.91) 93.77(0.9)
0.80 89.65(1.49) 87.88(1.4) 89.68(1.45 89.97(1.42) 89.97(1.41) 33.93(1.16) 88.34(1.39) 94.91(1.01) 94.93(1.0)

3002 122475 79.02.75) 67.07(6.07) 78.29(3.14) 77.83(3.23) 30.17(11.33) 60.0(4.17) 2692 (9.6)  26.12(9.88)
0.05 20.42(7.03) 84.61(1.72) 69.2(4.38)  83.11(2.08) 82.5(2.19) 32.0(5.96) 66.19 (3.73) 64.75(6.55) 64.28 (6.54)
0.10 41.62(6.59) 86.73(1.36) 80.73(3.07) 87.67 (1.45) 87.45(1.51) 31.95(5.56) 71.98(2.73) 81.97(3.53) 81.79(3.5)
020 68.47(4.79) 87.61(0.99) 86.21(1.53) 89.04(0.97) 88.93(1.0) 40.94(4.75) 78.25(1.53) 89.52(1.07) 89.44(1.1)
0.30 82.17(2.32) 87.62(0.8) 88.0(1.2) 89.81(0.87) 89.74 (0.89) 44.89(5.34)  82.11(0.81) 91.8(0.86)  91.78 (0.84)
0.50 88.18(1.0) 87.84(0.96) 89.04(1.0) 89.98(1.0) 89.94(0.99) 37.33(2.51) 85.67(0.98) 93.78 (0.91) 93.77 (0.92)
0.80 89.65(1.49) 87.88(1.4) 89.68(1.45) 89.97(1.42) 89.97(1.41) 33.93(1.16) 8834 (1.39) 9491(1.0) 94.94(0.98)

4 002 122@4.75) 79.0(@2.75) 67.07(6.07) 78.29(3.14) 77.83(3.23) 30.17(11.33) 60.0(4.17)  27.69(9.72) 26.92 (9.95)
0.05 20.42(7.03) 84.61(1.72) 69.2(4.38) 83.11(2.08) 82.5(2.19) 32.0(5.96) 66.19 (3.73) 6551 (6.41) 65.15 (6.38)
0.10 41.62(6.59) 86.73(1.36) 80.73(3.07) 87.67 (1.45) 87.45(1.51) 31.95(5.56) 71.98(2.73) 82.13(3.47) 81.95(3.45)
0.20 68.47(4.79) 87.61(0.99) 86.21(1.53) 89.04(0.97) 88.93(1.0) 40.94(4.75)  78.25(1.53) 89.52(1.08) 89.46(1.1)
030 82.17(2.32) 87.62(0.8) 88.0(1.2) 89.81(0.87) 89.74 (0.89) 44.89(5.34)  82.11(0.81) 91.79 (0.86) 91.77 (0.83)
0.50 88.18(1.0) 87.84(0.96) 89.04(1.0) 89.98(1.0) 89.94(0.99) 37.33(2.51) 85.67(0.98) 93.78(0.92) 93.78 (0.92)
0.80 89.65(1.49) 87.88(1.4) 89.68(1.45) 89.97(1.42) 89.97(1.41) 33.93(1.16) 88.34(1.39) 9492(1.0) 94.94(1.0)
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Table 13: Accuracy of various SSL methods on the Salinas A dataset. We pick D = 50, k@ = 30, ¥® = 20 and
k™) = 10. Proposed methods are in bold.

q rate Laplace Poisson IP-QC CP-QC IP-SC CP-SC IP-CC CP-CC

1 58.08(8.37) 57.12(7.32) 60.63(7.49) 5879 (7.96) 59.53(7.92) 58.65(8.04) 58.82(8.11) 58.5(8.14)
2 66.85(5.49) 57.32(6.44) 67.72(537) 67.26(5.44) 67.23(5.57) 67.21(547) 66.95(5.65) 67.11(5.47)
S 7346(231) 56.83(5.31) 73.7(2.34)  73.62(232) 73.66(24)  73.59 (2.28) 73.62 (2.45) 73.55(2.24)
10 75.86(1.82) 56.08(5.31) 762(1.82) 76.1(1.82) 76.24(1.82) 76.05(1.83) 76.18(1.81) 75.98 (1.82)
20 77.61 (1.15) 562 (4.25) 78.55(1.38) 77.95(1.15) 78.35(1.33) 77.85(1.15) 78.2(1.19)  77.77 (1.14)
50 79.6(0.88)  56.44(3.93) 80.91(0.89) 80.08(0.91) 80.72(0.92) 79.96(0.89) 80.48 (0.93) 79.85 (0.9)
100 80.86 (0.57) 56.06(2.98) 82.35(0.63) 81.46(0.54) 82.14(0.61) 81.32(0.54) 81.9(0.61)  81.17 (0.55)
3 1  58.08(837) 57.12(7.32) 60.98(7.28) 59.25(7.54) 59.73(7.89) 59.0(7.85) 58.81(3.09) 58.67 (8.07)
2 66.85(549) 57.32(6.44) 67.75(5.42) 67.45(5.44) 67.26(5.6) 67.32(546) 66.85(5.77) 67.22(5.46)
5 7346 (231) 56.83(5.31) 73.59(236) 73.65(2.35) 73.61(242) 73.63(2.34) 73.58(2.48) 73.59(2.27)
10 75.86(1.82) 56.08(5.31) 76.09(1.88) 76.21(1.81) 76.15(1.84) 76.14(1.83) 76.15(1.84) 76.06 (1.83)
20 77.61(1.15) 562 (4.25) 78.52(1.51) 78.14(1.18) 78.42(1.43) 78.02(1.17) 78.26(1.31) 77.87 (1.15)
50 79.6(0.88)  56.44(3.93) 80.95(0.91) 80.37(0.89) 80.83(0.94) 80.18(0.9)  80.64 (0.93) 80.0(0.9)
100 80.86(0.57) 56.06(2.98) 82.47(0.7) 81.82(0.56) 82.33(0.62) 81.61(0.56) 82.1(0.61)  81.35(0.55)
4 1 58.08(837) 57.12(7.32) 60.88(7.37) 59.7 (7.13) 59.7(7.93) 59.12 (7.71) 58.78(8.12) 58.7 (8.03)
2 66.85(549) 57.32(6.44) 67.7(543) 67.55(5.47) 67.21(5.65) 67.35(549) 66.79(5.8)  67.24 (5.49)
5 7346 (231) 56.83(5.31) 73.58(236) 73.65(2.37) 73.6(242) 73.62(2.36) 73.57 (2.48) 73.6(2.26)
10 75.86(1.82) 56.08(5.31) 76.07(1.89) 7631(1.8) 76.15(1.85) 76.18(1.81) 76.14(1.85) 76.1(1.83)
20 77.61(1.15) 562 (4.25) 78.52(1.51) 7823 (1.18) 78.42(1.44) 78.09(1.18) 78.26(1.33) 77.91(1.15)
50 79.6(0.88)  56.44(3.93) 80.95(0.93) 80.53(0.87) 80.84(0.93) 80.31(0.91) 80.65(0.94) 80.06 (0.91)
100 80.86(0.57) 56.06(2.98) 82.45(0.7) 82.03(0.59) 82.34(0.63) 81.77(0.58) 82.11(0.61) 81.45 (0.54)

Table 14: Accuracy of various SSL methods on the Salinas A dataset. We pick k(") = 50, k() = 30, £ = 20 and
k™ = 10. Proposed methods are in bold.

j rate Laplace Poisson WNLL Properly p-Lap RW CK IP-VQC (2) IP-VQC (3)

1 1 59.28 (8.54) 58.31(6.46) 64.13(6.05) 64.1(6.04) 60.26(5.44) 63.1(5.14) 28.5(5.98) 59.93(8.28) 60.38 (7.94)
2 66.82 (5.35) 56.76 (7.03) 67.54(5.04) 67.42(5.1) 64.65(5.13) 66.94(4.76) 33.05(6.65) 67.04(5.19) 67.19(5.18)
5 73.74 (2.71)  55.56(5.89) 73.42(3.07) 73.14(3.15) 72.26 (3.07) 73.7(2.6) 46.37(5.32) 73.84(2.81) 73.78(2.85)
10 75.88(1.67) 56.49(5.18) 75.81(1.73) 75.32(1.81) 74.8(1.85) 7598 (1.73) 55.54(4.27) 76.15(1.72) 76.12(1.87)
20 7744 (1.37) 5599 (4.62) 7823(1.4) 77.56(1.58) 77.51(1.61) 77.99(1.22) 66.04(3.1) 78.1(1.38)  78.18(1.35)
50  79.58(0.94) 56.69 (4.19) 80.87(0.9) 80.21(0.93) 80.36(0.88) 79.1(0.85)  75.21(1.76) 80.45(0.96) 80.77 (0.98)
100 80.96 (0.73) 55.83(2.75) 82.1(0.63) 81.88(0.66) 82.12(0.61) 79.27(0.7)  79.82(1.02) 81.94(0.71) 82.34(0.73)

2 1 59.28 (8.54) 58.31(6.46) 64.13(6.05) 64.1(6.04) 60.26(5.44) 63.1(5.14) 285(5.98) 61.88(7.11) 62.23(6.78)
2 66.82 (5.35) 56.76 (7.03) 67.54(5.04) 67.42(5.1) 64.65(5.13) 66.94 (4.76) 33.05(6.65) 67.53(5.07) 67.68 (5.12)
5 7374 (2.71) 55.56(5.89) 73.42(3.07) 73.14(3.15) 72.26(3.07) 73.7(2.6) 46.37(5.32) 73.94(2.84) 73.86(2.85)
10 75.88(1.67) 56.49(5.18) 75.81(1.73) 7532(1.81) 74.8(1.85) 7598 (1.73) 55.54(4.27) 76.23(1.76) 76.14 (1.81)
20 7744 (1.37) 5599 (4.62) 7823(1.4) 77.56(1.58) 77.51(1.61) 77.99(1.22) 66.04(3.1) 7834 (1.31) 78.4(1.37)
50  79.58(0.94) 56.69(4.19) 80.87(0.9)  80.21(0.93) 80.36(0.88) 79.1(0.85)  75.21(1.76) 80.87 (0.98) 80.98 (1.01)
100 80.96 (0.73) 55.83(2.75) 82.1(0.63) 81.88(0.66) 82.12(0.61) 79.27(0.7)  79.82(1.02) 82.41(0.72) 82.53(0.75)

Table 15: Accuracy of various SSL methods on the MNIST dataset. We pick &) =30 — (¢ —1)-10for 1 < ¢ < 3.
Proposed methods are in bold.

q rate Laplace Poisson IP-QC CP-QC IP-SC CP-SC IP-CC CP-CC

2002 97.07(0.07) 968(0.06) 97.33(0.07) 97.18(0.07) 97.24(0.07) 97.16(0.07) 97.18 (0.07) 97.14 (0.07)
0.05 97.37(0.05) 96.85(0.04) 97.62(0.06) 97.49 (0.05) 97.55(0.05) 97.46 (0.05) 97.49 (0.05) 97.44 (0.05)
0.10 97.58(0.04) 96.85(0.04) 97.8(0.04)  97.69 (0.04) 97.74 (0.04) 97.67 (0.04) 97.69 (0.04) 97.64 (0.04)
020 97.81(0.04) 96.87 (0.04) 98.0 (0.04)  97.91 (0.04) 97.95(0.04) 97.89 (0.04) 97.91 (0.04) 97.87 (0.04)
0.30  97.92(0.04) 96.87 (0.05) 98.1(0.04)  98.01 (0.05) 98.06 (0.04) 98.0 (0.04)  98.02 (0.04) 97.98 (0.04)
0.50 98.08 (0.06) 96.87 (0.08) 98.24 (0.06) 98.16 (0.06) 98.21 (0.06) 98.15(0.06) 98.17 (0.06) 98.13 (0.06)
0.80 98.25(0.09) 96.9(0.12)  98.39 (0.09) 98.32(0.09) 98.36 (0.09) 98.31 (0.09) 98.33(0.09) 98.29 (0.09)

3002 97.07(0.07) 968 (0.06) 97.36 (0.07) 97.29 (0.08) 97.26 (0.07) 97.24 (0.07) 97.19 (0.07) 97.19 (0.07)
0.05 97.37(0.05) 96.85(0.04) 97.64(0.06) 97.59 (0.06) 97.56 (0.05) 97.54 (0.06) 97.5(0.05)  97.48 (0.06)
0.10 97.58(0.04) 96.85(0.04) 97.82(0.04) 97.77 (0.04) 97.76 (0.04) 97.74 (0.04) 97.7 (0.04)  97.69 (0.04)
020 97.81(0.04) 96.87 (0.04) 98.01(0.04) 97.98 (0.04) 97.97 (0.04) 97.95(0.04) 97.92 (0.04) 97.91 (0.04)
030 97.92(0.04) 96.87 (0.05) 98.1(0.04)  98.07 (0.04) 98.07 (0.04) 98.05(0.04) 98.02 (0.04) 98.02 (0.05)
0.50 98.08 (0.06) 96.87 (0.08) 98.24 (0.06) 98.21 (0.06) 98.21 (0.06) 98.19 (0.06) 98.18 (0.06) 98.17 (0.06)
0.80 98.25(0.09) 96.9(0.12)  98.38(0.09) 98.36 (0.1)  98.37 (0.09) 98.34 (0.09) 98.34 (0.09) 98.32 (0.09)
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Table 16: Accuracy of various SSL methods on the MNIST dataset. We pick k() = 30 — (¢ —1)-10for 1 < ¢ < 3.
Proposed methods are in bold.

j rate Laplace Poisson WNLL Properly p-Lap RW CK IP-vQC (2) IP-VQC (3)

1 0.02 97.06(0.09) 96.79(0.07) 96.55(0.09) 94.76(0.17) 94.48(0.17) 97.15(0.1)  95.34(0.16) 97.17(0.09) 97.2 (0.09)
0.05 97.37(0.06) 96.85(0.05) 97.2(0.05) 94.49(0.12) 95.49(0.1) 97.37(0.07) 96.46 (0.08) 97.49 (0.05) 97.52 (0.05)
0.10 97.59(0.04) 96.86(0.04) 97.58 (0.05) 95.59(0.08) 96.88 (0.06) 97.45(0.05) 97.18(0.06) 97.69 (0.04) 97.73 (0.04)
020 97.8(0.04) 96.87(0.04) 97.86(0.04) 97.08(0.05) 97.71(0.04) 97.5(0.05) 97.68 (0.04) 97.9(0.04)  97.93 (0.04)
0.30 97.92(0.05) 96.87(0.05) 97.98(0.05) 97.61(0.06) 97.88(0.05) 97.51(0.05) 97.88(0.05) 98.02(0.05) 98.04 (0.05)
0.50 98.08 (0.06) 96.86(0.06) 98.11(0.06) 98.01(0.06) 98.07 (0.06) 97.51(0.06) 98.09 (0.06) 98.17 (0.06) 98.19 (0.06)
0.80 98.22(0.1) 96.87(0.14) 9823(0.1) 9822(0.11) 9823(0.1) 97.52(0.13) 98.24(0.11) 98.31(0.11) 98.33(0.11)

2 0.02 97.06(0.09) 96.79 (0.07) 96.55(0.09) 94.76 (0.17) 94.48(0.17) 97.15(0.1)  95.34(0.16) 97.31(0.09) 97.34 (0.09)
0.05 97.37(0.06) 96.85(0.05) 97.2(0.05) 94.49(0.12) 95.49(0.1) 97.37(0.07) 96.46 (0.08) 97.62(0.05) 97.64 (0.05)
0.10 97.59(0.04) 96.86(0.04) 97.58 (0.05) 95.59(0.08) 96.88 (0.06) 97.45(0.05) 97.18(0.06) 97.8(0.04)  97.82(0.04)
020 97.8(0.04) 96.87(0.04) 97.86(0.04) 97.08 (0.05) 97.71(0.04) 97.5(0.05) 97.68 (0.04) 97.99(0.04) 98.0 (0.04)
030 97.92(0.05) 96.87(0.05) 97.98(0.05) 97.61(0.06) 97.88(0.05) 97.51(0.05) 97.88(0.05) 98.1(0.05)  98.1(0.05)
0.50 98.08 (0.06) 96.86 (0.06) 98.11 (0.06) 98.01 (0.06) 98.07 (0.06) 97.51(0.06) 98.09 (0.06) 98.24 (0.06) 98.24 (0.05)
0.80 98.22(0.1) 96.87(0.14) 98.23(0.1) 98.22(0.11) 9823(0.1) 97.52(0.13) 98.24(0.11) 98.37(0.11) 98.37 (0.11)
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