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Abstract

Higher-Order Hypergraph Learning (HOHL) was recently introduced as a principled alternative to clas-
sical hypergraph regularization, enforcing higher-order smoothness via powers of multiscale Laplacians
induced by the hypergraph structure. Prior work established the well- and ill-posedness of HOHL through
an asymptotic consistency analysis in geometric settings. We extend this theoretical foundation by proving
the consistency of a truncated version of HOHL and deriving explicit convergence rates when HOHL is
used as a regularizer in fully supervised learning. We further demonstrate its strong empirical performance
in active learning and in datasets lacking an underlying geometric structure, highlighting HOHL’’s versatility
and robustness across diverse learning settings.
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1 Introduction

Graphs play a foundational role in machine learning, enabling effective modeling of relational data across
a range of tasks—from semi-supervised learning and clustering to recommendation systems and manifold
learning, e.g. [11,27,/50L|57,59,/90,96-98]. However, many real-world phenomena involve more complex
interactions among sets of nodes, that are not fully captured by pairwise edges. Hypergraphs extend graphs by
allowing hyperedges to connect arbitrary subsets of nodes, and hypergraph-based methods are used broadly in
various areas of science such as in [17}250/30}31,46.56.62.67,69,73.,92.,94,95].

A central research question concerns the comparison between hypergraph and graph-based learning meth-
ods. Many such comparisons are grounded in discrete arguments (e.g., [1,18,/48,49,|61]]). More recently,
asymptotic consistency frameworks—a popular technique for analyzing graph-based methods by relating dis-
crete energies to continuum variational limits (e.g., [4.(9,19[23}/41,75L77/80,[89])—have been extended to the
hypergraph regularization setting [73,/87]. This continuum perspective allows for a principled assessment of
the role of hypergraph structures, supports a classification of hypergraph learning algorithms [87, Figure 2],
and enables a clearer understanding of the regularization behavior underlying complex discrete formulations.

In the analysis of graph- and hypergraph-based regularization, it is useful to distinguish between two com-
plementary components of a regularizer: (1) the support of interactions, i.e., which nodes influence one another
(determined by the graph or hypergraph topology), and (2) the interaction mechanism, i.e., how these influ-
ences are aggregated or penalized (e.g., via first-order differences, higher-order derivatives, or more general
nonlinear terms). Classical hypergraph learning methods typically enrich the interaction support—by allow-
ing edges to connect sets of nodes rather than pairs—but still rely on first-order, pairwise-like regularization
mechanisms [[87,(95]].

In this context, Higher-Order Hypergraph Learning (HOHL) was introduced as a method that more effec-
tively leverages hypergraph structure—not only by modifying which interactions are considered, but also by
altering the nature of such interactions. Specifically, HOHL decomposes the hypergraph into a sequence of
subgraphs that capture interactions at multiple scales. On each subgraph, a distinct regularization strength is
applied, allowing the model to enforce higher-order smoothness in a structured and scale-aware manner. In
doing so, HOHL exploits the full expressive potential of the hypergraph more fully and effectively. From an
analytical perspective, HOHL is shown to converge to a higher-order Sobolev semi-norm, making it genuinely
distinct from other hypergraph methods [[73,95] that asymptotically recover the standard W' regularization.

In this paper, we extend both the theoretical and computational analysis of HOHL. On the theoretical side,
we prove that when HOHL is used as a regularizer in the fully supervised learning setting, it yields explicit
rates of convergence between the learned function and the ground-truth target. Furthermore, we analyze a
truncated version of the HOHL energy—commonly employed in practice due to its reduced computational
complexity—and establish that it remains consistent, converging to the same higher-order continuum limit as
the full model.

On the computational side, we demonstrate that HOHL preserves the quadratic form characteristic of
Laplace learning and can, in fact, be interpreted as Laplace learning on a specially constructed graph. This
equivalence implies that all existing computational techniques developed for Laplace learning are directly ap-
plicable to HOHL, enabling seamless integration into established workflows. In particular, we highlight this
drop-in compatibility through an active learning application, where HOHL strongly outperforms traditional
Laplacian-based approaches. Finally, we extend the HOHL framework to settings where the hypergraph is not
embedded in some underlying metric space. This generalization necessitates a shift in the notion of scale-aware
regularization, but continues to yield strong performance, achieving state-of-the-art results on several standard
hypergraph benchmarks.

1.1 Contributions
Our main contributions are as follows:
1. Theoretical Guarantees for Supervised Learning: We prove that using HOHL as a regularizer in the

fully supervised setting yields explicit convergence rates between the learned function and the ground-
truth target.



2. Consistency of Truncated HOHL: We analyze a truncated version of HOHL, commonly used in prac-
tice for its computational efficiency, and establish that it remains consistent with the full model by con-
verging to the same higher-order continuum limit.

3. Connection to Laplace Learning: We show that HOHL preserves the quadratic form of Laplace learn-
ing and can be interpreted as Laplace learning on a specially constructed graph, making all standard
computational techniques for Laplace learning directly applicable.

4. Plug-and-Play Use in Active Learning: We demonstrate that HOHL can serve as a drop-in replace-
ment for Laplace learning in existing pipelines, highlighting its advantages through strong empirical
performance in active learning tasks.

5. Extension Beyond Geometric Hypergraphs: We generalize HOHL to hypergraphs without an under-
lying metric structure by redefining the notion of multiscale regularization, achieving state-of-the-art
results on standard hypergraph learning benchmarks.

1.2 Related works

A growing body of work has focused on the asymptotic consistency and continuum analysis of graph-based
regularization in the large-sample regime. These efforts include convergence results for total variation on
graphs [36]], graph cuts and Cheeger-type problems [34}38}[391/64], the Mumford—Shah functional [15[], and
empirical risk minimization [33]. In the semi-supervised setting, particular attention has been given to p-
Laplace learning [77]], fractional Laplacian methods [89]], Lipschitz learning [8},/10,/53,|68|], game-theoretic
formulations [9]], Poisson learning [7,11]], reweighted Laplacians [74], and truncated energy models [2}3]].
These developments reflect a general trend toward understanding the behavior of discrete algorithms through
the lens of continuum variational principles. Recently, such analyses have been extended to the hypergraph
setting [[73187]]

Consistency between discrete energies &, defined for functions v, : 2, — R, and a corresponding con-
tinuum energy £, defined on functions v : {2 — R, can be established through several analytical approaches:

* Pointwise convergence [4,19,/41,144,45,75,|80] examines whether &, (v, ) — Ex(v) as n — oo, for
sufficiently smooth functions v : 2 — R. A related approach considers the pointwise convergence of
the associated Euler—Lagrange operators [88].

* Spectral convergence [4,/12,132,65}(76L,|85,/86] analyzes the convergence of the eigenvalues and eigen-
functions of the discrete operator associated with (through Euler-Lagrange equations) &, to those of the
limiting operator appearing in E.

* Variational convergence [9}20,[2336-391(77,[79/82]] concerns the convergence of minimizers of &, to
those of £, typically formalized through I"-convergence [6]]. Among the three notions, it is often the
most relevant in semi-supervised learning, where the final label assignments are derived from minimizers
of the objective functional.

In this work, we focus on the latter two modes of convergence. In particular, to establish the variational con-
vergence of our truncated energies, we analyze the spectral properties of the HOHL Laplacian [[87]]. Our results
in the fully supervised setting are also of variational type, providing convergence guarantees for minimizers of
the discrete energies.

While much of the literature has focused on consistency, in the graph-based setting, recent works estab-
lished convergence rates in terms of various parameters such as the number of points n, the labeling rate, the
graph connectivity parameter € and the smoothness of the target function [|141|241|88]]. These rates offer impor-
tant theoretical guarantees for practical applications, where the dataset is finite and the discrete approximation
error must be controlled. In this work, we extend such results to the HOHL framework, similarly to [35]], show-
ing explicit convergence rates between the discrete minimizers and the continuum ground truth under suitable
regularity assumptions.

Beyond rates, computational efficiency is a key concern for applications. In practice, Laplace learning
and related graph-based methods often rely on a spectrally truncated energy formulation. While these trun-
cations are computationally efficient and widely adopted in large-scale settings, their theoretical justification



has largely remained heuristic [25,/60]. In this work, we contribute to closing this gap by showing that even
when the HOHL energy is truncated, it remains variationally consistent with the full model and converges to
the same continuum limit.

Our final computational result establishes a connection between the HOHL Laplacian, and a broad body of
work on graph reweighting [[13}(74]] (in classical models) and graph rewiring [26}42,/51}/52}/63,/81]] (in graph
neural networks), both of which aim to improve learning performance by structurally modifying the graph.
These modifications are often employed to address limitations such as oversmoothing or oversquashing [42]].
In the spirit of [1], which advocates for representing hypergraph structure within enriched graph formulations,
we show that HOHL can be interpreted as Laplace learning on a modified graph constructed directly from the
original hypergraph structure.

2 Background

This section presents the mathematical tools used throughout the paper. We begin by recalling the TL? space,
which provides a natural topology for comparing functions defined on discrete empirical measures to functions
on the continuum. We then review key concepts from I'-convergence theory, which we rely on to study the
asymptotic behavior of our discrete variational problems. References for the material presented here include
(6136177, /89].

2.1 The TL” Topology

Let P, (£2) denote the set of Borel probability measures on a bounded domain €2 C R with finite p-th moment.
For each 11 € P,(2), we denote by LP(u) the space of p-measurable functions with finite L” norm. A key
operation when comparing measures is the pushforward. Given a measurable map 7" : () — Z and a measure
p € P(Q), the pushforward measure T p € P(Z) is defined by:

Tyup(A) == u(T1(A)) for all measurable sets A C Z.
Definition 2.1. For an underlying domain (), define the set
TL? = {(p,u) [ 1 € Pp(),u € LP (1)} .

For (p,u), (v,v) € TLP, we define the TLP distance dryp as follows:

P
nr (o) = nt ([ oo+ lute) = op)P aston))
mell(pr) \Jax

where 11( 1, v) is the set of couplings between 1 and v.

This framework allows us to treat discrete functions—defined on sampled data—as elements of a well-
defined metric space and to compare them to their continuum counterparts in a stable way. The topology is
closely related to the p-Wasserstein distance [[70,/83]] on the graph of the function.

A useful characterization of convergence in TL? is the following [36| Proposition 3.12].

Proposition 2.2. Let (in, u,) € TLP be a sequence and (u,w) € TLP. Assume that i is absolutely continuous
with respect to the Lebesgue measure. Then the following are equivalent:

1. (pn,un) — (p,u) in TLP;

2.y, converges weakly to 11 and there exists a sequence of transport maps {T),}7> | with (Ty,) zp = pin
and [ |x — Ty(x)|de — 0 such that

Awm—mnumwmmﬁm

To apply this result, we rely on the following result (see [32, Theorem 2] based on [40]]) establishing that
such transport maps exist for empirical measures constructed from i.i.d. samples.
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Theorem 2.3 (Existence of transport maps). Assume that §) is the unit torus ®* /27, z; ~ pu € P(Q) where
has a density that is bounded above and below by positive constants. Then, there exists a constant C' > 0 such
that P-a.s., there exists a sequence of transport maps {T,, : Q — Q,}°° ;| from  to py, such that:

: nt/2|[Id—T, || .
lim sup,,_,~ W <C ifd=2;

. nt/4|[1d—T}, ||,00 .
lim sup,, W <C ifd>3.

The assumptions required in the above theorem correspond to conditions[S.1} and[D.T]introduced
later in the paper. Taken together, these results enable a rigorous comparison between discrete functionals
defined over sample-based measures and their continuum limits.

2.2 T'-Convergence of Functionals

To analyze the asymptotic behavior of our variational formulations, we use I'-convergence, a notion from the
calculus of variations that captures the convergence of minimization problems.

Definition 2.4. Let (Z,dz) be a metric space and F,, : Z — R a sequence of functionals. We say that F),
T'-converges to F with respect to dy if:

1. Forevery z € Z and every sequence {z,} with dz(zy,, z) — 0:

liminf F,,(z,) > F(z);
n—oo

2. Forevery z € Z, there exists a sequence {z,} with dz(zy,z) — 0 and

limsup Fy,(z,) < F(2).

n—oo

This notion of convergence ensures that the minimizers of F;, converge (in a suitable sense) to minimizers
of F', provided a compactness condition holds.

Definition 2.5. We say that a sequence of functionals F,, : Z — R has the compactness property if the
following holds: if {ny }ren is an increasing sequence of integers and { zj } xcn is a bounded sequence in Z for
which supyey Fr,, (21) < 00, then the closure of {z;} has a convergent subsequence.

Proposition 2.6 (Convergence of minimizers). Let F), : Z — [0, 00| be a sequence of functionals which are not
identically equal to co. Suppose that the functionals satisfy the compactness property and that they I'-converge
toF: Z — [0,00]. Then
lim inf F, = min F'(z).
A3, Jof Fnle) = mip F2)

Furthermore, the closure of every bounded sequence {z,} for which

(1) nlggo <Fn(2n) - 211612 Fn(z)> =0

has a convergent subsequence and each of its cluster points is a minimizer of F. In particular, if F' has a
unique minimizer, then any sequence satisfying (1)) converges to the unique minimizer of F.

In this work, we show that our discrete energies I'-converge to continuum energies in the TL”-topology.
This forms the backbone of our theoretical analysis, allowing us to rigorously link discrete regularization
schemes to their continuum analogues.

Lastly, the following result shows that I'-convergence is stable with respect to continuous perturbations.

Proposition 2.7 (Convergence of minimizers). Suppose that F,, : Z — [0, 0o] I'-converge to F' : Z — [0, 00].
Furthermore, assume that G : Z +— [0, 00| is continuous. Then, F,, + G I'-converges to F' + G.



3 Main results

In this section, we present our main results as well as the relevant notation and assumptions used for our proofs.

3.1 Hypergraphs

A hypergraph G is a pair G = (V, E), where V' denotes the set of vertices and E is a collection of subsets
e C V, called hyperedges. We say that all vertices within the same hyperedge e are connected and denote the
weight of hyperedge e by wg(e) > 0 and its degree/size by |e|. We write V' = {vz}llzl1

A special case of hypergraphs is when |e| = 2 for all e € E. In this case, (V, E) is called a graph
and every e represents a pairwise relationship between vertices (see Figure [T). Graphs can also be weighted
and we usually use the representation G = (V, W) where W € RIVIXIVl is a symmetric matrix with entries

w;j = wo(e) if e = {v;, vj}. On graphs, we define the (unnormalized) Laplacian L as

L=D-W

where D is the diagonal matrix with entries d;; = ZL’Z'1 Wij.

(V1)
el2 el13 q
v2 V3 v4
e23 - e34 Q - e23 e34

Figure 1: From graphs to hypergraphs (from ). Left: In the graph, the vertices vy, v, and v3 are all connected
pairwise. Right: A single hyperedge is added connecting all three vertices, transitioning from a graph to a hypergraph
representation.

We now introduce the hypergraph-to-graph deconstruction that is the foundation of HOHL. Let (V, E)
be a hypergraph and define ¢ = max.cp |e| — 1 as the maximum hyperedge size minus one. For each k €
{1,...,q}, we construct a corresponding skeleton graph G(¥) = (V, E¥)) with

E®) = {{vi,vj} ’ Jde € E with |e] = k+ 1 and {v;,v;} C e},

that is, G*) contains all pairwise edges induced by hyperedges of size k + 1. We refer to Figure for a visual

representation of of the decomposition. Let L(*) denote the graph Laplacian associated with G(¥).
E@)
el2 el3d
~
3 4
! e34 @
E(2)

el3

2 e23 @

Figure 2: Skeleton graphs with ¢ = 2 (from ).



3.2 HOHL

On graphs, a widely used regularizer is constructed using the graph Laplacian [84,98]]. For a functionu : V' —
R (which we also identify with a vector in RIV), its first-order smoothness is quantified by

14

u' Lu = % Z wij (u(v;) — u(v;))?.
ij=1

Minimizing this expression encourages u to take similar values on adjacent vertices. On certain graphs, this
functional can be interpreted as a discrete analogue of the Sobolev W2 semi-norm, which formalizes the
idea of penalizing the first derivative of a function defined on the graph [77]. More generally, the regularizer
v' L*v, with s € R, corresponds to a discrete Sobolev W*2 semi-norm and penalizes variations of v up to
order s [23./89]].

The HOHL energy, introduced in [87]], extends graph Laplacian regularization to the hypergraph setting. It
is defined as

q
2) ul [Z )\k(L(k))k] u=: uTL'((ﬁgu,
k=1
for u € R", where 0 < p; < ... < p, are powers and A1,..., A, > 0 are tuning parameters. In practice, we

often set p; = k for simplicity, although the same reasoning applies to any positive and increasing sequence
{pk}Z:y This energy imposes a hierarchical, scale-aware regularization: for each skeleton graph GG (k) the
corresponding Laplacian power (L(k))pk enforces smoothness at a specific scale, with the index & controlling
the granularity of the regularization.

We now discuss the geometric setting, where V' C R?, and the hyperedge set E is not given a priori. In such
cases, it is common to construct F using geometric principles. The underlying intuition is that a meaningful
hyperedge should connect vertices that are close in some metric space.

In the graph setting, this idea is typically implemented via k-nearest neighbor (k-NN) graphs [84] or ran-
dom geometric graphs [66], both of which rely on locality: edges are formed either by linking the k nearest
neighbors or by connecting points within an e-radius neighborhood. Analogous locality-based constructions
for hypergraphs have been proposed, e.g., in [[73]]; see also [31]] for a broader discussion. A notable instance is
also the random geometric hypergraph model introduced in [87]].

As established in [[87]], the hierarchical, scale-aware regularization principle underlying HOHL admits an
effective surrogate in geometric settings via a multiscale graph construction, as proposed in [59]]. In what
follows, we introduce this alternative formulation.

Let Q, = {z;}"; C Q C R? be a set of n feature vectors, where we assume that g we P). We
adopt the same probabilistic framework as in [89]. Specifically, we consider a probability space (2, P) whose
elements are infinite sequences {z;}>°;. Our results are stated in terms of the measure PP, establishing that the
desired properties hold on a high-probability subset X C ) consisting of such sequences. For a set F, we
denote its complement by E°.

Given a length-scale € > 0, and a kernel function 7, we define the edge weights w, ;; between vertices x;

and x; by
Ti— T
%w=ﬁolgjg-

Let D,, . be the diagonal degree matrix with entries d,,  ;; = 29:1 We;j, and define the normalizing constant

1
o= [ nBDIP dh < o
Rd

The (unnormalized) graph Laplacian is then given by

2

An,e = W(Dn,s - Wn,e)-



We note that this is the rescaled version of L, i.e. A, . = #EHQL. With an abuse of notation, this Laplacian
n

can be interpreted either as a matrix A, . € R™ " or as an operator A, . : L2(pn) — L2(uy,), where
L = % > i, 0z, is the empirical measure.
For functions u,,, v, : 0, — R, we define the LQ(un) inner product by

n

<un7'Un L2(n n § un CCZ 'Un xz
=1

Such functions can be regarded as vectors in R™; in what follows, we will use the notation u,, both for the
function wu,, : £2,, — R and for the associated vector in R".

We denote by {(anck, Pnek)}i—; the eigenpairs of A, ., where the eigenvalues are ordered nondecreas-
ingly: 0 = ape1 < ane2 < apez < -+ < apepn (With strict inequality between ay, 1 and a,, . 2 whenever
the graph (€2,,, W), ) is connected). The corresponding eigenfunctions {¢y, . 1. }._, form an orthonormal basis
of L2(juy,).

Given the Laplacians defined above, the surrogate for HOHL (2)) is

q
Pk
Do MA
k=1

where 1) > ... > £(@ and p; > 0 controls the regularity imposed at each scale. We will allow the length—
scales to vary with the number of data point, i.e. ¢(*) = sq(f), and in this case, we write E,, 1= {sn M

well and ill-posedness of (3) in semi-supervised learning is precisely characterized in [87, Theorem 3. 5] as a
function of (.
We now define the continuum analogues of our discrete Laplacian operators. Let A, be the continuum

weighted Laplacian operator defined by

3

Apu(r) = — div(p*Vu)(z), z € Q

1
p(z)
and let {(53;, 1;)}2, be its associated eigenpairs where 51 = 0 < 2 < 53 < .... Here p denotes the density
of p with respect to Lebesgue measure. We note that {1; }22, form a basis of L?(;1) and we also define

4) H(Q) = {h e L(p)| HhHHS(Q 255 L i)? 12y < —I—oo} .
The space H*() is closely related to the Sobolev space W*2(Q) [23, Lemma 17].

Fully supervised problem with HOHL regularization. We now turn our attention to the fully supervised
problem, where (3)) is used as a regularizer. Specifically, for some sequence of points g,, = {g;}7_,, parameter
7> 0and v, : , — R, we define the fully supervised learning problem

1< 1
Rglg,;})(vn) ~n Z o (@) — gi‘2 +7 Z Ak (Vs Aike(k)vn>L2(ltn)'
i=1 k=1 ’"

For some g € C” and v : Q ~ R, the continuum counterpart to the above is

") = /Q [0(x) — 9(x)p(x) dz + 73 Ao, Avv)ag.

k=1

We are mainly interested in the case of noisy labels, i.e. when for some g € C°(€2), we have labels y,, =

{yi}®, where y; = g(z;) + & and & € R are independent and identically distributed sub-Gaussian centered

(Yn) )

noise. Adopting the terminology of [21]], for u,; 7’ and u, the minimizers of R(y" and R(()‘QT respectively, we

regard u(y”)

as

as an estimator of g. We further decompose its error into a variance and bias component, defined

) = urle, llL2g) and lur = gllr2(u)
respectively. Intuitively, the variance term quantifies the fluctuation caused by finite sampling, while the bias
term measures the approximation error introduced by the regularization.



Truncated HOHL energies. We also consider the truncated versions of our energies. We define the matrix
=>ia )\kAZ kaﬁf) and its continuum counterpart £@ = $°7_| \;AL*. In particular, £ is positive

semi-definite and we denote its ordered eigenpairs by {(8,i, ¢¥ni)}7;. Then,
(00 L00)1200) = 3 Bl 0, (1un)

=1

and the truncated energy for some threshold 7' < n is

Z Bn z wn % L2 #n)
We define the variational problems

Z;‘rzl 6n,i<v7 wn,i>i2(un) + \II((]/7 'U)) ifv = Hn and <Ua wn,k>L2(“n) =0
(S0 4 () = forall k> T,
+o00 else,

and
pOyast ( ) )\kﬁf’“) <v,¢i>%g(“) +U((v,v)) ifv=p,
400 else,

(SNHLY((v,0)) = {

where \I/ : TL3(Q) — R is a continuous function acting as data-fidelity term (for example ¥((v,v)) =
Jo lv(z) — y(2)|* dv(z) where y : Q — R is Lipschitz continuous). The minimizers of (Sj)flqg") v r((:v))
are spanned by the first 7" eigenvectors vy, ;.

3.3 Assumptions

In this section, we list the assumptions used throughout the paper.

Assumptions 1. Assumption on the space.
S.1 The feature vector space €2 is the unit torus R?/z.

Assumptions 2. Assumptions on the measure.
M.1 The measure y is a probability measure on 2.

M.2 There is a continuous Lebesgue density p of p which is bounded from above and below by strictly
positive constants, i.e. 0 < mingeq p(r) < maxzeq p(x) < 4o00.

The data consists of feature vectors {z;}_; and we make the following assumptions.

Assumptions 3. Assumptions on the data.

D.1 Feature vectors €2, = {x;}" ; are iid samples from a measure y satisfying We denote by ., the
empirical measure associated to our samples.

The weight function 7 is assumed to satisfy the following assumptions.

Assumptions 4. Assumptions on the weight function or kernel.

W.1 The function 7 : [0, 00) — [0, 00) is non-increasing, has compact support, is continuous and positive at
x=0.

W.2 The function 7 : [0, 00) — [0, co) satisfies n(t) > 5 fort < 1, n(t) = 0 forall ¢ > 1 and is decreasing.

The assumption that 17 has compact support reflects the practical constraint in most applications: for com-
putational efficiency, one typically limits the interaction range between vertices in the hypergraph.



3.4 Main results
3.4.1 Fully supervised problem with HOHL regularization

We start by establishing the following rates of convergence between the minimizer u;yﬁ ) of Rgﬁ) and g. The

function u&y ?) is the best regularized approximation of g on the graph given the label noise.

Theorem 3.1 (Rates between discrete minimizers and labelling function). Assume that[S.1} [M.1| [M.2] and

hold. Let ¢ > 1, {\,}}_, be a sequence of positive numbers, P = {py}1_;, C Nwith1 <p; <--- <p,
and E,, = {z—:glk) izl with eﬁ}’ > e > eﬁ{’) > 0. Furthermore, let p € C*° and assume that Ws(k) 0= 0. Let
& be iid, mean zero, sub-Gaussian random variables, g € C* and y, = {y;}}_, with y; = g(a:zn) —|— &. Then,
forall o« > 1 and T, there exists g > 0 and C > ¢ > 0 such that for all E,, satisfying

1/d
802521)2...25%1)20<10g(n)> ’

n

d+4
)"

and 0 < T < Ty, the following holds with probability 1 — Cn™% — Cnefcn(

1/2

0" ()" )" ()

()7 o (! g

q
&) [ul?) = glaullzgn) < C | D> M
k=1

where u%yﬁ ) is the minimizer of Rgly? ).

We note from Propositions 4.3]and 4] that the variance term scales as

q (1)y2py 1/2 (1)\2py g
S hgh () B S )
o1 (en)?PE Sn(ey ) T k=1

while, by the proof of Theorem [3.1] the bias term is of order 7. This result highlights the nontrivial interplay
between the multiple length-scales {sq(lk)}zzl and the regularization parameter 7, which jointly determine the
convergence behavior of the discrete minimizers. Understanding this relationship provides practical guidance
for choosing these parameters to achieve an appropriate balance between bias, variance, and computational
cost. Finally, the theorem generalizes known rates for graph-based learning: when ¢ = 1, we recover the
convergence rates established in [35 Corollary 1.8], thereby situating our result within and extending the
existing theoretical framework on graphs.

Remark 3.2 (Optimal regularization parameter 7). For fixed bandwidth parameters z—:glk), the last two terms in

(@) have the form A/7 + BT, where A = (5,(11))21’1 andB =1+ >1_, )\ksglk). Minimizing this expression

1
over 7 > 0 yields the optimal choice 7* = (E’\l/%pl and, substituting the latter in (3) gives

2p1 1/2

o s ) ot

22 = glonlizuy < © | 3 () | (o)

3.4.2 Truncated energies

Next, we show that we can use the truncated version of HOHL in practice. In fact, going beyond heuristics,
the below results shows that truncated energies converges to the same continuum energy as the full energy
(see [87, Theorem 3.5]) This signifies that for large enough n, truncated and full energies will lead to arbitrarily
close minimizers.
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Theorem 3.3 (Consistency of the truncated sum of Laplacians). Assume that[S.1| [M.1} [M.2} [W.1|andD.1] hold.
Letq > 1, P = {py}{_y S Rwithp; < --- < pgand E, = {E,(lk)}zzl with e > - > &9, Assume that
p € C* and that 55{1) satisfies
log(n)
™ (55{1))“4’7"' B

Let R,, < n be a sequence with R,, — oo, ¥ : TL*(Q) — R a continuous function and (pin, u,) the minimizer
of (8T )flqg") w.g,- Then, P-a.e., there exists a subsequence (fin,, un,) converging to (u, u) in TL2(Q) where
(1, w) is a minimizer of (Sj)gé’g).

We emphasize that the convergence conditions we impose on the truncation are mild: it suffices that the
truncation threshold tends to infinity. This grants practitioners considerable flexibility in applying HOHL in
practice.

Moreover, we note from Lemma [{4.6|that the limiting continuum energy in Theorem 3.3

i(i B 0,002

i=1 k=1

is equal to (v, £(Q)U>L2( u)- In particular, this implies that £ could also be defined directly through its spec-
trum: it shares the same eigenfunctions as A,, while its eigenvalues are given by functions of those of A,.
This places our approach firmly within the framework of spectral kernel learning, where it is common to reg-
ularize with operators derived from the Laplacian. Spectral learning—and its analysis through reproducing
kernel Hilbert space techniques—has been shown to yield powerful results for uncertainty quantification, en-
abling explicit bounds on expected error as well as estimates of prediction variance in semi-supervised learning
(see [93] and references therein).

3.4.3 Non-geometrical setting

All of the preceding results focused on applying HOHL within the geometric setting. The following result
extends the analysis to arbitrary hypergraphs, demonstrating that the matrix Egg can be interpreted as the

Laplacian of a specially constructed graph (which may be signed [78]]).

Proposition 3.4. There exists a graph G whose Laplacian matrix is given by /Jéqii. Furthermore, L'Elqi

semi-definite and symmetric, and ([2)) is a quadratic form.

)

;s positive

This result is particularly noteworthy as it implies that standard numerical techniques developed for Laplace
learning are directly applicable to HOHL. These include spectral truncation (see Theorem [3.3)), Nystrom exten-
sions [29], conjugate gradient methods for Laplacian inversion, and more. Moreover, it suggests that HOHL
can function as a drop-in replacement for Laplace learning within existing machine learning pipelines. To
demonstrate this in practice, Section [5| presents active learning experiments where the HOHL matrix £$Lq)
defines a Gaussian prior over functions.

We can extend the HOHL energy (2) to non-geometric datasets, where geometric embeddings for the
vertices are unavailable and, for example, the weight models described in Section [3.2] do not apply. In such
settings, the standard feature-based hypergraph construction, e.g. [46}95]], forms a hyperedge among all nodes
that share a common categorical feature value. Each hyperedge is also assigned unit weight.

Unlike previous methods that rely on global hyperedge smoothing or iterative optimization, our approach
introduces scalable, structure-aware regularization tailored to categorical feature data. Crucially, in contrast to
the geometric setting, hyperedge size here does not reflect sample proximity but rather the frequency of shared
attribute values. Large hyperedges correspond to common features and tend to encode coarse relationships,
while small hyperedges capture more specific, and potentially more informative, structure. Promoting regu-
larity over these smaller subsets is thus useful for fine-grained label propagation. This represents the inverse
perspective of the geometric setting, where larger hyperedges encode finer local interactions. We summarize
the main differences of HOHL in the geometric and non-geometric setting in Table I}
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Aspect

Geometric Setting

Non-Geometric Setting

Vertex set V'

Qn = {xi}?zl C R4

Arbitrary object set (no embedding
in R?)

Hyperedge construction

Interpretation of hyperedge size

Use of length scales ¢

Based on distance/proximity (e.g.,
e-neighborhoods)

Smaller hyperedges correspond to
longer-range geometric connec-
tions; larger hyperedges capture
denser local neighborhoods

Essential for defining Laplacians
An,a

Based on shared attributes or fea-
tures

Smaller hyperedges reflect more
specific or rare attributes; larger
hyperedges correspond to common,
broad features

Not applicable

HOHL regularization

Higher regularization on large hy-
peredges

Higher regularization on small hy-
peredges

Continuum limit of HOHL

Characterization of well/ill-
posedness of HOHL in SSL

Rates of convergence for HOHL
regularizer

WPa-2 semi-norm [87]

v ([87, Theorem 3.5])

v (Theorem |3.1))

No natural continuum limit

Use of spectral truncation

HOHL is quadratic form

v/ (consistency in Theorem [3.3)

v

Table 1: Comparison of HOHL in geometric and non-geometric settings.

In real datasets however, even small hyperedges can contain many nodes, and large ones are common. This
poses computational challenges for HOHL, which penalizes through powers of Laplacians on skeleton graphs.
To address this, Algorithm[I|groups hyperedges by size and aggregates their skeleton graphs into a fixed num-
ber of levels. This reduces computational cost and imposes a multiscale hierarchy that prioritizes structurally
meaningful interactions. In Section [5} we demonstrate that HOHL outperforms many other hypergraph meth-
ods in semi-supervised learning.

4 Proofs

In this section, we present the proofs of our results.

4.1 Fully supervised problem with HOHL regularization

For this section only, we proceed to a constant re-scaling of the Laplacians in Section [3.2] In particular, we
define:

2 o
W (Dn,z—: - Wn,g) and Apu(x) = _p(x)

Ape = div(p*Vu)(z).

We also recall that E° denotes the complement of the set E.
First, the aim is to show the analogue of [35], Proposition 2.1] and to this purpose, we define

q -1
Wy = <Id +7 ApAP m) én

k=1
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Algorithm 1 Construction of multiscale Laplacians for HOHL. Hyperedges are grouped by size, skeletons are
aggregated into ¢ segments, and Laplacians {L(k)} are computed for use in (2).

Input: Hypergraph G = (V, E); number of skeleton graphs ¢
Output: List of Laplacian matrices {L(*)}{_ to be used in ()

1: Group hyperedges by size: A[j] < {e € E : |e| = j}

2: Let Ord < sorted list of unique hyperedge sizes (descending)

3: Initialize adjacency matrix list: Adj < []

4: for each j € Ord do

5: Construct skeleton graph from A[j] and append its adjacency matrix to Adj

6: end for

7: Define uniform thresholds to split Adj into ¢ segments and store them in the list Thresholds

8: for each k = 1to ¢ do

9: Let start;, < Thresholds[k — 1] > First index of segment &
10: Let endy, <— Thresholds|k] > One past the last index of segment k
11: Set W,Ek) +~—0

12 for each m = starty, to end;, — 1 do

13: W) — Wk + Adjm]

14: end for

15:  Compute Laplacian L®*) from W%

16: end for

17: return {L(M}]_,
as well as

pr\ —1
2 2
(©6) Wy = [Id+7) " A ((’“))QDn’ESf) &n
k=1 n|en

where &, = (&1,...,&,) and Dn’gslk) is the diagonal degree matrix defined in Section
Lemma 4.1 (Bound on matrix product). Assume that and hold. Furthermore, let

p € C* and assume that Wy; = 0. Let € N, ¢ > 1,1 < k < ¢, {\;}]_; be a sequence of positive numbers,
P={p}_, CNwithl <p <--- <pgand E, = {551” 1, with eﬁ}’ > e > 87({]) > 0. Let & be

iid, mean zero, sub-Gaussian random variables and Wy, be defined in (6). Then, for « > 1, 7 > 0 and 5$Lq)

satisfying L
55{1) >C (log(n)) ,

n

there exists C > 0 such that

2p1 1/2
an 6%1) 1
N,En n,Ep 9 T (k) d
L2(pn) n <5n >

with probability 1 — Cn™%.
Proof. In the proof C' > 0 (¢ > 0) will denote a constant that can be arbitrarily large (small), is independent
of n, and that may change from line to line.
For notational convenience, we define dm.E(T) = Z;L:1 <W (r)) . Forl < r < g, welet £, be the
7

s0En T,En j
event where the graph G, satisfies the following inequalities

* there exists constants C'; and C'y such that

(8) Ci<n'd . o) <Oy

n,%,En

forall1 <7 < n;
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#{J\( (r)) >O}<Cn<(r)> forl <i<n.

Let E = N?_, E, be the set of events such that the above inequalities hold for all < < ¢. By [35, Lemma

_ ()¢
2.2], we know that P(5,) > 1 — 2ne~™"(%")" Hence,
a a _ ()¢ (@)
P(E) < S PE) <3 2ne ) < one ()
r=1 r=1

implying that
—enfe@)?
P(E) > 1— Cne en(e?)”

Now, let G, be a graph in the event £/ and fix 1 <¢ < n.For1 < j < n,let

), () s

7 = Pr
and we note that
n
9) T (Wnﬁg)Di;ﬁHwn)i => g

Now, q;'- are centered and independent random variables. Furthermore, we estimate as follows:

/—1
' d
) Sl
¢ n + 7 M| Vo (r)
r n(sif’) J; E”)
clgl 1 1
(10) = (67(11@)])‘1 (57(11))2]31 31/\T<57<1r)1>2w
an Cl&;|

< (5%“)01

where we used the fact that (W (k>> <C (5(k))_ and (§) for (I0) and the fact that p; < --- < p,
ij

and ) > .. > el for (TT). This implies that [n* (5%1))]_1q§ are sub-Gaussian and satisfy the same

inequalities in the Birnbaum-Orlicz norm as in [35, Lemma 2.4]. By applying the same Hoeffding inequality
as in the latter, for any ¢ > 0, we therefore obtain

We then choose £ = A |28 g4 that, using (@),

()

12)
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with probability at least 1 — 2n~" conditioned on E. We pick A = 4/ D‘TH and, through an union bound,

obtain that (T2) holds for all 1 < i < n with probability at least 1 — 2n1~** = 1 — 2=, conditioned on E.
Starting from (12)), we get

Cnf (57(11))21)1 1 ( ) 1/2
(13) HW o DL b HW Dy i < e
en L2 (pin) fen Lo (4in) T n <€£Lk))

conditioned on E with probability at least 1 — Cn~%. Let A be the event such that (7) holds. By (13),
— 7Cn(€(q))
P(A) =P(A|E)P(E)+PA|E)P(E)>(1—-Cn %) - (1-Cn

and, to conclude, we can pick C large enough so that P(A) > 1 — Cn™“. U
Lemma 4.2 (Bounds on w,,). Assume that[S.1] [M.1} [M.2} [D.1| and hold. Furthermore, let p € C* and
assume that Wy; = 0. Let ¢ > 1, {\i}]_, be a sequence of positive numbers, P = {py}i_, C N with

1<p <---<pgand £, = {87(1k) Z:l with 5%1) > > 57(1q) > 0. Let &; be iid, mean zero, sub-Gaussian
random variables and Wy, be defined in (0). Then, for all o« > 1, there exists eg > 0 and C > 0 such that for

all E, satisfying
1) (@ log(n) 1/d
eo>e,) > >0 >0 — ,

and T > 0, the following holds with probability 1 — Cn=%

L.
2p1 1/2
1 I (5"1)) log(n)
14 ~VRE) (i@, <Oy A
o poreran], =02 O\ ()]
2.

C 2p1
n Z(eM)
(15) Il < = () -

Proof. In the proof C' > 0 will denote a constant that can be arbitrarily large, is independent of n, and that
may change from line to line. Let || - ||op denote the operator norm.
We start by noting that

1
(16) ivns}ﬁ(vn) = v, —a, + T; )\kA o Un = (Id + T;)\kA ) Up — a,.

In particular, this implies that, with probability at least 1 — Cn~ (see below), we can estimate as follows:

= Id+TZ)\kA (k) wn Sn
L2 (pn)

1
17) H2v72§;>(wn)

k=1 L2(un)
Pk
} 2 N
18) = (Id+T;AkA )wn— Id+rZ)\k MDM%) W
" L2(Mn)
q » )
kg ( >2p’€ |:(D” E'E’Lk> B anaglk)) - Dif5£k>:| n L2(pn)
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q
Ak 1—xi D ~
(19 =cry o > H Xy (W, )1 | =D |

k=1 nPk (en )> x€{0,1}Pk i=1 L2 (1)
where we used (16) in (I7), (6) in (I8), and the expansion

_ Xi 1—x;
(D, =W )= Y HDnE(k) net)

x€{0,1}Pk i=1

for (19). Subtracting the term Dikagf) from <ZX€{0’1}% [T, D:iaﬁf) (—Wnﬁg))l—xq:) removes the summand
associated with x = (1,1,...,1), so that every remaining product in the sum contains at least one factor of
Wn (k) and

"©en

Z HDXZE%JC) (k)) ) Dzkaglk): Z HDXZ $Lk))17Xi

x€{0,1}Pk i=1 x€{0, 1}Pk i=1
x#(L,.51)
For any fixed x € {0,1}P* with x # (1,1,...,1), let y denote the index of the first occurrence of W_
when reading the product from right to left (the index exists since all terms with x # (1,1,...,1) contain at

least one factor of W (k)) We can then factor the product as

’71/

n©en

k—7Tx
| | Xi 1 [ | | Xi i W rx—1
Dn s(k) TL Egc Y= ( Dn s<k) (k>) o ) (_ TMSSZC) )DnX€<k) ’

::T,TX

The term 7", contains py — r, factors, each equal to either D (k) Or W () Using the operator-norm
bounds from [35, Lemma 2.3], we have ||T_;. [|op < (Cn)P+~"x, Th1s 1mp11es that

H Z HDXZ <k) <k>)1_Xi — D™ k) | Wn
Nn,En Nn,En

1}Pk 1=1
XE{0,1}7 2= L2 (un)

= Z HD Z(k) (k)) Xy,

xefourki=1 "

X#(L"'vl) L2(/—Ln)
< Z HD ' (k) (k>) “Xiady,
xefo,1y7x lli=1 L2 (jin)
XA (L)
x—1 ~
< Z 1T llop ||V, <k>D (k)wn
x€{0,1}Pk L2(pn)
XA (L)
ry (L) 12
nx E:n 1
(20) <c Y am (=) AN
x€{0,1}Pk T n <€£Lk)>
X#(lv'“vl)
)" 12
npk: En
1) — (™ — 1) ( ) log(n)

T n (&k))d
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where we used Lemma. 1| for (20). Inserting (21)) into (19)), we obtain

to ) o
. < CT; . (57(7%))2171@ T n (87(1k))d

9 A ( o ))21’1 log(n) .

; (g%k))m)k n (57(1k))d

For the second claim of the lemma, let us start by assuming that G,, is a graph in the event E from the
proof of Lemma.1] Then,

1/2

|5vRE @)

(22) =C

- 1 ¢ &
Y T e > . 2
=1 q 2
s (i)
n 2
(23) < ¢ &
n 4

(24) Sng( )41,12 :

where we used the fact that there exists C'; < n_ldn NORS Cyforalll <i<mnand1l < r < ¢ for (23)

sEn

and the fact that p; < --- < p, and sg) > > 5%) for (24). Let A be the event such that (I5]) holds. Then,
arguing as in [36, Lemma 2.6], we can show that P(A | E) > 1 — C'n~®. Analogously to the proof of Lemma
4.1} we conclude that P(A) > 1 — Cn™°. O

Proposition 4.3 (Rates between discrete noisy and noiseless minimizers). Assume that[S.1] and

hald. Furthermore, let p € C* and assume that Wy; = 0. Let ¢ > 1, {)\k}zzl be a sequence of positive

numbers, P = {py}j_, € Nwith1 < py < --- < pg and E, = (e with el > . > &P >0,

Let &; be iid, mean zero, sub-Gaussian random variables, g € C*, y, = {y;}I", with y; = g(ml) + & and
n = {9(x:)}_q. Then, for all o > 1, there exists g > 0 and C > 0 such that for all E,, satisfying

1/d
> 57(1‘1) > C <log(n)> ,

eg > 67(11) > -

and T > 0, the following holds with probability 1 — Cn™%:

1/2

q () 2p1 g) 2p1
e lEr L)

yn)

luls) = u& |z

(yn) (gn)

where uy;, 7" and uy;’ are the minimizers of Rn +) and R(g”) respectively.

Proof. In the proof C' > 0 will denote a constant that can be arbitrarily large, is independent of n, and that
may change from line to line.

For v,gl), o2 Qo R, we start by estimating as follows using (16):

(FIREDC) - FTREDW) o) o) = kD ol
L2(un)

q
YN <Agkan (v o) o) - v,g2>>

L2 ()



Since AP* () 18 positive semi-definite, using the Cauchy-Schwarz inequality, we can conclude that
n,En

1
o) = o2y < 3IVRED @) = VRED (02) l12(u)-

Furthermore, by first order optimality and (T6)), we have that

( ) yn+TZ)\kApk(k)u( )—O

k=1

and
(gn) —gn + 7 Z )\kApk (k u(gn)

k=1

implying that
q
@) uly) — )+ N () - o) =&,
or equivalently
-1
(26) udy) —u®) = (Id T Z )‘kApk <k)> &n = wp.
k=1

We can now estimate as follows, with probability 1 — Cn~¢ (see below):

27 Hu yn - u(gn)||L2(un) < |lwy, — Wn |2 (un) T HwnHLQ (n)
1
< SIVRER (wn) = VRIED (@) 20, + [l 12,
2
<€7(11)> P1
(28) < O | IVREY () 12, + ~———
1)\ 2P 1/2 (1)) 2P
d €n log(n €n
29) <c ZAk< >2p aln) &)
2 ) () T

where we used (26) for (27)), the fact that VR%%’T‘) (wy,) = 0 and (I3) for (28) as well as (14) for (29). O

Proposition 4.4 (Rates between discrete noiseless and continuum minimizers). Assume that [S.1) [M.1| [M.2}

andhold. Furthermore, let p € C* and assume that Wy; = 0. Let ¢ > 1, {\,}i_, be a sequence of
positive numbers, P = {pk}zzl CNwithl <p; <---<pgand E, = {6%@}2:1 with 69) - > 52) > 0.
Let &; be iid, mean zero, sub-Gaussian random variables, g € C* and g,, = {g(x;)}I ;. Then, for alla > 1

and Ty, there exists g > 0 and C > ¢ > 0 such that for all E,, satisfying

1/d
5025511)2...2521)20(10%‘(”)) ,
n

_Cn(€< >)d+4pq
and 0 < T < 1, the following holds with probability 1 — Cn=% — Cne " :

q
(30) lurle, — uE liegu) < O Aeld)
k=1

(gn)

where uy 7’ and u. are the minimizers of R%g}l ) and R(o%),.r respectively.
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Proof. In the proof C' > 0 (¢ > 0) will denote a constant that can be arbitrarily large (small), is independent
of n, and that may change from line to line.
We start the proof by proving the following fact: if w, satisfies

31 (Id + TZ)\kA (k)> Up = ap,

k=1

then [[vn[lr2¢4,) < llanlli2(y,)- Indeed, by Proposition we know that > 7_, )\kAstW is a graph Lapla-

cian, so we can apply the same proof as in |35, Lemma 2.14] with the eigenpairs of E%Q) = % 1 )\kA ) to

deduce (31).

Next, by first order conditions, we note that u, satisfies the equivalent continuum identity

q
(32) (Id +7> )\kN;k> ur—g=0

k=1

from which we deduce that

q
(33) (Id + TZ)\kA ) Ur—g=r1 (Z )\kA o Z)\kAgk> U,
k=1 k=1

k=1

We then estimate as follows:

(34) <Id+7-z>\kAp’“ ) (urlo, — ulE) = (Id—i—rZ)\kA ¢ )mmn ~ g

k=1 k=1

(35) (Z ARAT Z )‘k:Apk) urla,

k=1

where we used the fact that u(g") satisfies (31)) with a,, = g, by first order conditions for (34)) and where we

used (33) (as well as a slight abuse of notation) for (35).
Let E; be the event such that 35, Theorem 2.8] holds for E,(f): we have

d+4pk,

P(Ey) >1—-Cn™ — C’ne_cn<€(k>)

which implies that

where we used the fact that p; < --- < p, and {57(116) Z:l with 6,(11) > > 57(?)

this means that

for the last inequality. In turn,

q
P (ﬂ Ek) 51— on - one ()
k=1

_Cn(5<q))d+4pq
We therefore obtain, with probability at least 1 — Cn™* — Cne " :

(Z AT Z /\kApk> Uy

APE - APE ) g
( oy~ A ) s

(37) < C’TZ)\kE (1 + [[ter || c2mps1)

(36) lurlo, — w2y < ||

L2(u)

L2(p)



where we used the fact that u,|q, —uggﬁ) satisfies (3T) with a,, = 7 < PR YWASGINE D )\kAka> urlq,
N,

for (36) and [35, Theorem 2.8] for (37).

To establish the desired result, it remains to verify that supy_, . ||tr||c2e,+1 < C. To that end, we start
by noting that (32) implies that

q
(9, Yi)r2(u) = (ur, Yi)r2( + TZ AN (AP Uz i) 2,

k=1
q
(38) = (Ur, Yi)r2(n) + TZ ARBYE (s, i) 12
k=1
q
(39) = (ur, Yi)r2() (1 = )\kﬁfk>
k=1

where we used the fact that A, is self-adjoint for (38). Then, for s > 0, we compute as follows:

||UT||’2HS(Q) = Z ﬂl‘s<u-r, ¢i>i2(u)

(9. idtag
40 ~Y 5
(40) ;6 (1+7>%_ )\kﬁfk)2

< Zﬁﬂgﬂmiz(u)

=1

= ||9H$-[s(9)
where we used (39) for (40). By [23, Lemma 17], there exists ¢ and C' such that c||h||yys, Q(Q) < Pl ) <

Cl|hllws.z2(q) for all b € H?(2). From the above, we therefore deduce that [|ur[lws2) < Cllgllws2(q)-
Finally, by Morrey s inequality [55]], for s sufficiently large there exists C’ > 0 such that

[urllgzentr < C'lltrllwsz < Cligllws2o)-
Since g € C*(2), taking the supremum of 7 over (0, 79) concludes the proof. O

Proof of Theorem[3.1} In the proof C' > 0 will denote a constant that can be arbitrarily large, is independent
of n, and that may change from line to line.

We start with an estimate between the continuum solution w, and g. Similarly to (I6), it can easily be
verified that

,VR(Q)( ) = g+7-z/\kApkv
k=1
from which we deduce the following identity

@1) (VR (w),w — v)p2(, — |lw — ey = T D Ak(w — v, AP (w — v)) 2 = RY (w) — R (v).
for any w,v € WPa2, Then, we have

q
@) ur = glfagn +7 Y Melur — g, AP (ur — g))r2ge) = R (9) = RY (ur)
k=1

q

43) = (VRY(9),9 — urdia(y = lg = urllfagy — 7 D Akl — ur, ABH(g — ur)) 12y
k=1

where we used @I)) for @2) with w = u,, v = g and @I)) for @3) with w = g, v = u,. We can therefore
conclude that

1
llur — 9”%2(@ < iHVRg%)(Q)HL%M)HQ — urllL2()
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or equivalently

q

A4 lur = gllLz) < TZ/\MQ, AP g)re < CT.
k=1

We now combine all the previous rates:

w2 = gla, 2oy = (Ul — w2 + 108 — url, L2 + l1urle, — glon L2 gm)

=T+ Ty +T;.

We can bound 7 using Proposition [4.3] and 75 using Proposition #.4] For T3, we proceed as follows. Let
T, : 2, —  be a transport map satisfying (75,) 44 = 1. Then, we have

lurle, = gloullLz(u,) = llurla, © Tn = gla, © TallL2(u
<lurlq, o Th — UTHL2(M) + Jlur — 9”L2(M) +[lg — gla, © TnHLQ(u)
=Ty +T5+ Tg.

Since g € C*(£2), g is Lipschitz and
(45) Ts < C|[Tn —1d||12(,0.

Similarly, from the proof of Propositon we recall that supg_ ., [lur H02pk+l(Q) < C which implies that
u. is bounded in C*(£2) and hence Lipschitz. Consequently, we can bound

(46) Ty < C||T, — 1d|| 2 (-

Since the choice of T;, is arbitrary among all maps satisfying (7},)4/t = f,, we take the optimal one minimiz-
ing || T, — 1d||12(,)- By the probabilistic transport bound of [28], this distance satisfies

log(§ 1/d
17, ~ gy < € (HE)

with probability at least 1 — §. By picking 6 = n~%, combining ([@&5)), (46) and (4] for 75, we obtain

< <T . (10g75n)>1/d>

with probability 1 — n™® which concludes the proof. O

4.2 Truncated energies

For clarity of presentation, we divide the proof of Theorem [3.3]into two parts. We begin by establishing the
result in the simpler case ¢ = 1. Next, we examine the spectral convergence properties of the operator ﬁ,(f),

and by incorporating this analysis into the ¢ = 1 argument, we obtain the general case.

4.2.1 Convergence of truncated energies in the single Laplacian case
The aim of this section is to prove the following result which corresponds to Theorem [3.3] when ¢ = 1. For
notational simplicity, we make the following assumption on the length scale ¢,,.

Assumptions 5. Assumptions on the length-scale.

L.1 The length scale ¢ = ¢, is positive, converges to 0, i.e. 0 < &, — 0 and satisfies the following lower

bound: |
i 08(17)

—— = 0.
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Proposition 4.5. Assume that [S.1} [M.1] [M.2} D.1] and hold. Let s > 0 and ey, satisfy|[L.1} Let K,, < n
be a sequence with K, — oo, ¥ : TL?(Q) — R a continuous function and (jin,u,) the minimizer of

(ST )nl {i}}) w.r,  Then, P-a.e., there exists a subsequence (fin, ,un,) converging to (ji,w) in TL?(Q) where

(,Un ) is a minimizer of (Sj) (1 {s})

Proof. In the proof C > 0 will denote a constant that can be arbitrarily large, independent of n and that may
change from line to line.
Our aim is to show that the functionals (Sj . {S} v i, 1-converge to (ST ) (1 {s} and satisfy the com-
pactness property. Once we can do this, all condltlons t}rom Proposition [2.6] are sausﬁed and we can conclude.
Let us define the functionals

2 ; — —
(ST e, () = {Zk 10y Onns V0T, 1V = pin and (U g v)n = O forall k> Ky

00 else

where a,, ., 1, are the eigenvalues of A, ., and

S 2 .
—1 Bi(¥k,v ifv=
00 else.
The latter functionals are similar to (SJ )nl {{;}}) vk, and (8T )(()i’&f}), the only difference being that they do
not contain the data fidelity term W.
First, we tackle the lim inf-inequality. We assume that (v,v) € TL?*(Q) and that (v, v,) — (¥,v) in

TL2 If liminf, oo (ST )n1 {is}}) , ((Zn,vn)) = +o0, then the inequality is trivial. Hence, without loss of
(1,{s})

generality, let us assume that sup,,cn(SJT )n Tent K

<¢n75n,k,vn>L2(un) = 0 for all & > K, and sup,,cy Zngl afwmk@n,gmk,v)iQ(un) < C. Since we have

((zn,vyn)) < C. In particular, this implies that v, = i,

n — v weakly (by the TL2-convergence assumption—see Proposition and u,, — p weakly (convergence
of the empirical measures), we conclude (by the uniqueness of weak limits) that v = u. We then proceed as
in [23, Theorem 2.2].

Let us start by assuming that 220:1 Bk< 1/)k>L2 < oo. In particular, since ¢y, ,, 1. — 9, and v, — v in

TL?(92) [23], we have that (¢, ., V)12 (uy) — (U ,d)k>L2 () by [37, Proposition 2.6]. Furthermore, by [37,
Theorem 1.2], we have a,, ,, . — Bj. Now, let 6 > 0 and pick K such that

Zﬁk » Pk LQ(Q)>Z/BI<: J k) T2(q) — O

Since K,, — oo, we have
Kn K
.. 2
lﬂgfzaz,an,kWn,amka ULa(,y 2 Uminf > ap o g (dn,cp ks v V)L L2 (pn)
k=1

n—oo
k=1

K
Zﬁlf;@a ¢k>i2(g)

B
Il
—

NE

> Biv, Yn)iaq) — O

e
Il
—

Taking 6 — 0, we obtain the lim inf-inequality. Now, assume that Y.~ ; 55 (v, @Z)Q%Q(Q) = oo. Then, for any
K € N, we have

Ky
C > hmlnfzan ensk ¢n ) >L2(Mn)

n—oo

K
> lim liminf ansm (Dren ks >L2(un)



hm Zﬂk v wk L2(Q)

= 0

which is a contradiction.

For the lim sup-inequality, we let (v,v) € TL*(Q). If (SJ )n1 {{;}}) x, ((,v)) = oo, the inequality is
trivial, so we assume that v = g and > _poq 55 (¢, 'U>iz(u) < oo or equivalently v € W*2(£2) [23]. If we can
prove the lim sup-inequality on a dense subset of {x} x W*2(Q), namely {1} x C°(Q), we can conclude
due to [36, Remark 2.7].

Let v € C2°(2) and define v,, to be the restriction of v to €2,. Let us consider the sequence (i, U,,) where
Un = Vn = Y g +1(Vns Pnen k) nPnen k- It is clear that (¢n c,, &, Un)n = 0 for k > K;,. We now verify that
(ftn, Un) — (1, v) in TL?(Q). With T;, the transport maps of Theorem we estimate as follows:

/\vnoTn—v|2d,u§2/]vnoTn—v|2d,u+2/|vnoTn—vnoTn|2du
Q Q Q

N~

1

Mﬁ !

<2y +2) (U — vy, ¢n76mk‘>i2(,un)
=1
2 n
47) 2N A 5——— Z ai,en,k@nv ¢”:€nv’“>%z(un)
Unen, Kn+1 e Knt1
C
Cnen Kn+1

where we used the fact that the eigenvalues are ordered for and [89, Lemma 4.19] for (48). We know
from [37, Theorem 1.4] that 77 — 0 and from the proof of [23, Theorem 2.2] that ai’sm K411 — ® which

allows us to conclude that (i, 7,) — (p, v) in TL?(Q).
Since v € C° then v € W™ for any m € N. Choose m € N with m > £ and let § > 0 be such that
s+ 0 = 2m. As an intermediary step, let us compute:

n n 2
Ty = Z aqsz,gmk <¢n,sn,ka Z {vn, ¢n,an,j>L2(Mn)¢n,an7]’>
k=1

j=Kn+1 L2 ()

n
2
- Z a275n7k<¢n:5n7k7 Un>L2(un)

k=K,+1
1 n
s+0 2

= a0 Z an,en,k<¢n:€n7k’?U'fl>L2(M")

n,6n, Kn+1 k=K, +1
< C
—_— aé .

n,en,Kn+1

Arguing as above, we obtain that 75 — 0. We conclude by estimating as follows:

Kn n
; s 5 \2 ; s 5 \2
hgfgp ; an7£n,k<¢n75nvk’ Un)LQ(un) < hfiso%p ; an,amkwn,sn,k, Un>L2(”n)
n
(49) < lim sup Z Uy o k(P s U”>L2( ot lim sup /7%
(50) < Z B (g, v)
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where used [89, Lemma 4.15] for (@9)), [89, Proposition 4.21] and the fact that 75 — 0 for (50). Squaring the
last inequality, we obtain the lim sup-inequality.

Summarizing the above two results, we obtain that (S.7 );11{{85}}) x, L-converges to (87 ) (D) Since W is

continuous in TL?(£2), we use Proposition [2.7|to deduce that

(8\7)511{{5”}} UK, I'-converges to (gj)(l As})

Let us now consider a sequence (i, v,,) minimizing (Sj)nl{is}}? vk, With sup,cy [vnllL2(u,) < C. In

particular, we note that (¢, -, x,vn)n = 0 for all k > K, and recall that K,, — oo. Therefore, we can apply
the same proof as in [23, Theorem 2.2] to show that there exists a converging subsequence in TL2(£2).
Specifically, sup,,cy ||vnl12(y,) < C implies that sup,,cy Zngl (Un, ¢”75n7k>12_42(,un) < C. Hence, by a di-
agonal procedure, we can find a sequence n,,, — oo such that for every k, (vy,,,, wnm,snm,kh?( fin,,) CONVEIgES
to some coefficient v;. By Fatou’s lemma, > 2% [y | < Hminfp oo 230 (Vg s Primenn k) 12(um, ) <

C, so we can define v = > 22, vk, € L%(u). Using [23, Lemma 7.7], we obtain a sequence R, — o0
such that ZkR”m (Vnis Prim e k)12 (i, ) Pt sEmm ok — 0 I TL?(Q2). We note that R,,,, can always be picked
such that R,,, < K,, . Indeed, the TL2-convergence resulting from (23, Lemma 7.7] holds for any sequence
converging to oo and majorized by R, : therefore, we can always pick R, = min{R,, , K, }.

Then, we check the convergence in TL? of Up,, O VU:

R,
||Unm © Tnm - UHLQ(N) g ||'Unm - Z <Unm7 ¢nm75nm7k>L2(Mnm)¢n’m75nm7k”L2(}Ln)
k=1
Ry,
+ || Z <vnm7 ¢nm75nm7k>L2(an7rL)¢nm75nm7k o Tn’m - /UHL2 (lu‘)
k=1
1 ey
2
S asi Z aflmﬁnm ak <’Unm ) ¢’)’Lm,8nm ’k>L2 (:u’ﬂ'm ) (bnm’snm 7k
n777.7€nm7an k:an—I—l
R,
+ || Z <Un’m7 (;Snmaenm7k>L2(Nnm)¢nm’€"m’k © Tnm - UHLQ(M)
C e
S (1187 + || Z <Unm, ¢7’lm75nmk>L2(unm)¢nm,€nmJC © Tnm - /UHLQ(/L)
Nm ,Enm ,an k=1

where the last inequality follows from the fact that sup,,cy S5, U e 5 (Uns Pre, k>ig(#n) < C'since (pn, vp)
are minimizers of (SJ ) {c,.},v,k,, (see also [89, Lemma 4.25]). In order to conclude that vy,,,, to v in TL3(Q),
we note the following two facts: the first term in the last inequality tends to O as argued in 23| Theorem 2]; the
second term tends to 0 since Z ke (Vn s g k)L2 (1, ) Prim k. — 0 ID TL?(Q). By Proposition we know

that the limiting point v is a minimizer of (SJ ) (! {S}). O

4.2.2 Spectral convergence of L',%q)

In this section, we analyze the spectral convergence of E%q)

section, prove Theorem [3.3]

Lemma 4.6 (Eigenpairs of £(9)). Assume that[S.1] Wa|and[D.Ahold. Letq > 1, P = {p;}{_, C R
withpy < --- < pgand £, = {55@}%21 with 8%1) > > 67({1). Assume that p € C. The eigenpairs of £
are {(Xioy B vi) 2,

Proof. First, we see that

and, by combining with the results of the previous

q q
@apy =3 " NeABRp; =~ A8 1.
k=1 k=1
This implies that ( L AeBE, wi) is an eigenpair of £(?). We now consider two cases.
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Case 1. Assume (3 7, \i,87", 7)) is an eigenpair of L9 Then,

LD = LDy, )2t
=1

[e'e) q
-t (z w)

k=1
and
[e’s) q
L% = (Wi, (Z w“)
i=1 k=1
Hence,

e q
Z<¢Za LZ(M <Z )\kﬁpk Z)\kﬁfk> =0.
k=1

=1

Since, {1;}72, are linearly independent then (t;, 1)1 2(,) ( DY A A;ﬁf’“) = (O forall i € N.

Hence for i # j (since 3; # [3;) we have (¢, ¥)12(,) = 0. As \|¢HL2 = 1 (assuming we normalised) then
¥ = 4.

Case 2. Assume ((3,1)) is an eigenpair of £(9). Then an analogous calculation to the one above implies

q
Z<¢’H¢>L2 (1) (B - Z )\kﬁfk) wz =0.
k=1

=1

Again, as {1;}5°, are linearly 1ndependent then WM@L?(#) (B—30_y MpB) = 0forall i € N. Since
1 # 0, then at least one (i, ¥)12(,) # 0. For this 7 we then must have 3 = > i1 AxBP* and so we are back

in Case 1. O
Proposition 4.7 (Convergence of eigenpairs). Assume that [Z\E] - - W1 and [D.1| hold. Let ¢ > 1,
P ={pr}i_, S Rwithp <--- < pqand E,, = {Esf) 1_, with e > o> D Assume that p € C™.

Assume that 5,({1) satisﬁes Then, P-a.s., the following holds:
L B = 3oy MBS

Proof. In the proof C' > 0 will denote a constant that can be arbitrarily large, is independent of n and that may
change from line to line.

In order to prove the proposition, we want to proceed as in [37, Theorem 1.2] where the authors show the
analogous result for a single Laplacian matrix A,, ., . In particular, the proof relies on the following results:

1. Ay, and A, are self-adjoint and positive semi-definite;
2. the functional (v, Ay, ¢, v)12(,,,) I'-converges to (v, A,v)12(, [37, Theorem 1.4];

3. if a sequence satisfies sup,, (v, An e, v)12(4,,) < C and [[vn][12(,,) < C, then there exists a converging
subsequence in TL?(§2) [37, Theorem 1.4].

Our Laplacian ngn satisfies the same three properties:

1. Since each A (4 is self-adjoint and positive semi-definite, so is £ = > 7 A.A ). The same
n,En k=1 n,Eqn

argument applies to L9,

2. The fact that (v, £7({I)U>L2(M) I'-converges to (v, E(‘I)fu)Lz(M) was shown in the proof of [87, Theorem
3.5].
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3. If we assume that a sequence satisfies sup,, (vn, L,(lq)vnhz(un) < Cand |[vpl12¢,,) < C, then in par-
ticular sup,, (vy,, AP (q)vn>L2(un) < C and anHLQ(un) < (C': we can therefore use [23, Theorem 2] to
n,En

deduce the existence of a converging subsequence in TL?(£2).

Specifically, let us start with the eigenvalues. First, we recall that since £7(f) is self-adjoint and positive
semi-definite, we can apply the Courant-Fisher characterization of eigenvalues [[16, Max-min theorem] to infer
that

(51 Bni= sup min <£(Q)U,U>L2 .
M €D veS L ollag, =1 " (hen)

where Y, ;_1 denotes the subspaces of R" of dimension 7 — 1 and S L denotes the orthogonal complement of
S with respect to the inner product in L?(p,,). We now proceed by induction on .

Base case i = 1. We first observe that the graphs (€2,,, Wn E(k)) are connected P-a.e. for n large enough. This

follows from the ordering sg) > > E%Q) and from Assumption (L.I), which guarantees connectivity in the

random geometric graph regime [43},66]]. Consequently, for all sufficiently large n, the first eigenpair (0, 1),
where 1 € R" is the constant-one vector, is shared across all Laplacians An ROE Thus, the first eigenpair of

the discrete operator E,(f) is given by (5,1, ¥n,1) = (0,1).
Furthermore, since the domain (2 is connected by Assumption [S.1} the continuum Laplacian A, has first
eigenpair (0, 1), where 1 denotes the constant function equal to one. By Lemma the first eigenpair of the

continuum limit operator £ is
q
(Z Akﬁfk,wl) = (0,1).
k=1

It follows that 8, 1 — 1 = 0 and (ptpn, ¥n1) — (1, %1) in TL2(Q) is satisfied.

Induction step. Now, suppose that 3, — 3¢ forall £ < i — 1.

Proof of the lower bound. Let S € X, 1, where X;_1 denotes the subspaces of L2(Q2) of dimension
i — 1. In this case, we will also write S for the orthogonal complement of S with respect to the inner
product in L2(z1). Let {v1,...,v;_1} be an orthonormal basis of S. For each £ = 1,...,i — 1, the lim sup-
inequality in [87, Theorem 3.5] ensures the existence of a sequence of functions v, , € L? (1) such that
(ftns Vo) — (11,v¢) in TL?(Q) as n — oo. By [37, Proposition 2.6], we have forall 1 < ¢ <4 — 1,

i {Jopelle2 ) = llvellez g =1,
and for all / # j,
(52) nlLI&<Un75, Um,j>L2(,un) == <U€)Uj>L2(u) = 0.
These results guarantee that for sufficiently large n, the set {vy, 1, ..., vy i—1} spans a (i — 1)-dimensional sub-

space of L2(j1,). We can then apply the Gram—Schmidt orthonormalization process to obtain an orthonormal
basis {Up 1, ..., Upni—1}. Namely, we define

~ Un,1
Un,1 = )
vn1llL2 ()
and recursively for £ = 2,...,i — 1,
~ B i—1 ) ) ) B iln,é
hmg = Umg — Z<Umg, Un,j)LQ(un)Un,jv Umg = =
=1 [ ellL2 (1)

By (52)) and [37, Proposition 2.6], it is straight-forward to check that ¢, y — v, in TL2(Q) for1 < ¢ <i— 1.
Let S,, € ¥, ;—1 be the subset spanned by {vp, 1, ..., Upi—1}.
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We now want to show that

(53) liminf 3,; > min (v, L9v)12(,).
n—o0 VES, ||U||L2(u):1
. . . (q) .
First, by (51), since 8,,; > min, g1 ||”\L2(M)=1<’C" U, V)12 () i
lim inf min LDy, vz =00
n—00 UES#=||U||L2(’“”):1< " ’ >L (Mn) ’
then (53) is trivially satisfied. We therefore consider the case when
lim inf min LDy, v)y» < 00
n—oo vGSﬁ-, ||U||L2(Hn):1< n 9 > (Mn)
and, without loss of generality (see [37./89]), we can assume that
lim inf min LDy, 012 = lim min LDy, v)y 2 < 00.
n—0o yesit, ”““L2<~n>=1< VR = IIvlle(M)=1< n U, V)L2 ()
Let w,, € S;- be a sequence such that wnllr2(u,) = 1 and
i (q) = 1 ' (9)
nh_)n;()(ﬁn Wy Wn )12 () = nh_)rgo e Tin (Lyv,v)12(,,) < 00.

o ||U||L2(,m)

(@)

Since limn%o(ﬁg‘”wn, W) 1,2 (un) < 00, we have that sup,, (L wp, wn>L2(un) < oo and, in particular,

sELp<ApTE$L1)wn,wn)Lz(un) < 00.
By [23| Theorem 2], we therefore obtain a converging subsequence (i, , wy,,) — (i, w) in TL(Q). By [37,
Proposition 2.6], we deduce that [[w/|r2(,) = limm—e0 [|[Wn,, [[12(4,,, ) = 1. Furthermore, since wy,,, € Sa
and 0y, ¢ — v, we also have <U),’Ug>L2(M) = limm_,oo<wnm,ﬁnmJ}p(Mnm) =0forl < /¢ <4i—1, which
implies that w € S1. Combining the latter facts about w, we estimate as follows:

min (v, E(Q)v)Lz(M) <Aw, ﬁ(q)w>Lz(

L — ©)
’UES ’ H’UHLQ(H)—l

(54) < liminf (wn,, , L3 wn,, )12 (s,
= lim min (LDy, v)2
n=00veSE, [[vll; 2,y =1 L2 (m)
<liminf sup min <£7({1)U,U>L2(un)

=00 S'GEn’i,l UESLv H’UHLQ(HTL)Zl

(55) = liminf 3, ;

n—oo

where we used the lim inf-inequality of [87, Theorem 3.5] for (34) and (5I)) for (53). Finally, taking the
supremum of all S' € ¥;_; in (53), applying the Courant-Fisher characterization to the self-adjoint and positive
semi-definite operator £(%) and using Lemma we obtain

q
(56) M8 = sup min 0, LDv) 20, < liminf By, ;.
kzzl | semivest ||v||L2W:1< e < minf B

Proof of the upper bound.  We now derive the corresponding upper bound

q
(57) limsup B < D AP
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We define S,, € ¥,, ;1 to be the span of the orthonormal set (¢, 1, ..., %y i—1). By [16, Max-min theorem],
we have

Bn,i = min <££Lq)v, U>L2(un)
UES#,W H’UHL2(un>:1

and, similarly to the above, without loss of generality, let us assume that lim sup,,_,. 8n,i = limy, 00 Bn -
By the induction hypothesis, for each 1 < ¢ < ¢ — 1, we have the convergence of eigenvalues and hence

lim Bn¢ = lm (L%, 0, ¥ 0)12(,) = Be < 0.
n—0o0 n—oo

This uniform boundedness implies that supn<£§1q)wn,g, Yne)12(p,) < 00 for 1 < £ <7 — 1. We use the same
compactness argument as above and a diagonal argument to obtain subsequences - which, to lighten notation,
we do not relabel - (11,,, ¥, ¢) converging to (i, h) in TL? for some hy € L2(p1). Moreover, by [37, Proposition
2.6] and recalling that (vn ¢, ¥n,j)12(4,) = 0, we have orthonormality in the limit

(hes hj)r2(n) = 7}1}%(¢n,éa¢n,j>L2(un) =0

for ¢ # j as well as
lellp = Tim [l =1

for 1 < ¢ <i—1. Let S be the set spanned by {hy, ..., h;—1}. In particular, the above implies that S € ¥j_;.
We also consider w € S such that |wllg2¢,) = 1 and

q
(58) <w,£(q)w>L2(u) = min <w7 £(q)w>L2(u) < Z )\k Zpk7

veSL, ||v||L2<M>:1

where the last inequality follows from the Courant-Fisher characterization for £(%) and Lemma

By the lim sup-inequality in [87, Theorem 3.5], we obtain w,, € L2(p,) such that (g, wy,) — (1, w) in
TL?(Q) and lim supn_m(dlq)wn, Wi )12 () < (W0, E(q)whz(#). Let us define the projection of w,, onto the
orthogonal complement of .S, as

i—1

flI}n = Wp — Z<wn7 ¢n7é>L2(/—Ln)wn7£

/=1

By construction, @, € S,». Moreover, from [37, Proposition 2.6], we have (wp, wn’@LQ(Mn) — (w, hg>L2(u) =
0 (since w € St)asn — ooforalll < ¢ < i — 1, and hence, it is straight-forward to check that
(bons Wp) = (11, w) in TL?(€),

We next compute the energy of w,,:

i—1 i—1
<£$Lq)’u~1n, U~1n>L2(,un) = <££LQ) (wn - Z<wnu wn,€>L2(un)wn,€> y Wp — Z (wna ¢n,m>L2(un)¢n,m>
(=1 m=1

L2 (un)

/=1 m=1

i—1 i—1
<£(q Zﬁn,é Wn,, Y Z>L2(,un Un g, Wn — Z<wm¢n,m>L2(#n)¢n,m>
L2 (pn)

= (LD, w12, QZﬁne (Wn, Yt P2y + Zﬁnz (W, P02 ()

i—1
<£( )wnvwn L2 Zﬂnﬁ wnv¢n€>L2
(=1
This implies
1—1
hmsup(ﬁ( )wn,wn>L2( ) < hmsup(ﬁ( )wn,wn>L2 () — Zﬂnz Wy, U, g>L2 (1)
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(59) < (w, LDw) 2,

where we used the lim sup-inequality of [87, Theorem 3.5] and the fact that 3,, ¢(wp, ¢n,£>iz (1m) > 0 for (39).
Since (pn, 1Wn) — (@, w) in TL?(Q) and |wllr2¢u) = 1, [37, Proposition 2.6] implies limy, o0 [|Wn [|1,2(,,,) =

1 and we can thus define

_ Wp
Wy = —————.
[ |2 ()
We conclude by estimating as follows:
lim ; = lim min LDy y
g Pni =00 yesL, ||v||L2W:1< Y UL )
(60) < limsup (L@ Wy, Wn)1.2 ()
n—oo
(61) < (w, LDw) 2,
q
(62) <> B
k=1

where we used the fact that [|@y,|12(,,,) = 1 and w,, € S;- for (60), (59) and the fact that lim,, o ||y, L2 =
1 for (6I)), as well as the facts that w € S and ||w |12()> the Courant-Fisher characterization and Lemma
for (62). This proves (57).

By combining (56) and (57), we get the convergence of eigenvalues. We now consider the convergence of
eigenfunctions and proceed similarly by induction.

Before starting, we introduce some additional notation. We denote the ordered eigenvalues of £(? by ~;
(which are equal to Z:l AeBP* by Lemma . We then write 4; for the distinct eigenvalues. Furthermore,
for each i € N, let s(7) denote the multiplicity of the eigenvalue 7;, and let i € N be such that

Vi = Vi T T Yivs(i):

We define E; as the eigenspace of £(@) in L2(u) corresponding to 4;. For n sufficiently large, let E,,; C R"
be the subspace spanned by the eigenvectors of L;‘” associated with the eigenvalues 3, ;5 ,,..., 05, ;, s(i)" Due
to the eigenvalue convergence results derived above, we have:
(63) lim dim(E, ;) = dim(E;) = s(7).

n—oo
We denote by Proj, : L2(u) — L2(p) the orthogonal projection (with respect to the inner product (-, 12(w)
onto E;. Analogously, for all sufficiently large n, we denote by Proj,, ; : L?(un) + L*(uy) the orthogonal
projection (with respect to the inner product (-, -)Lz( 4un)) Onto the subspace spanned by Ey, ;.

The following induction will prove that not only eigenfunctions converge, but also the projections, i.e. if
(4in,vn) = (p,v) in TL?(Q), then Proj,, ;(vn) — Proj;(v) in TL?(12).

Base case i = 1. We covered the convergence of 1, 1 to 11 in TLQ(Q) in the base case of the convergence
of eigenvalues. Regarding the projections, assume that (jt,,v,) — (p,v) in TL2(). Since by Assumption
(2 is connected, the first eigenvalue 7, = 0 is simple, and Proj, (v) corresponds to the constant function
equal to the mean of v with respect to yu, that is, Proj; (v) = (v, 1)12(,,. Similarly, convergence of eigenvalue
multiplicities implies that for n large enough, Ej, ; is one-dimensional. In this case, Proj,, 1 (v,) is the
constant vector equal to (v, 1)1,2(,,,)- By [37, Proposition 2.6], we have

lim (vp, Dr2(,,) = (v, Dz,

n—oo

establishing the convergence of the projections.
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Induction step. Now, suppose that ,, ¢ — ¢ in TL?(£2) and that Pro Jn,¢ converges to Proj, forall £ <i—1.
Letj € {i+1,...,7+ s(i)} and consider ), ;. From the convergence of eigenvalues, we have

i L5, )12 = 1im Bag =75 < 0.

In particular, supn<£7(1q)wn7j, 1/’n,j>L2( 1) < 00 and we can apply the same compactness result as previously, to
obtain a subsequence (pin,,, , ¥n,, ;) — (i, h;) for some h; € L2(p).

We note that PrOjn7€(¢n’j) =0forall1 < /¢ <7 — 1 (since 1, ; is associated with the eigenvalue £3,, ;))
and therefore, by the induction hypothesis, Proj e(hj) =0forall 1 </ <4 — 1. This allows us to deduce that
(using the spectral decomposition of £(2))

(LD, )y = D e IProj, (A [Fag = % D IProi, ()2 = Till s T2 -

By [37, Proposition 2.6] and the fact that ||¢n, j||1.2(,,) = 1, we also have [|h;][12(,) = 1, implying that

Bn)
(64) (LDhG, b2 > Fie
By using the convergence of eigenvalues, the lim inf-inequality of [87, Theorem 3.5] and (64)), we obtain
Fi =73 = oy = Uminf (L% g, Yngdizgn) = (CDh hi)iz > %

This implies that (£(@h;, hj)i2(u) = i and (64) also allows us to deduce that Proj,.(h;) = 0 for all r # i.
Indeed, suppose that ||Proj,(h;)|r2(, > O for 7 > i. Then (following the same spectral decomposition
preceding (64))), we have (E(q) hj, hj)12(.) > % whichis a contradiction. We conclude that /; is an eigenvector
of £(9) with eigenvalue 7;, establishing the convergence of eigenvectors.

It only remains to prove the convergence of Proj,, ; to Proj;. Consider (pi5, wn) — (s, w) in T L2(Q).
According to (63), for sufficiently large n, dim(E,, ;) equals s(i). We can therefore choose an orthonormal
basis {vn,1, . . ., Uy (i)} Of Ey; with respect to the inner product (-, -)12(,,,)» where each v, ; is an eigenvector

of E%q) corresponding to the eigenvalue an,% +

Similarly to the above, for each j = 1, ..., 5(i), the sequence {v;, ; }nen is precompact in TL? and - with-
out relabeling the subsequences - we may assume that (i, v, ;) — (p,v;) in TL?(2) for some v; € L2(p).
From [37, Proposition 2.6], it follows that each v; satisfies ||v;{|2(,,) = 1, and that the family {v1, ..., vy}
is orthonormal with respect to (-, -) 12(u)- Moreover, by the convergence of eigenvectors, each v; lies in the
limiting eigenspace £, so that {vy, ..., vy } forms an orthonormal basis for £;. Hence, the projection Proj;
can be written for v € L2(u) as

s(7)
Proj,;(v) = Z<U’UJ>L2(u)Uj'

J=1

On the discrete side, for all large enough n and v,, € L?(u,,), we have

s(1)
Projm(vn) = Z<Un7”n,j>L2(un)vn,j'

j=1
Now, since (fin, wy) — (1, w) and (i, vn;) — (1,v5) in TL2(2), we apply [37, Proposition 2.6] to con-
clude. O
Corollary 4.8 (I'-convergence of quadratic forms). Assume that|S.1) IAZ@] and|D.1|hold. Let g > 1,

1) q
> e >

P = {pk}izl C Rwithp; < --- < pgand E, = {55{“) Z:l with &, sn). Assume that p € C*.
Assume that 55{1) satisﬁes Then, P-a.e., for every s > 0, the following holds:

1. (vy, (E,@)s Un)12(u,) [-converges to (v, ([,(‘Y))S V)L2(p);
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S
2. If a sequence satisfies sup,, max{(vy, <££lq)> V)12 (n)s 10nllL2(un) } < C, then there exists a converg-
ing subsequence in TL?(Q).
Proof. We want to proceed as in the proof of [23, Theorem 2] where the analogous statement is proven for

A7, ., (see also the proof of Proposition@]for a similar argument). In particular, the authors mainly rely on the
fact that the eigenpairs of A,, ., converge to the eigenpairs of A,. In our case, by Proposition[4.7} the eigenpairs

of E%q) converge to eigenpairs of £(9) and we can therefore apply the same argument to conclude. O

Proposition 4.9 (Bounded energies). Assume that and hold. Let ¢ > 1, P =

{pr}i_; € Rwithpy < --- < pgand E, = {5%16)}%:1 with £ > - > @, Assume that p € C™
and that 5,(1(1) satisfies

. log(n)
(©3) s ()

For a continuous function v, let vy, denote its restriction to Q). For any k € N and u € C>*(f2), P-a.e., there
exists a constant C'(k,u) > 0 such that

(2K)
sup(vn, (L6) va)izgun) < Clh, ),
n
Proof. We want to proceed as in the proof of [89, Lemma 4.19] where the results was shown for the energy
(Uny A e, Un)12(p,)- In particular, the proof relies on the following elements:

1. Ay, and A, are self-adjoint and positive semi-definite;

2. (vn, A7 ¢, Un)12(p,,) T-converges to (vn, Ajvn)12 ()3

3. There exists a constant C'(u) such that [|A,(u) — Ay ¢, (u)[l12(,) < C(u)en — 0 35, Theorem 2.8].

For our energy, (v, ££Lq)vn>L2( we have:

Hn)?

1. Eq(lq) and £(9) are positive semi-definite and self-adjoint as shown in Proposition

2. the fact that (v, (Q(lq)) ’ Un)12(u,) [-converges to (v, (L(Q))s v)12(,,) is shown in Corollary

3. the fact that HE%Q) (u) — £ (Wllr2y < Clu)dof_y Aeell) 5 0. Specifically, let Ey, be the set such

that [35, Theorem 2.8] holds for E;k)I we can apply the latter result since the assumptions that p; <
--+ < pg and 5511) > .. 5%‘1) imply that (63)) holds for any 1 < k < . We know from the proof of
Proposition that, for any a > 1, there exists 0 < ¢ < C' and g9 > 0 such that P (ﬁzzlEk) >

—en(=) (1) @ o ghic -
aslongaseg > e’ > --- > gy”. On this intersection, we have

Pk _ Pk
<An£g€) Ap )u
k
<C

q
Ak
1
q
> 2we® (Jlullannay +1)
k=1

1-Cn=%—Chne

100 — L Dul| 20, <>

L2(p)

q
= C(u) Z Are®)
k=1

where we used [32] Theorem 2.8] for the inequality. The last term tends to O and, by applying the
Borel-Cantelli lemma with (63)), we can show that this convergence holds P-a.c..

We therefore apply the same argument as in [89, Lemma 4.19] to deduce the claim. O
Proof of Theorem[3.3] We are going to proceed as in the proof of Proposition 4.5] where the same result is
proven for the truncated energy of a single Laplacian matrix A7 _ . If we replace the latter by qu), [189,

Lemma 4.19] by Proposition .9] the convergence of eigenpairs by Proposition 4.7]and [89, Proposition 4.21]
by Corollary [4.8|the same proof applies. O
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4.3 Non-geometric setting

Proof of Proposition We start by showing that the set of matrices

M = MER\(M)iiZ—Z(M)ij
J#i

is closed under matrix product, and addition and multiplication by scalars. Closures under addition and multi-
plication by scalars are straight-forward to check. Let P, ) € M and consider

n n

> (PR =D D (P)ie(Qrj = D> _(Plir D _(Qkj = — > _(P)ir(@)ri = —(PQ)ii

i j#i k=1 k=1 j#i k=1

since, by assumption on Q, (Q)kk = — > 1.(Q)k; implying that (Q)rr = — 3= (Q)kj — (@) ki + (@) OF
(Q)ki = —3,4:(Q);. This implies that PQ € M.

Now, by definition, any Laplacian matrix L is in M and, by the above, so is L* for any k € N. Furthermore,
since L is symmetric, L¥ is too. This implies that Efﬁg =>7i, A (L) is symmetric and in M.

Let us now define a graph G = (V,W) where V is the same set of vertices used to define L,, (in our case,
this corresponds to €2, but our proof holds for any set of vertices) and W is the symmetric matrix with entries

W) = —([,gfg)ij for i # j and (W);; can be arbitrarily chosen. Then, for the (diagonal) degree matrix D
with entries (D;;) = Z?Zl(W)ij, the Laplacian of G defined as D — W is equal to [Z((ﬁi. Finally, since /J((ﬁg is
a sum of positive semi-definite matrices, it is too and, therefore (2) is a quadratic form. 0

5 Numerical experiments

We present experiments illustrating HOHL'’s flexibility and effectiveness. First, we show it can replace Laplace
learning in active learning. Then, we apply HOHL to hypergraph-structured datasets, observing consistent
gains over standard baselines.

5.1 Active learning

Optimization problems of the form arg min, J(v) + ¥(v,y), where .J is a regularizer and ¥ enforces label
fidelity, admit a Bayesian interpretation. Specifically, with a prior y(v) proportional to e~ (), a likelihood
111 (y|v) proportional to e~ Y(*:%) we obtain a posterior ji(v|y) that is proportional to e~/ () =¥(¥%) implying
that the maximum a posteriori estimator of o is the minimizer of J(v) + ¥(v,y). This formulation enables
uncertainty quantification and active learning, see [47,/60,/99].

Active learning is an iterative learning paradigm in which the most informative data points to label are
selected at each iteration by an acquisition function, rather than passively relying on a fixed labeled dataset.
The goal is to achieve high prediction accuracy with as few labeled examples as possible, making it especially
valuable in scenarios where labeling is expensive or time-consuming. Within the Bayesian framework, uncer-
tainty estimates derived from the posterior distribution y2(v | ) can guide this selection process—for instance,
by querying points where the predictive variance is high. This uncertainty-aware strategy helps prioritize data
that is expected to most improve the model.

In graph-based approaches, the regularizer is often chosen as J(v) = (v, L°v),, for some s > 0, where L
is the graph Laplacian [23)60,84,98]. This choice induces a Gaussian prior over functions, leveraging the fact
that L is a symmetric and positive semi-definite matrix [84]. By Proposition [3.4] an analogous construction
is possible on hypergraphs using the operator £](3qi)s, allowing us to define Gaussian priors in the hypergraph
setting as well. This introduces higher-order structure into the prior, effectively encoding regularity up to the
pg-th derivative [87].

We evaluate this approach within an active learning setting, employing uncertainty sampling as the acqui-
sition function [72]. Experiments are conducted on the MNIST [54] and FashionMNIST [91] datasets. Since
both datasets can be embedded in metric spaces, we approximate HOHL by (3) and, following standard prac-
tice to speed-up computation on large datasets [11[], we construct k-nearest neighbor graphs instead, replacing
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the scale sequence £® in Eq. with neighborhood sizes ED > ..o > k@), Edge weights are defined by
]2
W) 35 = €XP (—%7(?)”2) , Where dj ) (x;) is the distance from z; to its k®-th nearest neighbor. We
k) k K2

choose the norm || - || to be the cosine/angular distance.

We compare Laplacian and HOHL-based priors across 100 trials. As shown in Figure 3] HOHL priors
yield substantial improvements over graph-based priors, particularly at low label rates where higher-order
smoothness improves sample efficiency: with only 100 labeled points (i.e., 0.17% of MNIST and 0.20%
of FashionMNIST), on MNIST, accuracy improves from approximately 35% to 75% (+40 points), and on
FashionMNIST from 35% to 65% (+30 points), highlighting HOHL’s ability to leverage higher-order structure
under severe label constraints.

Our results suggest that smoother priors in high-density regions enable more informative sampling in early
rounds, which is critical when label budgets are small.

100+
80
80+ 70
N3 R
‘:: c 60
'~ 601
a 350
© ©
= 540
3 3 . .
Y 49 Laplacian prior ] 30 Laplacian prior
< +1 Std Dev < +1 Std Dev
20+ —— Hypergraph Laplacian prior 20 —— Hypergraph Laplacian prior
+1 Std Dev 10 +1 Std Dev
0 100 200 300 400 500 600 0 100 200 300 400 500 600
Number of labelled points Number of labelled points

Figure 3: Accuracy in active learning using Laplacian and HOHL priors. We use k(1) = 50, k() =30, A\; = 1, Ay = 4,
p1 =1, po = 2. Left: MNIST dataset. Right: fashionMNIST dataset.

5.2 HOHL for semi-supervised learning in non-geometric setting

We consider the Zoo [22]], Mushroom [22], Cora [|58|] and Citeseer [71] datasets. The hyperedges are created
following the procedure detailed in Section To ease notation, in this section, we will write £(?) instead
of Egli)s.

Using Algorithm[I] we consider the HOHL energy (2)) for semi-supervised learning with

cl<g<4
* powers py = £;
« regular growth coefficients (RC) Ay = ¢ or quickly growing coefficients (QC) A\, = 2 (QC).

We compare against Laplace Learning using the clique expansion—chosen over other hypergraph-to-graph
reductions for its preservation of the vertex set, see [92]—as well as three non-deep hypergraph methods im-
plemented in [31]]: transductive learning from [95]], hyperedge-weighted transduction from [30], and dynamic
hypergraph learning from [94]]. We report mean accuracies and standard deviation in percentages over 100
trials at different labelling rates in Tables 3 4] [5|and[6] We summarize the terminology used in our experiments
in Table[2] Similar experiments have been performed to test HOHL in the geometric setting in [87].
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Figure 4: Hyperedge size distributions for all datasets. Zoo and Mushroom exhibit nearly uniform distributions; Cora and
Citeseer are bimodal, with both large and small hyperedges. I denotes the total number of hyperedges in each case.

Term / Abbreviation Explanation

Aim of experiment Analysis of HOHL (2)) as a function of maximum powers g and

coefficients Ay

14 Index over scales 1 < ¢ < ¢
q Number of Laplacians 1 < ¢ < 4
A¢ Increasing coefficients: \y = £ or \y = 2
De Increasing powers: py = ¢
RC =1
QC Ao = (2
L@ HOHL using Algorithmfor 1<¢<4

Table 2: Terminology used in the g-experiments.
Rate L) L3 RC £3 QC L3 RC £3) QC L% RC £% QC
0.05 39.80(0.00) 42.32(6.14) 44.69 (7.53) 4232 (11.57) 33.13(13.55) 52.33(8.77) 53.05(8.03)
0.1 39.78 (0.00) 59.02 (5.52) 62.77 (6.50) 66.91 (13.05) 64.03 (14.72) 74.88 (6.56) 75.35(6.59)
0.2 39.76 (0.00) 75.52 (6.15) 75.88(5.00) 79.83(4.28)  77.05(5.04) 81.95(3.25) 82.14 (2.90)
0.3 39.73 (0.00) 80.56 (1.93) 80.56(1.64) 83.21(3.99) 81.05(4.27) 83.68(2.82) 83.70 (2.81)
0.5 40.38 (0.00) 84.98(3.22) 85.38(3.34) 85.06(2.86) 83.13(3.24) 85.92(3.49) 85.92(3.43)
0.8 4091 (0.00) 86.59 (4.49) 87.91(4.10) 87.55(3.63) 85.68 (4.16) 84.68 (3.86) 84.86(3.88)
Rate clique transductive ~ weighted transductive  dynamic transductive
0.05 39.80(0.00) 55.63(3.57) 55.63(3.57) 39.80 (0.00)
0.1 39.78 (0.00) 56.96 (2.02) 56.96 (2.02) 39.78 (0.00)
0.2 39.76 (0.00) 57.37 (1.27) 57.37 (1.27) 39.76 (0.00)
0.3 39.73 (0.00) 58.18 (1.60) 58.18 (1.60) 39.73 (0.00)
0.5 40.38 (0.00) 58.46 (1.83) 58.46(1.83) 40.38 (0.00)
0.8 40.91 (0.00) 57.50 (2.69) 57.50(2.69) 40.91 (0.00)

Table 3: Accuracy of various SSL methods on the Zoo dataset. The best-performing method in each row is highlighted
in bold.

We observe that HOHL with £(9) and 2 < ¢ < 4 consistently either closely matches or achieves higher ac-
curacy than both baseline hypergraph methods and the Laplacian on the clique-expanded graph. This suggests
that the skeleton-based segmentation employed by Algorithm|[I|succeeds in isolating subgraphs that reflect rel-
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Rate L) L? RC £2 QC L3 RC £® QC LB RC L® QC
0.05 51.79(0.00) 86.34(0.81) 86.30(0.83) 88.70(1.06) 88.39(1.19) 63.42(5.55) 88.00(1.31)
0.1 51.80(0.00) 87.22(0.38) 87.13(0.38) 88.43(0.79) 88.45(0.79) 78.99 (3.17) 88.87(0.95)
0.2 65.71 (3.76)  88.26 (0.39) 88.34 (0.45) 90.57 (0.69) 90.60 (0.83) 86.92 (1.47) 91.87 (0.77)
0.3 84.86 (1.01) 89.20 (0.36) 89.32(0.28) 92.54(0.52) 92.45(0.71) 89.31 (1.05) 93.27 (0.45)
0.5 89.74 (0.31) 90.36 (0.49) 90.27 (0.54) 94.22(0.31) 94.20 (0.44) 89.65(0.55) 94.27 (0.45)
0.8 89.53 (0.63) 91.32(0.72) 91.29 (0.70) 94.68 (0.51) 94.66 (0.44) 90.03 (0.68) 94.66 (0.44)
Rate clique transductive  weighted transductive  dynamic transductive

0.05 51.79(0.00) 90.72 (0.67) 90.01 (0.38) 51.79 (0.00)

0.1 51.80 (0.00) 90.80 (0.60) 89.96 (0.12) 51.80 (0.00)

0.2 69.72 (3.33)  90.66 (0.34) 90.02 (0.31) 51.80 (0.00)

0.3 85.70 (0.87)  90.65 (0.34) 90.13 (0.27) 51.79 (0.00)

0.5 89.69 (0.35) 90.62 (0.33) 90.24 (0.42) 51.80 (0.00)

0.8 89.73 (0.68)  90.56 (0.64) 90.38 (0.13) 51.78 (0.00)

Table 4: Accuracy of various SSL methods on the Mushroom dataset. The best-performing method in each row is

highlighted in bold.
Rate L) L3 RC £®Qc LB RC £ QC LW RC LW QC
0.05 30.19(0.00) 30.19(0.00) 30.19 (0.00) 30.19 (0.00) 30.19(0.00) 30.27(0.12) 30.44 (0.49)
0.1 30.19 (0.00)  30.19 (0.00) 30.19 (0.00) 30.19 (0.00) 30.19(0.00) 30.29 (0.16) 31.20 (0.91)
0.2 30.20 (0.00)  30.20 (0.00) 30.20 (0.00) 30.20 (0.00) 30.20 (0.00) 31.85(0.67) 34.74 (1.49)
0.3 30.19 (0.00)  30.19 (0.00) 30.19 (0.00) 30.19(0.00) 30.19 (0.00) 35.96 (0.97) 40.15(1.13)
0.5 30.18 (0.00) 30.89 (0.30) 30.89 (0.22) 30.18 (0.00) 30.18 (0.00) 44.39(1.33) 50.47 (1.22)
0.8 30.09 (0.00) 34.86(0.93) 35.44(0.92) 30.09 (0.00) 30.09 (0.00) 54.75(1.49) 60.01 (1.42)
Rate clique transductive  weighted transductive  dynamic transductive
0.05 30.19(0.00) 30.19 (0.00) 30.19 (0.00) 30.19 (0.00)
0.1 30.19 (0.00)  30.19 (0.00)  30.19 (0.00) 30.19 (0.00)
0.2 30.20 (0.00)  30.20 (0.00)  30.20 (0.00) 30.20 (0.00)
0.3 30.19 (0.00)  30.19 (0.00) 30.19 (0.00) 30.19 (0.00)
0.5 30.18 (0.00)  30.18 (0.00) 30.18 (0.00) 30.18 (0.00)
0.8 30.09 (0.00)  30.09 (0.00) 30.09 (0.00) 30.09 (0.00)

Table 5: Accuracy of various SSL methods on the Cora dataset. The best-performing method in each row is highlighted

in bold.
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Rate L) L£Z) RC £®QC L) RC £3) QcC L& RC £®Qc
0.05 21.06 (0.00) 30.52(8.39) 31.14(7.17)  21.13(0.25) 21.44(0.92) 33.71(6.14) 35.14 (6.03)
0.1 21.05 (0.00) 40.44 (7.23) 38.04(10.97) 21.23(0.24) 21.93(1.17) 47.14(4.32) 48.26 (3.87)
0.2 21.06 (0.00) 51.13(3.36) 53.05(2.65) 22.55(1.31) 24.26(2.56) 57.74(1.58) 57.86 (1.40)
0.3 21.06 (0.00) 56.99 (1.83) 56.70(2.36)  25.15(1.65) 27.91(2.12) 61.07(0.99) 60.89 (0.95)
0.5 21.09 (0.00) 62.37 (1.13) 62.52(1.26)  29.65 (1.15) 34.25(1.34) 64.08 (0.91) 63.66 (0.89)
0.8 21.11 (0.00) 66.04 (1.38) 66.36 (1.15)  37.16(0.75) 43.47(1.03) 65.63 (1.56) 65.24 (1.57)
Rate clique transductive  weighted transductive ~ dynamic transductive

0.05 21.06 (0.00) 21.06(0.02) 21.06 (0.00) 21.09 (0.05)

0.1 21.05 (0.00)  21.05 (0.00) 21.05 (0.00) 21.05 (0.00)

0.2 21.06 (0.00) 21.06 (0.00) 21.06 (0.00) 21.06 (0.00)

0.3 21.06 (0.00) 21.06 (0.00) 21.06 (0.00) 21.06 (0.00)

0.5 21.09 (0.00) 21.09 (0.00) 21.09 (0.00) 21.09 (0.00)

0.8 21.11 (0.00) 21.11(0.00) 21.11 (0.00) 21.11 (0.00)

Table 6: Accuracy of various SSL methods on the Citeseer dataset. The best-performing method in each row is highlighted
in bold.

evant structure in the data. In particular, HOHL methods achieve markedly stronger performance on Citeseer
and Cora, where conventional hypergraph baselines remain almost flat across all labeling rates — exceeding
their accuracy by more than threefold on Citeseer (66.36% for £(2) QC vs. 21.11% for baselines at 0.8 label
rate) and roughly doubling it on Cora (60.01% for L® QC vs. 30.09% for baselines at 0.8 label rate).

We also perform an ablation study comparing HOHL with only first-order regularization £() to the higher-
order variant £(9) with 2 < ¢ < 4. The consistent performance gains from adding the higher-order terms sug-
gest that higher-order regularization significantly enhances HOHL'’s ability to capture label-relevant structure.
The gap between the two versions widens with increasing label rates: on Citeseer, the difference in accuracy
grows from 14.08 percentage points at a 0.05 label rate (35.14% for L) QC vs. 21.06% for £(M) to 45.25
points at 0.8 (66.36% for £2) QC vs. 21.11% for £(M); on Zoo, the gain grows from 13.25 points at a 0.05
label rate (53.05% for £@ QC vs. 39.80% for £(1)) to 47.00 points at 0.8 (87.91% for £3 QC vs. 40.91%
for £(1). This effect is strongest when small hyperedges encode local patterns: taking higher powers of their
skeleton Laplacians enforces smoothness across these subsets, yielding sharper decision boundaries.

Furthermore, we note that increasing the value of )y, i.e. comparing RC and QC configurations, can lead
to large improvements: 88.00% for L® QC vs. 63.42% for £L*) RC at 0.05 label rate on Mushroom; 50.47%
for L) QC vs. 44.39% for £ RC at 0.5 label rate on Cora.

Figure [4] shows variation in hyperedge size distribution across datasets which influences how HOHL cap-
tures structure across scales.

* In Zoo, the small dataset size increases the chance that early labeled nodes span both fine and coarse
hyperedges, enabling HOHL to leverage multiscale structure even at low label rates. In contrast, Mush-
room’s larger size makes early labels less likely to touch smaller, more informative hyperedges. HOHL
methods thus surpass the transductive baseline only at higher label rates (starting from 0.2), whereas in
Zoo they already outperform it at rate 0.1.

* In Cora and Citeseer, the clear size gap between small and large hyperedges creates a strong separation
of local and global interactions. As the label rate increases, small hyperedges become more useful,
and HOHL’s higher-order regularization captures these patterns. On Citeseer, accuracy improves from
31.14% to 66.36% across label rates 0.05 to 0.8 for £(2) QC, while the transductive baseline stays flat at
~21%.

* The bimodal nature of the hyperedge size distribution in the Cora and Citeseer datasets suggests that an
even number of groupings in Algorithm [T] would better align with the data structure. This intuition is
supported by our results: £(9) with ¢ = 2,4 consistently outperform £ (£(3) RC and QC remain flat
on Cora; £®) RC and QC achieve 37.16% and 43.47% in comparison with 66.36% for £® QC and

36



65.63% for £*) RC at 0.8 label rate on Citeseer). In contrast, for datasets like Zoo and Mushroom,
where hyperedge sizes are more evenly distributed, the number of groupings appears less critical. In
these cases, £ performs comparably to L9 with ¢ = 2,4, confirming that uniform distributions are
less sensitive to the choice of segmentation (at 0.8 label rate on Mushroom, we have 94.68% for £3) RC
and 94.66 % for L) QC).

Dataset £ £3 RC £3 QC £3) RC £3) QC L® RC L% QC

Zo0o 0.00 (0.00)  0.00 (0.00)  0.00 (0.00)  0.00 (0.00)  0.00 (0.00)  0.00 (0.00)  0.00 (0.00)
Mushroom  19.91 (0.12) 21.07 (0.04) 21.07 (0.04) 22.01 (0.11) 22.01 (0.11) 22.05(0.12) 22.05 (0.12)
Cora 279 (0.05)  2.82(0.05) 2.82(0.05) 2.84(0.01) 2.84(0.01) 2.86(0.02) 2.86(0.02)

Citeseer 431(0.04) 436(0.07) 436(0.07) 437(0.01) 437(0.01) 4.38(0.03) 4.38(0.03)

Dataset clique transductive  weighted transductive  dynamic transductive
Zoo 0.00 (0.00)  0.00 (0.00) 0.01 (0.00) 0.14 (0.01)
Mushroom 19.72 (0.04)  4.35(0.10) 41.91 (5.14) 301.26 (2.29)
Cora 2.79 (0.03)  8.19(0.16) 83.85 (27.77) 137.15 (1.01)
Citeseer 432 (0.05) 33.02(0.43) 395.14 (224.17) 553.73 (1.30)

Table 7: Computation time in seconds for various SSL methods at label rate 0.1.

Table [/| reports the average time to solve the learning problem at label rate 0.1 (results are similar at all
rates), excluding graph or hypergraph construction, which is performed once and reused across experiments.
HOHL methods are run with a fixed, untuned configuration and no hyperparameter optimization. By contrast,
the last two hypergraph baselines involve iterative solvers and require tuning of regularization parameters,
leading to significantly longer runtimes. Despite its simplicity, HOHL methods consistently achieves strong
performance while being quick to compute, underscoring its practical efficiency.

6 Conclusion

On the theoretical side, we proved that HOHL is well-posed as a regularizer in the fully supervised setting and
established convergence rates between the discrete graph-based approximation and the underlying continuum
target function. We further showed that spectrally truncated variants of HOHL remain consistent in the limit,
supporting their use in practice.

On the practical side, we demonstrated that HOHL retains the quadratic structure of Laplace learning,
making it a viable drop-in replacement within graph-based pipelines. In particular, we integrated HOHL into
an active learning framework and observed substantial performance gains in low-label regimes. To general-
ize HOHL beyond geometric settings, we proposed a multiscale skeleton aggregation algorithm that enables
efficient regularization even in the absence of spatial embeddings. Our approach achieves state-of-the-art per-
formance, and we analyzed the impact of HOHL’s parameters in relation to the hyperedge size distribution of
the dataset.

Future work includes analyzing HOHL through the lens of reproducing kernel Hilbert space (RKHS) the-
ory, following approaches such as [93|], to derive expected error bounds in the semi-supervised setting as a
function of the length-scales. Additionally, adaptive skeleton segmentation and parameter selection strate-
gies—e.g., cross-validation, meta-learning, or Bayesian optimization—could further improve robustness. Fi-
nally, integrating HOHL into end-to-end differentiable models may enable closer connections to neural archi-
tectures, while extending it to dynamic or multilayer hypergraphs opens avenues for application to temporal
and multiplex data.
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