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Abstract

We generalize the closest point method (CPM) to solve surface partial differential equations
with general boundary conditions. The proposed extrapolation method provides a unified frame-
work for treating a broad class of inhomogeneous Neumann and Robin boundary conditions within
the framework of CPM. The accuracy and robustness of the method are demonstrated through
numerical convergence studies of an elliptic problem, Steklov eigenvalue problems, and a nonlinear
reaction–diffusion system.
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1 Introduction

Many partial differential equations (PDEs) arising in scientific and engineering problems are defined on curved
surfaces, which requires robust and accurate numerical methods to resolve the geometry. The closest point
method (CPM) [1] is a versatile embedding method for numerically solving PDEs on curved geometry, with
applications such as pattern formation [2]–[5], geometry and image processing [6]–[10], and first-passage time
problems of diffusion [11], [12].

However, there is limited discussion on the uses of CPM for open surfaces. It remains an open challenge to
extend the CPM to surface PDEs with general boundary conditions beyond the homogeneous Neumann and
Dirichlet types [13]. In this paper, we provide a simple and accurate extrapolation technique for the CPM to
tackle a broad class of boundary conditions. Our work is particularly relevant for applications where boundary
effects are critical, such as fluid dynamics on curved interfaces and biological membrane modeling.

1.1 Terminology and notations

Let S be an open surface — a smooth surface embedded in R3, with a co-dimension one boundary ∂S. For
x ∈ S, let N(x) be a unit normal to S. For y ∈ ∂S, let T(y) a unit tangent to ∂S, and n(y) the unit outward
co-normal to ∂S, as in Figure 1. Let ∇S be the surface gradient on S and ∂n = n · ∇S be the co-normal
derivative defined on ∂S. In this paper, we consider the following boundary condition for a function u defined
on S:

∂nu
∣∣
y
= j (y, u(y)) , y ∈ ∂S. (1.1)

The form (1.1) includes many commonly used boundary conditions. For example, the homogeneous Neumann
condition corresponds to j = 0, while the Robin condition corresponds to j = −κu.

The closest point function of S is defined by cp(x) := argminy∈S ∥x−y∥, where ∥·∥ denotes the Euclidean
norm. Provided that S is smooth, there exists a tubular neighbourhood B(S) where the closest point function
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Figure 1: Illustration of interior and exterior points. For an interior point xi, we have c̄p (xi) = cp (xi). For
a exterior point xj , the projection satisfies cp (xj) → ωS. In this case, c̄p (xj) ↑= cp (xj).

cp (x) is well-defined [16]. Within B(S), we define the set of interior points as I(S) = {x → B(S) : cp (x) /→ ωS}
and the set of exterior points as E(S) = {x → B(S) : cp (x) → ωS} (see Figure ref).

The closest point extension operator E extends a surface function u to B(S) by Eu(x) := u(cp (x)). The
operator E propagates the surface values along the normal direction in I(S) and the boundary values to E(S).

Following [15], we define the modified closest point function c̄p (x) := cp (r(x)), where r(x) is the reflection
of x across S along the normal direction, i.e. r(x) := 2 cp (x)↓x. The modified closest point extension operator
Ē is defined by Ēu(x) := u(c̄p(x)). If x → I(S), we have c̄p (x) = cp (x). Therefore, the extensions Ēu and
Eu coincide in I(E). For x → E(S), the value of Ēu(x) is Ēu(r(x)). In other words, Ē mirrors the interior
values to the exterior points (see Figure ref).

2 Closest point method for general boundary condition

Now, we discuss how to extend the surface values into E(S) according to the BC (1.1). Firstly, we introduce
two key lemmas that characterize a smooth extension which propagates surface values constantly along the
normal direction in I(S) and into E(S) according to the boundary condition (1.1).

2.1 Extrapolation for general boundary condition

Lemma 1. Suppose x → E(S). Let N = N(cp(x)) and n = n(cp(x)). Then, the vector x ↓ cp(x) lies in
span{N,n}.

Proof. Near cp(x), there exists a local chart (U, ε) mapping a neighborhood U ↔ S to the half-plane {(ϑ, ϖ) →
R2 : ϖ ↗ 0}, with ωS ↘ U corresponding to ϖ = 0. The boundary curve admits the 1D parameterization
ϱ(t) = ε→1(t, 0) for t in some interval I, and ϱ is smooth and regular. Let cp(x) = ϱ(t↑) with

t↑ = arg min
t↓I

≃ϱ(t) ↓ x≃2.

The first-order condition gives ϱ↔(t↑)
T [ϱ(t↑) ↓ x] = 0, so x ↓ cp(x) is orthogonal to ϱ↔(t↑), the tangent to ωS

at cp(x). Since {N,T,n} is an orthogonal basis, it follows that x ↓ cp(x) → span{N,n}.

With Lemma 1, we characterize how a smooth extension ū propagates the boundary values into E(S),
according to the BC (1.1).

Lemma 2. Let u be a smooth function defined on S that satisfies (1.1). Let ū be a smooth extension of u in
B(S) such that ū(x) = u(cp (x)) for x → I(S). Suppose x → E(S). Let w = (x↓ cp (x))/≃x↓ cp (x) ≃. Denote
the unit outward conormal n(cp (x)) by n. Then, we have

ωwū |cp(x)= ⇐w,n⇒ j(cp (x) , ū(cp (x))) , where ⇐·, ·⇒ denotes the Euclidean inner product. (2.1)
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Figure 1: (a) Hemisphere S with boundary ∂S, normal N, tangent T, and outward co-normal n. (b) An
interior point x1 ∈ I(S), we have c̄p (x1) = cp (x1). An exterior point x2 ∈ E(S), which satisfies cp (xj) ∈ ∂S
and c̄p (xj) ̸= cp (xj). (c) The smooth extension ū defined in (2.4).

cp(x) is well-defined [14]. Within B(S), we define the set of interior points as I(S) = {x ∈ B(S) : cp(x) /∈ ∂S}
and the set of exterior points as E(S) = {x ∈ B(S) : cp(x) ∈ ∂S} (see Figure 1(b)).

The closest point extension operator E extends a surface function u to B(S) by Eu(x) := u(cp(x)). The
operator E propagates the surface values along the normal direction in I(S) and the boundary values to E(S).

Following [13], we define the modified closest point function c̄p(x) := cp(r(x)), where r(x) is the reflection
of x across S, i.e., r(x) := 2 cp(x)−x. The modified closest point extension operator Ē is defined by Ēu(x) :=
u(c̄p(x)). If x ∈ I(S), we have c̄p(x) = cp(x). Therefore, the extensions Ēu and Eu coincide in I(E). For
x ∈ E(S), the value of Ēu(x) is Ēu(r(x)). In other words, Ē mirrors the interior values to the exterior points,
and indeed this is sufficient to implement homogeneous Neumann conditions [13], but is not enough for a
smooth implementation of (1.1).

2 The closest point method

We introduce two lemmas to support our main theorem characterizing a smooth extension which propagates
surface values constantly along the normal direction in I(S) and into E(S) according to the boundary condition
(1.1). We then describe the numerical discretization.

2.1 Extrapolation for the general boundary condition

Lemma 1. Suppose x ∈ E(S). Let N = N(cp(x)) and n = n(cp(x)). Then x− cp(x) lies in span{N,n}.
Proof. Near cp(x), there exists a local chart (U, ϕ) mapping a neighborhood U ⊂ S to the half-plane {(ξ, η) ∈
R2 : η ≥ 0}, with ∂S ∩U corresponding to η = 0. The boundary curve admits the 1D parameterization γ(t) =
ϕ−1(t, 0) for t in some interval I, and γ is smooth and regular. Let cp(x) = γ(t∗) with t∗ = argmint∈I ∥γ(t)−
x∥2. The first-order condition gives γ′(t∗)

T [γ(t∗)−x] = 0, so x− cp(x) is orthogonal to γ′(t∗), the tangent to
∂S at cp(x). Since {N,T,n} is an orthogonal basis, it follows that x− cp(x) ∈ span{N,n}.

With Lemma 1, we characterize how a smooth extension ū propagates the boundary values into E(S),
according to the (1.1).

Lemma 2. Let u be a smooth function defined on S that satisfies (1.1). Let ū be a smooth extension of u in
B(S) such that ū(x) = u(cp(x)) for x ∈ I(S). Suppose x ∈ E(S). Let w = (x− cp(x))/∥x− cp(x)∥. Denote
the unit outward co-normal n(cp(x)) by n. Then, we have

∂wū |cp(x) = ⟨w,n⟩ j
(
cp(x), ū(cp(x))

)
, where ⟨·, ·⟩ denotes the Euclidean inner product. (2.1)

Proof. By Lemma 1, w ∈ span{N,n}, where N is a unit normal at cp(x). We apply the orthogonal decompo-
sition w = ⟨w,n⟩n+ ⟨w,N⟩N and the linearity of directional derivatives to obtain

∂wū |cp(x) = ⟨w,n⟩ ∂nū |cp(x) + ⟨w,N⟩ ∂N ū |cp(x) .

Now ū is constant along the normal N so ∂N ū|cp(x) = 0. Secondly, we have ∂nū|cp(x) = ∂nu|cp(x) =
j
(
cp(x), u(cp(x))

)
= j

(
cp(x), ū(cp(x))

)
. Hence, we obtain (2.1).
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Theorem 1. Suppose S is a smooth surface with a tubular neighbourhood B(S). Suppose ū : B(S) → R
satisfies the extrapolation formula for boundary points

ū(x) = ū(c̄p(x)) + 2
〈
x− cp(x),n(cp(x))

〉
j
(
cp(x), ū(cp(x))

)
= Ēū(x) + 2

〈
x− cp(x),n(cp(x))

〉
j
(
cp(x), Eū(x)

)
, x ∈ E(S), (2.2)

and ū(x) = ū(c̄p(x)) for interior points x ∈ I(S). If ū is a sufficiently-smooth function when restricted to
surfaces points y ∈ S, then ū|∂S satisfies the boundary condition (1.1) to within O(∥x− cp(x)∥3).

Proof. Let x ∈ E(S). Applying the central difference formula to ∂wū|cp(x) with the stencil {x, r(x)}, we have

∂wū|cp(x) =
ū(x)− ū(r(x))

∥x− r(x)∥ +O(∥x− cp(x)∥2) = ū(x)− ū(c̄p(x))

2∥x− cp(x)∥ +O(∥x− cp(x)∥2), (2.3)

where the second equality follows by ū(r(x)) = ū(c̄p(x)) and that cp(x) is the mid-point of the segment
connecting x and r(x). Substituting (2.3) into (2.1), we obtain the extrapolation formula and the error
term.

Remark 1. In practice, ∥x − cp(x)∥ is bounded by the radius of tubular neighbourhood, which is a small
multiple of the mesh size ∆x [1], [15]. Hence, the error term in Theorem 1 is O(∆x3).

We can combine the extension condition ū = Ēū in I(S) with the extrapolation formula (2.2) to define an
extension in all of B(S):

ū(x) = Ē ū(x) + 2χE(S)(x) ⟨x− cp(x),n⟩ j
(
cp(x), E ū(x)

)
, x ∈ B(S), (2.4)

where χE(S) is the indicator function of E(S).

2.2 Embedding formulation and discretization

We illustrate how to incorporate the extrapolation method into the CPM through an elliptic example:

∆Su− c u = f in S, subject to (1.1) in ∂S, (2.5)

where ∆S is the Laplace–Beltrami operator on S. Let ū be the extension of the surface solution u according
to (2.4). By the Laplacian principles [1], [16], the Cartesian Laplacian ∆ applied to the extension ū coincides
with ∆Su on S, i.e., ∆ū

∣∣
S = ∆Su. It follows that E(∆ū) = E(∆Su). Therefore, by applying the extension

operator E to (2.5), we obtain the embedding equation E(∆ū)−E(cu+f) = 0. Using the idempotent property
E2 = E [17], this can be rewritten in the compact form

E
(
∆ū− cū− f̄

)
= 0 , in B(S), (2.6)

where f̄ := Ef . Following [12], [16], [18], we combine (2.6) and (2.4) via a penalty formulation:

E
(
∆ū− c ū− f̄

)
− γ

[
ū− Ēū− 2χE(S)(x)⟨x− cp(x),n⟩j(cp(x), Eū(x))

]
= 0 , x ∈ B(S) , (2.7)

where γ > 0 is a penalty parameter. In practice, we take γ = 2d/(∆x)2 with d = 3 as the embedding space
dimension.

Let u ∈ Rm denote the numerical approximation of ū at grid points xi, i = 1, . . . ,m. Let E, Ē ∈ Rm×m

be the cubic interpolation matrices such that [Eu]i ≈ u(cp(xi)) and
[
Ēu

]
i
≈ u(c̄p(xi)) (see [15], [16]). The

discretized embedding system of (2.7) reads

E(Lu− cu− f)− γ(u− Ēu− D j) = 0, (2.8)

where D ∈ Rm×m is the diagonal matrix with diagonal entry Di,i = 2χE(S)(xi)⟨xi − cp(xi),ni⟩, and f, j ∈ Rm

are defined by fi = f(cp(xi)) and ji = j(cp(xi), [Eu]i), respectively.
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Table 1: Numerical convergence of the Poisson problem (3.1).

∆x Length(u) Relative error in max–norm Order

0.1 7,161 5.4284e-3 –
0.05 24,321 1.2647e-3 2.1017
0.025 89,989 3.0515e-4 2.0512
0.0125 345,297 7.7049e-5 1.9857

Remark 2. When the analytical form of the unit co-normal n is unavailable, it can be approximated using sur-
face reconstruction techniques [19]–[21]. Alternatively, for xi ∈ E(S), we approximate n(xi) by

cp(xi)−c̄p(xi)
∥cp(xi)−c̄p(xi)∥ ,

which we justify as follows. By Taylor expansion,

c̄p(xi) = cp(cp(xi) + (cp(xi)− xi)) = cp(xi) +Dcp|cp(xi)(cp(xi)− xi) +O(∥xi − cp(xi)∥2),

where Dcp is the Jacobian of cp. Since Dcp projects onto the tangent space of S [17], and xi − cp(xi) is
orthogonal to the boundary tangent T(xi) (by Lemma 1), the vector Dcp|cp(xi)(xi − cp(xi)) is parallel to
n(xi). Hence, the above formula approximates n(xi) up to O(∥xi − cp(xi)∥2). If ∥cp(xi)− c̄p(xi)∥ falls below
a small threshold (taken as 10−4 in our experiments), indicating xi − cp(xi) is almost orthogonal to n(xi), we
set Di,i = 0 to avoid division-by-zero.

3 Numerical examples

In this section, we present numerical examples to validate the extrapolation method in CPM. All computations
were performed inMatlab R2024a; linear systems are solved using the backslash operator, and the eigenvalues
are computed with the eigs function. For the computation of the outward normal n, we used the approximation
based on cp(x)− c̄p(x) introduced in Remark 2.

3.1 Poisson equation

Consider the surface Poisson equation with Robin condition,

∆Su = f on S, ∂nu+ κu = g on ∂S. (3.1)

This is a special case of (2.5) with c = 0 and j(x, u) = −κu + g(x), which we substitute into (2.8) to obtain
the linear system

Au = b, , with A = ĒL− γ
(
I− Ē+ κDE

)
, b = Ēf − γg , (3.2)

where g ∈ Rm with gi = g(xi). For the convergence study, we prescribe the exact solution

u(ϕ, θ) = cos(2ϕ) sin2 θ + sin(3ϕ) sin3 θ (3.3)

on the unit upper hemisphere S = {(ϕ, θ) : ϕ ∈ [0, 2π], θ ∈ [0, π/2]}. One can verify that (3.3) is the Poisson
solution to (3.1) with κ = 1, f(ϕ, θ) = −6 sin2 θ cos(2ϕ) − 12 sin3 θ sin(3ϕ), and g(ϕ) = cos(2ϕ) + sin(3ϕ) on
∂S = {(ϕ, θ) : θ = π/2}. The numerical solution u obtained from (3.2) is compared against the exact solution
(3.3) with successively refined mesh size ∆x. As shown in Table 1, CPM with proposed extrapolation method
achieves second-order accuracy.

3.2 Steklov eigenvalue problem

Next, we consider the Steklov eigenvalue problem [22], which we compute nontrivial eigenpairs (ϕ, σ) that
satisfy

∆Sϕ = 0 in S, ∂nϕ = σϕ on ∂S. (3.4)

This problem arises as a special case of (2.5) with c = 0, f ≡ 0, and j(x, ϕ) = σϕ. The corresponding
discretized embedding formulation of (3.4) is given by Ē(Lϕ) − γ

[
ϕ− Ēϕ− D(σ Eϕ)

]
= 0, which leads to the

generalized eigenvalue problem Au = σBu, where A = ĒL − γ(I − Ē) and B = −γ DE. We show the computed
eigenfunctions for the unit hemisphere and Möbius strip in Figure 2. A conformal mapping argument shows
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that the Steklov spectrum of the unit hemisphere coincides with that of the unit disk, whose eigenvalues are
σ0 = 0 and σn = n (with multiplicity two) for n ≥ 1 [22] . We demonstrate in Figure 2 that our method
exhibits second-order accuracy for a selected set of eigenvalues.
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Figure 2: Steklov eigenfunctions for different geometries. Top: Unit hemisphere, a selection of the
Steklov eigenfunctions, numerically computed with mesh size ∆x = 0.025 (89, 989 grid points). The rightmost
plot shows the second-order accuracy of these selected eigenvalues. Bottom: Möbius strip, a selection of the
Steklov eigenfunctions, numerically computed with mesh size ∆x = 0.025 (72, 062 grid points).

3.3 Gray–Scott reaction-diffusion system

Finally, we use our proposed numerical method to demonstrate how the temporal dynamics of the Gray–Scott
pattern formation system

∂tu = Du∆Su− uv2 + F (1− u) , ∂tv = Dv∆Sv + uv2 − (F + k)v , in S,

are affected by Robin-type boundary conditions ∂nu + κu = 0, ∂nv + κv = 0 on ∂S. The Robin condition
represents leakage of the concentrations u and v through the boundary, controlled by the leakage parameter
κ > 0. We choose S to be a Möbius strip and set the parameters to F = 0.010, k = 0.042, Du = 8× 10−5, and
Dv = 0.4Du. Figure 3 shows that the system exhibits weak patterns that dissipate in finite time under no-flux
conditions (κ = 0; homogeneous Neumann condition), whereas the case κ = 10 induces chaotic and persistent
spatiotemporal patterns.

Figure 3: Gray-Scott model with Robin boundary condition. Numerical solution of the substrate u on
the surface of the Möbius strip at different time points. Top row: κ = 0 (homogeneous Neumann condition),
with total simulation time T = 4000. Bottom row: κ = 10, T = 10000.
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