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Abstract. We propose a novel, mesh–free, and gradient–free fixed–point approach for computing4
viscosity solutions of high-dimensional Hamilton–Jacobi (HJ) equations. By leveraging the Hopf–Lax5
formula, our approach iteratively solves the associated variational problem via a Picard iteration,6
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grids, characteristics, or differentiation. We demonstrate the practical efficacy and scalability of8
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1. Introduction. Hamilton–Jacobi partial differential equations (HJ equations)16

play a central role in numerous areas of mathematics, physics, and engineering, in-17

cluding optimal control [20, 48, 5], mechanics [19, 17], and the study of dynamic18

systems [29, 47]. They provide a rigorous framework for modeling systems governed19

by physical laws and have found applications in diverse domains such as geometric20

optics [38, 36], computer vision [8, 26, 40], robotics [33, 31, 4], trajectory optimiza-21

tion [18, 44], traffic flow modeling [27, 30], and financial strategies [24, 7]. Many of22

these applications naturally lead to high-dimensional HJ equations, where the state23

space involves multiple degrees of freedom or coupled system variables. The inherent24

high dimensionality of these problems poses a severe challenge for classical numerical25

methods.26

Traditional grid-based methods, including essentially non-oscillatory (ENO) and27

weighted ENO (WENO) schemes [42, 28, 6, 45], semi-Lagrangian methods [21, 12, 22],28

and level set approaches [41, 38, 39, 37, 2], achieve high accuracy in low-dimensional29

settings but rely heavily on discretizing the state space. As the dimensionality in-30

creases, the number of grid points required for accurate approximations grows expo-31

nentially, leading to prohibitive computational costs. Consequently, these methods32

become infeasible for many high-dimensional control problems, where the state space33

can easily exceed ten dimensions. To address this curse of dimensionality, alternative34

approaches have been proposed, including max-plus algebra-based methods [35, 1, 23]35

and Hopf–Lax formula-based methods [16, 10, 11, 9], which avoid explicit grid dis-36

cretization and allow parallel computation by solving optimization problems at each37

point, though they are generally limited to specific problem classes and often require38

convexity or other structural assumptions.39

Recent advances in neural network-based approaches [49, 51, 46, 34, 32, 50] have40

leveraged neural networks to store solution information in their parameters, offering41

scalable representations that can partially mitigate the dimensionality challenge inher-42
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2 Y. PARK AND S. OSHER

Table 1
Comparison of computational paradigms for solving Hamilton–Jacobi equations. The proposed

fixed-point method performs direct local evaluation, deep learning methods represent a global approx-
imation requiring prior training, and WENO is an evolutionary solver advancing solutions causally
in time.

Method Computation Type Precomputation Evaluation Cost Scalability Convergence

Grid-based methods Evolutionary Grid generation Exponential in grid size Exponential in d Guaranteed
Deep learning methods Global approximation Heavy training Low (forward network pass) Quadratic w.r.t. d No
Fixed-point (Ours) Local, mesh-free None Linear in iteration count Nearly d-independent Guaranteed

ent to high-dimensional HJ equations. In particular, the development of specialized43

neural network architectures tailored to express variational or representation formulas44

for specific classes of HJ equations has shown promising results [14, 15, 13]. Com-45

plementarily, a new method based on characteristics has been proposed to efficiently46

compute viscosity solutions via an implicit formula [43]. Despite these advancements,47

convergence and error guarantees of these approaches are often absent or heuristic,48

which limits the reliability of the computed solutions. Moreover, the repeated com-49

putation of derivatives through automatic differentiation for backpropagation incurs50

substantial computational and memory costs as the problem dimension increases.51

These factors constrain the practical scalability and efficiency of neural solvers for ex-52

tremely high-dimensional HJ equations, particularly in real-world applications where53

both accuracy and computational tractability are critical.54

In this work, we introduce a novel fixed-point iteration framework for solving55

high-dimensional HJ equations via the Hopf–Lax formula. Unlike traditional grid-56

based or neural network-based methods, our approach is mesh-free, causality-free, and57

derivative-free, making it particularly suitable for large state dimensions. By refor-58

mulating the Hopf–Lax formula as a fixed-point problem, we obtain a simple iterative59

scheme that converges to the unique global minimizer, enabling direct computation of60

the viscosity solution and associated optimal controls without spatial discretization or61

repeated differentiation. Importantly, the algorithm is straightforward to implement,62

requiring only basic iterative updates, which makes it highly accessible for practical63

use.64

We also establish rigorous convergence and error bounds under standard convex-65

ity and Lipschitz continuity assumptions, covering a wide range of practical optimal66

control and high-dimensional Hamilton–Jacobi problems. Within this framework, the67

method achieves unprecedented scalability while avoiding grids, characteristic tracing,68

and derivative evaluations. Moreover, in scenarios where overlapping characteristics69

produce kinks and the fixed point is no longer unique, we propose a randomly sam-70

pled multiple initialization strategy to explore all fixed points and reliably identify71

the one corresponding to the viscosity solution. Numerical experiments in up to 10072

dimensions, including non-smooth and control problems, demonstrate high accuracy,73

efficiency, and near dimension-independent computational cost.74

Table 1 highlights the distinctions between our fixed-point approach, deep learn-75

ing methods, and classical grid-based solvers. In contrast to deep learning methods,76

which require heavy global training, and grid-based solvers, which are evolutionary77

and causal from t = 0, the fixed-point method supports direct local evaluation at any78

point (x, t), with guaranteed convergence and nearly dimension-independent cost.79

Overall, our framework complements the limitations of existing classical numerical80

schemes and modern deep learning approaches: it combines dimension-robust scala-81

bility with provable accuracy, providing a theoretically sound and practically efficient82
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methodology for high-dimensional HJ equations.83

2. Method.84

2.1. Fixed-Point Representation via the Hopf–Lax Formula. Consider85

the Hamilton–Jacobi (HJ) equation86

(2.1)

{
ut +H(∇u) = 0,

u(x, 0) = g(x),
87

where H : Rd → R is a convex (or concave) Hamiltonian and g : Rd → R is a88

Lipschitz continuous initial condition. It is well-known that, under suitable regularity89

assumptions, the unique viscosity solution of (2.1) can be expressed via the Hopf–Lax90

formula:91

(2.2) u(x, t) = inf
y∈Rn

{
tH∗

(x− y

t

)
+ g(y)

}
,92

where H∗ denotes the Legendre transform of H.93

While the Hopf–Lax formula provides a variational characterization of the solu-94

tion, its practical evaluation requires computing the global minimizer y∗. By formally95

differentiating the variational expression, we arrive at the following fixed-point rela-96

tion for the minimizer:97

(2.3) y = x− t∇H(∇g(y)),98

which naturally motivates a Picard fixed-point iteration for approximating y∗. Specif-99

ically, the iterative procedure100

(2.4) y(k+1) = x− t∇H(∇g(y(k))), k = 0, 1, 2, . . .101

can be implemented in practice with a prescribed maximum number of iterations and102

convergence tolerance. The detailed algorithmic implementation is summarized in Al-103

gorithm 2.1. This fixed-point perspective establishes a bridge between the variational104

formulation of HJ equations and efficient computational realization, enabling scalable105

evaluation even in high-dimensional settings such as optimal control.106

Algorithm 2.1 Fixed-Point Iteration for Hamilton–Jacobi Equation

Require: x ∈ Rd, t > 0, g : Rd → R, H : Rd → R, Kmax ∈ N (maximum iterations),
ε > 0 (tolerance)

Ensure: y∗ ∈ Rd, approximate minimizer of the Hopf–Lax formula
1: Initialize y(0) ← x
2: for k = 0 to Kmax − 1 do
3: y(k+1) ← x− t∇H(∇g(y(k)))
4: if ∥y(k+1) − y(k)∥2 < ε then
5: break
6: end if
7: end for
8: y∗ ← y(k+1)

9: return y∗
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4 Y. PARK AND S. OSHER

Control-theoretic interpretation.. The fixed-point relation (2.3) admits a natural107

interpretation from the viewpoint of optimal control. Recall that the Hamilton–Jacobi108

equation can be equivalently expressed as109

ut +H(∇u) = ut + sup
q
{∇u⊤q − L(q)} = 0,110

where L is the Legendre transform of H. The corresponding value function of the111

optimal control problem is given by112

(2.5) u(x, t) = inf
q(·)

{∫ t

0

L(q(s)) ds+ g(y(0)) : y(t) = x, ẏ(s) = q(s)

}
.113

Under standard convexity and differentiability assumptions, the minimizer y∗ ob-114

tained from the fixed-point iteration corresponds to the optimal initial state y(0) in115

(2.5), and the associated optimal control is given by116

(2.6) q∗ =
x− y∗

t
.117

Hence, the proposed fixed-point scheme not only enables efficient computation of the118

viscosity solution u(x, t), but also provides direct access to the corresponding optimal119

control, without requiring characteristic tracing or grid-based discretization.120

Advantages.. Compared to traditional mesh-based numerical solvers (e.g., WENO121

schemes) or recent deep learning-based approaches, the proposed fixed-point method122

achieves significantly faster evaluation while maintaining high accuracy. Its key ad-123

vantages include:124

• Mesh-Free and Scalable: No spatial discretization or characteristic tracing125

is required, making the method well-suited for high-dimensional problems.126

• Derivative-Free: The approach avoids explicit derivative computations, re-127

sulting in low computational overhead and excellent scalability.128

• Casuality-free and Highly Parallelizable: The fixed-point updates do129

not rely on causality from neighboring grid points, resulting in a causality-free130

scheme that enables embarrassingly parallel computation across all spatial131

locations and significantly reduces wall-clock time on modern hardware.132

• Easy Implementation: The algorithm consists of simple iterative updates,133

making it straightforward to implement and highly accessible for practical134

use.135

• Highly Fast in High Dimensions: The pointwise fixed-point evaluation136

enables substantial computational speedups and maintaining efficiency even137

in very high-dimensional settings.138

• Control Recovery: The optimal control associated with the Hamilton–139

Jacobi solution is directly obtained from the fixed-point minimizer (2.6).140

• Wide applicability: The scheme accommodates a broad class of convex141

Hamiltonians and convex, Lipschitz-differentiable initial data, and can be142

extended to certain nonsmooth settings.143

2.2. Convergence Analysis. In this section, we establish rigorous convergence,144

error, and complexity guarantees for the proposed fixed-point iteration scheme (2.4).145

We derive quantitative bounds on both the minimizer error and the approximation146

error in the viscosity solution, and further analyze the iteration complexity required147

to achieve a prescribed accuracy. Together, these results provide a comprehensive the-148

oretical foundation for the efficiency, stability, and accuracy of the proposed method.149
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We begin by presenting sufficient conditions that ensure the existence and unique-150

ness of the fixed point, as well as the global convergence of the iteration. Throughout151

this section, ∥ · ∥ denotes the L2 norm.152

Theorem 2.1 (Fixed-point convergence). Let H : Rn → R and g : Rn → R be153

continuously differentiable functions such that:154

• H is strictly convex and has LH-Lipschitz continuous gradient:155

∥∇H(p1)−∇H(p2)∥ ≤ LH∥p1 − p2∥, ∀p1, p2 ∈ Rn.156

• g is convex and has Lg-Lipschitz continuous gradient:157

∥∇g(y1)−∇g(y2)∥ ≤ Lg∥y1 − y2∥, ∀y1, y2 ∈ Rn.158

Define the fixed-point operator159

F (y) := x− t∇H(∇g(y)).160

Then, for any x ∈ Rn and any time step t > 0 satisfying161

t LH Lg < 1,162

the iteration163

y(k+1) = F (y(k)), k = 0, 1, 2, . . .164

converges to the unique global minimizer of the Hopf–Lax formula (2.2).165

Proof. We aim to show that F (y) = x− t∇H(∇g(y)) is a contraction mapping.166

Let y1, y2 ∈ Rn. Then:167

∥F (y1)− F (y2)∥ = ∥x− t∇H(∇g(y1))− (x− t∇H(∇g(y2)))∥168

= t ∥∇H(∇g(y1))−∇H(∇g(y2))∥169

≤ t LH ∥∇g(y1)−∇g(y2)∥170

≤ t LH Lg ∥y1 − y2∥.171

The first inequality follows from the LH -Lipschitz continuity of ∇H, and the second172

from the Lg-Lipschitz continuity of ∇g.173

Define λ := t · LH · Lg. Then:174

∥F (y1)− F (y2)∥ ≤ λ∥y1 − y2∥.175

Since λ < 1 by assumption, F is a contraction on the complete metric space Rn.176

By the Banach fixed-point theorem, there exists a unique fixed point y∗ ∈ Rn such177

that178

y∗ = F (y∗) = x− t∇H(∇g(y∗)).179

We now show that this fixed point y∗ is the unique minimizer of the Hopf–Lax180

function181

ϕ(y) := tH∗
(
x− y

t

)
+ g(y).182

Since H∗ is the convex conjugate of a strictly convex and differentiable function183

H, the Hopf-Lax function is differentiable. Therefore, the critical point condition for184

ϕ is:185

0 ∈ ∇ϕ(y) = −∇H∗
(
x− y

t

)
+∇g(y).186
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6 Y. PARK AND S. OSHER

Equivalently,187

∇g(y) = ∇H∗
(
x− y

t

)
⇐⇒ y = x− t∇H(∇g(y)),188

where we used the identity ∇H∗ = (∇H)−1 under strict convexity. Thus, any solution189

to the fixed-point equation is a critical point of ϕ, and vice versa.190

Since H∗ is strictly convex (as H is strictly convex), and g is convex, their sum191

ϕ(y) is strictly convex. Hence, ϕ has a unique critical point, which must be the unique192

global minimizer of ϕ.193

Therefore, the fixed point y∗ is the unique minimizer of the Hopf–Lax functional:194

u(x, t) = min
y

{
tH∗

(
x− y

t

)
+ g(y)

}
= ϕ(y∗).

195

By establishing the convergence of the fixed-point iteration, Theorem 2.1 provides196

a theoretical foundation for a gradient-free, mesh-free, and causality-free approach to197

evaluating viscosity solutions of high-dimensional Hamilton–Jacobi equations.198

We now proceed to quantify the relationship between the residual error and the199

resulting bounds on both the minimizer and the Hopf–Lax functional value, thereby200

providing explicit estimates for the approximation accuracy of the method.201

Theorem 2.2 (Error Analysis). Let H and g satisfy the assumptions of The-202

orem 2.1, and let t > 0 satisfy LF := tLHLg < 1. Consider the iteration y(k+1) =203

F (y(k)) with F (y) = x − t∇H(∇g(y)), and denote the minimizer by y∗. Define the204

residual r(k) := y(k+1) − y(k). Then:205

1. (Hopf–Lax Minimizer error)206

∥y(k) − y∗∥ ≤ 1

1− LF
∥r(k)∥.207

2. (Solution error) If H∗ is LH∗-Lipschitz on the relevant domain, then208

|u(x, t)− u(k)(x, t)| ≤ LH∗/t+ Lg

1− LF
∥r(k)∥,209

where u(k)(x, t) := tH∗(x−y(k)

t

)
+ g(y(k)).210

3. (Solution gradient error)211

∥∇u(x, t)−∇u(k)(x, t)∥ ≤ Lg∥r(k)∥.212

Proof. 1. Hopf–Lax minimizer error bound. By Theorem 2.1, the minimizer213

of the Hopf–Lax formula y⋆ is the unique fixed point of F . Since F is a contraction214

with constant LF , we have215

∥F (y)− F (y∗)∥ ≤ LF ∥y − y∗∥ ∀y ∈ Rn.216

By definition of the residual,217

r(k) = y(k+1) − y(k) = F (y(k))− y(k).218

Then,219

∥y(k) − y∗∥ = ∥y(k) − F (y∗)∥
= ∥y(k) − F (y(k)) + F (y(k))− F (y∗)∥
≤ ∥r(k)∥+ ∥F (y(k))− F (y∗)∥
≤ ∥r(k)∥+ LF ∥y(k) − y∗∥.

220
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Rearranging gives221

∥y(k) − y∗∥ ≤ 1

1− LF
∥r(k)∥.222

2. Solution error bound. Let223

u(x, t) = tH∗
(x− y∗

t

)
+ g(y∗), u(k)(x, t) = tH∗

(x− y(k)

t

)
+ g(y(k)).224

Using the Lipschitz continuity of H∗ and g,225

|u(x, t)− u(k)(x, t)| ≤ t

∣∣∣∣H∗
(x− y∗

t

)
−H∗

(x− y(k)

t

)∣∣∣∣+ |g(y∗)− g(y(k))|

≤ t LH∗
∥y(k) − y∗∥

t
+ Lg∥y(k) − y∗∥

= (LH∗/t+ Lg)∥y(k) − y∗∥

≤ LH∗/t+ Lg

1− LF
∥r(k)∥.

226

3. Solution gradient error bound. Taking derivative of Hopf–Lax formula227

with respect to x gives228

∇u(x, t) = ∇H∗((x− y∗)/t).229

By incorporating the implicit relation (2.3), it gives230

∇u(x, t) = ∇H∗(∇H(∇g(y∗))) = ∇g(y∗),231

where the last equality comes from the fact ∇H∗ = ∇H−1. Consequently, we have232

∥∇u−∇u(k)∥ =
∥∥∥∇g(y(k))−∇g(y∗)∥∥∥

≤ Lg∥r(k)∥.
233

This completes the proof.234

Theorem 2.2 provides explicit quantitative bounds relating the residual norm to235

both the minimization error and the Hopf–Lax approximation error. In particular,236

controlling the error both in the Hopf–Lax minimizer y∗ and the solution u is equiv-237

alent to controlling the error not only in the viscosity solution itself but also in its238

gradient. From the perspective of control theory, this ensures that the error is con-239

trolled not only for the value function but also for the associated optimal control,240

thereby providing rigorous guarantees for both solution and control accuracy. This241

equivalence highlights a key strength of the proposed methodology. In practice, this242

result provides a rigorous and efficient termination criterion: once the residual ∥r(k)∥243

falls below a tolerance ε, the corresponding error in both the solution and its gra-244

dient (or, equivalently, in the value function and the associated optimal control) is245

guaranteed to remain within a controlled bound.246

We now characterize the rate of convergence and the number of iterations required247

to reach a prescribed error threshold.248

Theorem 2.3 (Iteration Complexity). Under the same assumption and notation249

in Theorem 2.2, for any initial guess y(0) ∈ Rd, the number of iterations required to250

achieve a residual norm ∥r(k)∥ ≤ ε satisfies251

k ≥
log

(
(1+LF )∥y(0)−y∗∥

ε

)
− logLF

.252
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In particular, the fixed-point iteration converges linearly with rate LF , and thus the253

iteration complexity scales as254

k = O
(
log(1/ε)

)
.255

Proof. Since F is a contraction with modulus LF , it holds that256

∥y(k+1) − y∗∥ ≤ LF ∥y(k) − y∗∥.257

By induction,258

∥y(k) − y∗∥ ≤ Lk
F ∥y(0) − y∗∥.259

The residual satisfies260

r(k) = y(k+1) − y(k) = (y(k+1) − y∗)− (y(k) − y∗),261

and hence262

∥r(k)∥ ≤ ∥y(k+1) − y∗∥+ ∥y(k) − y∗∥ ≤ (1 + LF )L
k
F ∥y(0) − y∗∥.263

To achieve ∥r(k)∥ ≤ ε, it suffices that264

(1 + LF )L
k
F ∥y(0) − y∗∥ ≤ ε.265

Solving for k yields266

k ≥
log

(
(1+LF )∥y(0)−y∗∥

ε

)
− logLF

.267

Since − logLF > 0 and independent of ε, we have k = O(log(1/ε)), completing the268

proof.269

Combining the results of Theorems 2.2 and 2.3, the fixed-point iteration is guar-270

anteed to converge linearly, with the convergence rate determined by the contraction271

modulus LF . While the formal upper bound on the number of iterations is indepen-272

dent of the problem dimension d, in practice LF may increase with d, leading to a273

moderate slowdown in convergence. Nevertheless, this dimension-dependent effect is274

significantly less severe than the exponential scaling of computational cost observed275

in classical mesh-based schemes or recent deep learning-based approaches, rendering276

the fixed-point method highly scalable for high-dimensional HJ problems.277

2.3. Fixed Point Solver with Multiple Initializations. In general, the crit-278

ical point of the Hopf–Lax formula is not necessarily unique. Even when both the279

Hamiltonian H and the initial condition g are smooth, the viscosity solution of the280

Hamilton–Jacobi equation may exhibit non-smooth behavior due to the intersection281

of characteristics over time, resulting in the formation of kinks. In such cases, multiple282

stationary points of the Hopf–Lax energy functional may exist, and equivalently, the283

fixed-point equation (2.3) can admit multiple solutions.284

To robustly handle this situation, we adopt a multi-initialization strategy for the285

fixed-point iteration. The procedure is summarized as follows:286

1. Multiple Random Initializations: Generate N independent random ini-287

tial guesses {y(i)0 }Ni=1, each sampled uniformly from the hypercube [−α, α]d288

for a prescribed α > 0.289
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2. Fixed-Point Iteration: For each initialization y
(i)
0 , perform the iterative290

updates291

y
(i)
k+1 = G(y

(i)
k , t, x),292

until convergence, i.e.,293

∥y(i)k+1 − y
(i)
k ∥2 < ε,294

or until the maximum iteration count is reached.295

3. Energy Evaluation: For each converged solution y(i), compute the Hopf–296

Lax energy297

E(y(i);x, t) = tH∗
(
x− y(i)

t

)
+ g

(
y(i)

)
,298

where H∗ denotes the Legendre transform of H.299

4. Selection of Optimal Fixed Point: Among the converged fixed points,300

select301

y∗ = argmin
i
E(y(i);x, t),302

which corresponds to the minimizer in the Hopf–Lax formula (2.2).303

This multi-initialization approach enables the algorithm to explore multiple po-304

tential fixed points and ensures that the selected solution corresponds to the true305

viscosity solution, even in the presence of non-smooth features such as kinks.306

Theorem 2.4 (Probabilistic Completeness of Multi-Initialization). Let G : Rd →307

Rd be a continuous map, and suppose that it admits a finite set of fixed points308

{y∗1 , . . . , y∗M} satisfying309

y∗i = G(y∗i ), i = 1, . . . ,M.310

Assume the following:311

• (Local contraction) For each i, there exists an open neighborhood Bi ⊂ Rd312

of y∗i such that313

∥G(y)−G(z)∥ ≤ κi∥y − z∥, ∀y, z ∈ Bi,314

with some κi ∈ [0, 1). Hence, each Bi is a basin of attraction under the315

iteration yk+1 = G(yk).316

• (Nonzero measure) Each Bi has positive Lebesgue measure, i.e. µ(Bi) > 0.317

• (Independent sampling) Initial guesses y
(1)
0 , . . . , y

(N)
0 are drawn indepen-318

dently from a probability distribution ρ that is absolutely continuous with re-319

spect to the Lebesgue measure, supported on a compact set Ω ⊂ Rd satisfying320

µ(Ω) > 0.321

Then, with probability one, as N →∞, the fixed-point iteration322

y
(j)
k+1 = G(y

(j)
k ), j = 1, . . . , N,323

converges to all fixed points {y∗i }Mi=1.324

Proof. For each i, denote the probability that a single random initialization falls325

within the basin Bi as326

pi =

∫
Bi

ρ(y) dy.327

By assumption, ρ is absolutely continuous and µ(Bi) > 0, hence pi > 0.328
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The probability that none of the N independent initializations falls within Bi is329

(1− pi)
N . Therefore, the probability that at least one initialization lies in Bi is330

1− (1− pi)
N .331

Since there are finitely many basins (M < ∞), the probability that all basins are332

covered is333

PN =

M∏
i=1

(
1− (1− pi)

N
)
.334

As N → ∞, each term satisfies limN→∞(1 − (1 − pi)
N ) = 1, hence by continuity of335

finite products,336

lim
N→∞

PN = 1.337

This proves that with probability approaching one, every basin Bi is sampled at least338

once.339

Within each Bi, the local contraction property ensures that for any initialization340

y
(j)
0 ∈ Bi, the iteration y

(j)
k+1 = G(y

(j)
k ) converges linearly to the corresponding fixed341

point y∗i by the Banach fixed point Theorem.342

Finally, since each fixed point y∗i is stationary for the Hopf–Lax energy E , the343

minimizer of E among {y∗i }Mi=1 corresponds to the global minimizer of the Hopf–Lax344

variational formula. Because all {y∗i } are found almost surely as N →∞, the selected345

minimizer y∗ equals the optimal solution almost surely.346

Theoretically, infinitely many initial points are required to guarantee convergence347

to all fixed points. In practice, however, a finite number of initial guesses suffices, as348

demonstrated in Section 3.349

3. Experimental Results. In this section, we evaluate the accuracy and ef-350

ficiency of the proposed fixed-point method through various numerical experiments.351

We demonstrate its scalability to high-dimensional problems, compare its performance352

with existing solvers in terms of accuracy and computational efficiency, and verify its353

ability to recover optimal controls as well as approximate nonsmooth viscosity solu-354

tions.355

All experiments were conducted on a Linux server equipped with an Intel Core356

i7-6850K CPU (6 cores, 12 threads) at 3.6 GHz, 62 GB RAM, and an NVIDIA TITAN357

V GPU (12 GB). To ensure a fair comparison with existing deep learning approaches,358

both the WENO solver and the proposed fixed-point method were implemented in359

Python 3.360

3.1. High-dimensional problems.361

3.1.1. Burgers’ equation. We consider the Hamilton–Jacobi setup with362

(3.1) H(p) =
1

2
∥p∥22, g(x) =

1

2
∥x∥22,363

which possesses a unique critical point at the origin. The exact solution is given by364

u(x, t) =
∥x∥2

2

2(1+t) . Using the fixed-point iteration365

y(k+1) = x− t∇H(∇g(y(k))).366

For comparison, we also consider the fifth-order WENO scheme as a represen-367

tative grid-based method and ImplicitHJ [43], a deep-learning-based approach for368
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Table 2
Comparison of numerical and gradient errors, computation time, and memory usage for dif-

ferent dimensions using WENO, ImplicitHJ, and Ours methods.

Dim Method L2 Error L∞ Error L2 Grad Error L∞ Grad Error Time (s) Mem (MB)

1D WENO 1.84× 10−10 1.52× 10−4 3.06× 10−5 6.56× 10−3 0.34 0.05

ImplicitHJ 4.88× 10−10 6.91× 10−5 1.70× 10−6 4.08× 10−3 156081.30 0.27

Ours 2.43× 10−17 1.49× 10−8 6.37× 10−15 2.98× 10−7 0.034 0.001

2D WENO 2.30× 10−6 8.62× 10−3 3.72× 10−5 1.58× 10−1 8.45 4.42

ImplicitHJ 1.57× 10−8 3.40× 10−4 1.22× 10−5 8.95× 10−3 175223.30 0.34

Ours 2.82× 10−16 5.96× 10−8 1.03× 10−14 2.98× 10−7 0.04 0.001

3D WENO 7.22× 10−3 2.54× 10−2 5.46× 10−3 8.91× 10−1 1768.01 642.58

ImplicitHJ 1.52× 10−7 1.06× 10−3 7.70× 10−5 2.46× 10−2 177784.40 0.42

Ours 5.98× 10−16 1.19× 10−7 1.81× 10−14 2.98× 10−7 0.04 0.001

10D WENO N/A N/A N/A N/A N/A N/A

ImplicitHJ 5.05× 10−6 6.62× 10−3 1.45× 10−3 3.83× 10−2 195997.48 0.95

Ours 7.90× 10−15 2.38× 10−7 6.10× 10−14 3.58× 10−7 0.04 0.001

50D WENO N/A N/A N/A N/A N/A N/A

ImplicitHJ 4.71× 10−2 3.67× 10−1 2.58× 10−1 2.53× 10−1 258987.28 4.01

Ours 2.66× 10−13 1.91× 10−6 2.97× 10−13 3.58× 10−7 0.05 0.001

100D WENO N/A N/A N/A N/A N/A N/A

ImplicitHJ 1.37× 10−1 4.91× 10−1 4.20× 10−1 5.46× 10−1 324249.12 7.82

Ours 1.23× 10−12 3.81× 10−6 6.06× 10−13 3.58× 10−7 0.05 0.001

approximating viscosity solutions of HJ equations. Performance is evaluated in 1, 2,369

3, 10, 50, and 100 dimensions. Table 2 summarizes the L2 and L∞ errors of the so-370

lution and its gradient, along with computational time and memory usage. All errors371

are computed over 128 points.372

WENO computations use a uniform grid of 128 points with a CFL number of 0.2.373

ImplicitHJ is trained following the original configuration in the reference [43], and its374

computational time corresponds to the total training time. The fixed-point method375

is applied with a maximum of 1000 iterations and a convergence tolerance of 10−6376

across all dimensions. For fair comparison, all methods are implemented in Python.377

It should be noted that these three approaches are fundamentally different in378

their design principles and computational characteristics. Establishing a fully “fair”379

comparison is challenging, particularly when considering extremely high-dimensional380

problems. In setting up the experiments, careful attention was given to ensure that381

each method is evaluated in a manner representative of its intended use, while main-382

taining consistency in reported metrics across dimensions.383

The results in Table 2 demonstrate the superior performance of the proposed384

fixed-point method across all dimensions. Notably, our method consistently achieves385

solution and gradient errors near machine precision, whereas WENO and ImplicitHJ386

exhibit increasing errors as the dimension grows. In 3D and higher, WENO becomes387

computationally infeasible, highlighting the curse of dimensionality inherent to grid-388

based approaches. ImplicitHJ, while scalable, requires extensive training and exhibits389

non-negligible errors in high dimensions.390

In contrast, the fixed-point method is mesh-free, causality-free, gradient-free, and391

training-free, making it inherently scalable to very high-dimensional problems. It392

computes both the solution and its gradient directly, with theoretically guaranteed393

accuracy, thereby eliminating approximation errors associated with discretization or394

neural-network training. Furthermore, computational time and memory usage remain395

nearly constant across dimensions, as the method does not rely on dense grids or396
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iterative solvers that scale poorly with dimension, in agreement with the bounds397

established in Theorem 2.2.398

These results highlight the practical advantages of the fixed-point approach: it399

provides theoretically grounded, high-precision approximations for both the solution400

and its gradient, while circumventing the key limitations of conventional grid-based401

and deep-learning-based methods. The combination of dimension-independent effi-402

ciency and provable accuracy positions our method as a robust and scalable alterna-403

tive for solving high-dimensional Hamilton–Jacobi equations.404

Remarkably, even in the 100-dimensional case, the L2-error of the computed so-405

lution was as low as 2.06 × 10−14, demonstrating both the high accuracy and the406

scalability of the proposed fixed-point scheme in high-dimensional settings.407

3.1.2. LQR Control Problem. We consider an Linear quadratic regulator408

(LQR)-type optimal control problem in which the cost functional is quadratic in both409

the control and the initial state:410

(3.2) u(x, t) = min
q(·)

{
1

2

∫ t

0

q(s)⊤Rq(s) ds+
1

2
y(0)⊤Qy(0)

∣∣∣ ẏ(s) = q(s), y(t) = x

}
,411

where R and Q are symmetric positive definite matrices. The corresponding Hamil-412

tonian is of the anisotropic quadratic form:413

H(p) =
1

2
p⊤R−1p.414

The problem admits a closed-form analytic solution:415

(3.3) y∗ =
(
I + tQR−1

)−1
x, u(x, t) =

1

2
x⊤(I + tQR−1

)−1
Qx.416

The proposed fixed-point iteration417

y(k+1) = x− t y(k)(R−1Q)⊤418

is guaranteed to converge if419

t <
1

∥R−1Q∥2
,420

where ∥ · ∥2 denotes the spectral norm.421

For a given dimension d, we generated Q,R ∈ Rd×d as symmetric positive definite422

matrices using random Gaussian matrices. Specifically, we drew A,B ∈ Rd×d with423

independent standard normal entries and constructed424

Q = s1(A
⊤A+ Id), R = s2(B

⊤B + Id),425

with positive scaling factors s1, s2 > 0, ensuring Q,R ≻ 0.426

We evaluated the fixed-point iteration at 100 randomly sampled points (x, t)427

satisfying the contraction condition t < 1/∥R−1Q∥2, and recorded the L2 and L∞428

errors as well as the computational time. Table 3 summarizes the results for two429

independent random realizations of Q and R. Both sets of experiments demonstrate430

that the fixed-point iteration achieves high accuracy and low computational cost across431

dimensions.432
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Table 3
Fixed-point results for the LQR control problem with two independent random realizations of

Q and R. Errors are measured against the analytic solution.

Dim
First Random Set Second Random Set

L2 error L∞ error Time (s) L2 error L∞ error Time (s)
1 6.70× 10−17 1.19× 10−7 0.0041 4.31× 10−16 5.96× 10−8 0.0045
10 3.26× 10−12 5.72× 10−6 0.0050 4.82× 10−12 7.63× 10−6 0.0052
50 2.21× 10−9 1.22× 10−4 0.0069 1.87× 10−9 1.22× 10−4 0.0080
100 3.84× 10−8 4.88× 10−4 0.0171 2.25× 10−8 3.66× 10−4 0.0104

Table 4
Fixed-point results for the cubical problem.

Dim L2 Error L∞ Error Time (s)
1 4.53× 10−9 8.81× 10−8 0.0409
10 2.92× 10−8 1.25× 10−7 0.0458
50 1.73× 10−7 4.80× 10−7 0.0476
100 4.14× 10−7 1.15× 10−6 0.0561

3.1.3. Cubic Hamiltonian Problem. We consider the HJ equation with non-433

linear Hamiltonian and initial condition434

H(p) =
1

3
∥p∥3, g(x) = ∥x∥3,435

for which the corresponding Legendre transform is436

H∗(q) =
2

3
∥q∥3/2.437

We evaluated the minimization for different dimensions d and computed the L2438

and maximum errors relative to the analytic solution. The results are summarized in439

Table 4.440

The results demonstrate that the Hopf–Lax minimization achieves high accuracy441

across dimensions, with errors and computational time increasing only mildly as the442

dimension grows.443

3.2. Non-smooth solutions.444

3.2.1. Absolute-value Quadratic Form. We consider Burgers’ equation with445

a non-smooth initial condition446

g(x) = x|x|,447

which can be equivalently formulated as the following optimal control problem:448

(3.4) u(x, t) = inf
q(·)

{
1

2

∫ t

0

q(s)2 ds+ g(y(0))
∣∣∣ y(t) = x, ẏ(s) = q(s), 0 ≤ s ≤ t

}
.449

The solution predicted using the fixed-point iteration is shown in Figure 1. As450

time progresses, one can observe the formation of kinks in the solution, supporting451

that the proposed method is capable of accurately capturing such sharp features452

arising from non-smooth initial data.453
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Fig. 1. Solution of Burgers’ equation with non-smooth initial condition g(x) = x|x|, computed
via fixed-point iteration. Sharp gradients (kinks) develop as time evolves.

Fig. 2. Solution of Burgers’ equation with non-smooth initial condition g(x) = x2 log(1 + |x|),
computed via fixed-point iteration. Sharp gradients (kinks) develop as time evolves.

3.2.2. Logarithmic Form. We consider Burgers’ equation with a non-smooth454

initial condition455

g(x) = x2 log(2 + |x|).456

The solution predicted using the fixed-point iteration is shown in Figure 2. As457

time progresses, one can observe the formation of kinks in the solution, supporting458

that the proposed method is capable of accurately capturing such sharp features459

arising from non-smooth initial data.460

3.3. Multiple Initialization. This section investigates the effectiveness of mul-461

tiple initialization scheme in handling kinks arising from intersecting characteristics.462

3.3.1. Steady Kink. Consider the quadratic Hamiltonian H (p) = 1
2 ∥p∥

2
2 and463

initial function g (x) = −∥x∥1. The exact solution is464

u (x, t) = −∥x∥1 −
dt

2
,465

where a steady kink occurs at x = 0. This arises because characteristics overlap in466

the region −t < x < t, resulting in non-uniqueness of fixed points within this region.467

In this experiment, we examine whether the multiple initialization strategy proposed468

in Section 2.3 is capable of effectively identifying the fixed point that corresponds to469

the viscosity solution among these multiple possibilities.470

The results of our methodology with multiple initialization, compared withWENO471

and ImplicitHJ, are summarized in Table 5. In the experiments, the number of initial-472
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Table 5
Comparison of numerical and gradient errors, computation time, and memory usage for dif-

ferent dimensions using WENO, ImplicitHJ, and Ours methods on the steady kink example.

Dim Method L2 Error L∞ Error L2 Grad Error L∞ Grad Error Time (s) Mem (MB)

1D WENO 1.51× 10−7 1.59× 10−3 2.17× 10−4 2.44× 10−3 0.35 0.07

ImplicitHJ 8.59× 10−6 1.72× 10−5 2.01× 10−5 3.15× 10−5 210241.37 52.91

Ours 1.54× 10−14 3.43× 10−6 2.15× 10−13 1.08× 10−6 25.97 3.86

2D WENO 3.64× 10−5 1.02× 10−2 7.77× 10−3 7.45× 10−1 4.50 4.42

ImplicitHJ 1.10× 10−4 2.05× 10−4 3.15× 10−4 5.10× 10−4 168770.98 52.99

Ours 2.82× 10−13 1.13× 10−5 4.69× 10−12 5.47× 10−5 1.2 0.38

3D WENO 5.38× 10−5 1.20× 10−2 9.21× 10−2 7.65× 10−1 1728.87 642.54

ImplicitHJ 1.15× 10−4 2.05× 10−4 3.20× 10−4 5.15× 10−4 177594.47 53.06

Ours 6.36× 10−11 2.41× 10−4 1.56× 10−9 4.60× 10−4 0.32 0.11

10D WENO N/A N/A N/A N/A N/A N/A

ImplicitHJ 1.23× 10−3 2.45× 10−3 3.56× 10−3 6.32× 10−3 195088.43 53.60

Ours 2.82× 10−8 1.13× 10−3 4.69× 10−7 8.41× 10−3 1.20 0.38

50D WENO N/A N/A N/A N/A N/A N/A

ImplicitHJ 5.12× 10−1 1.02× 100 1.08× 100 1.05× 100 242050.79 56.70

Ours 1.72× 10−5 2.90× 10−2 6.25× 10−3 1.00× 100 18.25 3.86

100D WENO N/A N/A N/A N/A N/A N/A

ImplicitHJ 3.32× 10−1 6.65× 10−1 1.13× 100 1.10× 100 307335.52 62.61

Ours 7.54× 10−4 3.43× 10−2 2.15× 10−1 1.00× 100 25.97 3.86

ization points was set to 100 × dim. From the results, we observe that the multiple-473

initialization approach effectively captures multiple fixed points and accurately ap-474

proximates solutions exhibiting kinks. Moreover, it demonstrates better scalability475

compared to WENO, while being more accurate and stable than ImplicitHJ. Although476

the use of multiple initialization increases computational cost, our method remains477

faster than both baseline methods.478

3.3.2. Unsteady Kink. We now consider a problem exhibiting an unsteady479

kink. Let the Hamiltonian and initial function be H (p) = 1
2 ∥p∥

2
2 and initial function480

g (x) =
∑d

i=1 g0(xi), where g0(x) =

{
x, if x < 0

0, if x ≥ 0.
. The exact solution is given by481

u(x, t) =
∑

xi<t/2

(xi − t/2),482

which exhibits a kink moving in time at x = t/2. In this problem, characteristics483

overlap in the region 0 < x < t, leading to non-uniqueness of fixed points. We484

investigate whether the multiple initialization scheme can effectively capture such485

moving kinks.486

The results of our multiple initialization scheme, compared to WENO and Im-487

plicitHJ, are summarized in Table 6. Similar to the steady kink case, the multiple-488

initialization fixed point approach effectively captures solutions exhibiting unsteady489

kinks. It demonstrates superior scalability and is more accurate and stable than both490

WENO and ImplicitHJ. Although the use of multiple initialization increases compu-491

tational cost, our method remains faster than both baseline approaches.492

4. Conclusion. We have presented a novel fixed-point iteration framework for493

solving high-dimensional Hamilton–Jacobi equations via the Hopf–Lax formula. By494

reformulating the variational problem as a fixed-point equation, the proposed method495
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Table 6
Comparison of numerical and gradient errors, computation time, and memory usage for dif-

ferent dimensions using WENO, ImplicitHJ, and Ours methods on the non-steady kink example.

Dim Method L2 Error L∞ Error L2 Grad Error L∞ Grad Error Time (s) Mem (MB)

1D WENO 1.46× 10−7 2.02× 10−3 2.19× 10−3 2.40× 10−1 0.38 0.05

ImplicitHJ 5.16× 10−4 1.33× 10−1 5.57× 10−2 9.57× 10−1 158959.15 0.27

Ours 1.51× 10−16 1.39× 10−7 7.81× 10−13 2.10× 10−4 0.003 0.002

2D WENO 6.84× 10−5 1.68× 10−2 2.25× 10−3 4.59× 10−1 9.072 4.43

ImplicitHJ 1.01× 10−4 1.04× 10−1 1.62× 10−2 9.13× 10−1 169483.23 0.34

Ours 3.17× 10−15 6.37× 10−6 7.81× 10−10 7.31× 10−3 0.21 0.08

3D WENO 4.16× 10−5 1.76× 10−1 2.03× 100 5.66× 100 1734.16 642.54

ImplicitHJ 2.70× 10−3 4.08× 10−1 6.89× 10−2 1.08× 100 185356.57 0.42

Ours 6.36× 10−15 2.41× 10−5 1.56× 10−2 8.27× 10−1 0.32 0.12

10D WENO N/A N/A N/A N/A N/A N/A

ImplicitHJ 1.01× 10−4 3.02× 10−2 3.14× 10−2 6.32× 10−1 192581.22 0.95

Ours 2.82× 10−9 1.13× 10−3 4.69× 10−2 1.00× 100 1.20 0.38

50D WENO N/A N/A N/A N/A N/A N/A

ImplicitHJ 2.01× 10−4 5.24× 10−2 1.08× 10−1 5.48× 10−1 256352.28 4.01

Ours 1.72× 10−6 3.90× 10−3 6.25× 10−2 1.00× 100 18.25 3.86

100D WENO N/A N/A N/A N/A N/A N/A

ImplicitHJ 3.32× 10−1 1.57× 100 1.13× 100 1.57× 100 321914.77 7.82

Ours 1.54× 10−4 3.43× 10−2 2.15× 10−1 1.00× 100 25.97 3.86

enables direct, mesh-free evaluation of viscosity solutions and associated optimal con-496

trols without requiring spatial discretization, characteristic tracing, or repeated dif-497

ferentiation. Our theoretical analysis establishes convergence and error bounds under498

standard convexity and Lipschitz continuity assumptions, ensuring both accuracy and499

stability. Although the convexity requirement slightly limits the class of problems to500

which the method can be directly applied, numerical experiments in dimensions up to501

100 demonstrate that the approach achieves high precision, low computational cost,502

and near dimension-independent scalability, outperforming classical grid-based solvers503

and recent deep learning methods in both efficiency and reliability. Overall, the fixed-504

point framework complements the limitations of existing classical numerical schemes505

and modern deep learning approaches, offering a scalable, provably accurate, and com-506

putationally efficient methodology for high-dimensional Hamilton–Jacobi problems,507

with potential applications in optimal control, robotics, finance, and other domains508

involving high-dimensional PDEs.509

Several directions remain for future research. Extending the method to noncon-510

vex or non-Lipschitz Hamiltonians would broaden its applicability to a wider class511

of problems. Incorporating a diffusion term to extend the method to second-order512

Hamilton–Jacobi equations could enable applications in stochastic control, mean-field513

games, and related areas. Furthermore, incorporating adaptive step-size control, mo-514

mentum, anchoring, Anderson acceleration, or quasi-Newton updates may further515

enhance convergence speed and robustness, particularly in very high-dimensional set-516

tings. Finally, combining the fixed-point approach with implicit neural network ar-517

chitectures [3, 25] could open new possibilities for solving inverse problems and other518

complex high-dimensional tasks, thereby further extending the practical impact of the519

method.520
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