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ABSTRACT. We consider sampling from a Gibbs distribution by evolving a finite number of particles
using a particular score estimator rather than Brownian motion. To accelerate the particles, we consider a
second-order score-based ODE, similar to Nesterov acceleration. In contrast to traditional kernel density
score estimation, we use the recently proposed regularized Wasserstein proximal method, yielding
the Accelerated Regularized Wasserstein Proximal method (ARWP). We provide a detailed analysis
of continuous- and discrete-time non-asymptotic and asymptotic mixing rates for Gaussian initial
and target distributions, using techniques from Euclidean acceleration and accelerated information
gradients. Compared with the kinetic Langevin sampling algorithm, the proposed algorithm exhibits a
higher contraction rate in the asymptotic time regime. Numerical experiments are conducted across
various low-dimensional experiments, including multi-modal Gaussian mixtures and ill-conditioned
Rosenbrock distributions. ARWP exhibits structured and convergent particles, accelerated discrete-time
mixing, and faster tail exploration than the non-accelerated regularized Wasserstein proximal method
and kinetic Langevin methods. Additionally, ARWP particles exhibit better generalization properties
for some non-log-concave Bayesian neural network tasks.

1. INTRODUCTION

Let V : R? — R be a known C! potential function that typically satisfies some growth condition
at infinity. The problem is to design an algorithm for sampling from target Gibbs distributions with
densities

m(x) o exp(—=BV (),
where 5 > 0 is some diffusion/temperature parameter. Such tasks occur frequently in data science,
such as uncertainty quantification and physical modeling [1], or more recently in generative modeling
using diffusion models [13].

Traditional methods, such as Markov chain Monte Carlo (MCMC) methods, apply Markov chains
with an invariant distribution 7. MCMC methods usually arise from discretizations of stochastic
differential equations (SDEs), which evolves a density according to a Fokker—Planck equation

= =V (VV(2)p)+ B Ap, plx,0) = po(x). (1

Standard examples include the unadjusted Langevin algorithm (ULA) and the Metropolis-adjusted
Langevin algorithm (MALA) [32| [14]]. These algorithms arise from particular discretizations or
approximations of the (overdamped) Langevin equation

dX, = —VV(X)dt + /28 1dW . )

It can be shown that the density of particles evolving under (2} satisfies the Fokker—Planck equation
(I). Traditionally, accelerating overdamped Langevin dynamics yields the underdamped Langevin
equation, sometimes known as kinetic Langevin dynamics. While the invariant distribution of the
overdamped Langevin equation is the target Gibbs distribution 7, the invariant distribution of the
underdamped dynamics is a separable joint density in a position-momentum phase space. Some
methods arising from discretizing the underdamped Langevin dynamics include the variational

(A1, A2) DEPARTMENT OF MATHEMATICS, UNIVERSITY OF CALIFORNIA, LOS ANGELES, CA 90095.

(A3) DEPARTMENT OF MATHEMATICS, UNIVERSITY OF SOUTH CAROLINA, COLUMBIA, SC 29208.

E-mail addresses: hyt35@math.ucla.edu, sjo@math.ucla.edu, wuchen@mailbox.sc.edu.

2020 Mathematics Subject Classification. 65C05, 62G07, 70F40.

Key words and phrases. Regularized Wasserstein proximal, Markov chain Monte Carlo, Sampling, Kernel formula,
Acceleration.



2 TAN, OSHER, AND LI

acceleration flow [8§]], inertial Langevin algorithm [[16]], kinetic Langevin Monte Carlo [12, [10],
or some splitting methods, such as the OBA or BAOAB methods [21, 22]. Generalizations of
kinetic Langevin dynamics include the Hessian-free high resolution dynamics [23]], and primal-dual
damping stochastic dynamics [42]]. Convergence results for the kinetic Langevin equation are well
studied, including non-asymptotic Wasserstein-2 contraction in continuous time and under different
time discretizations [[12, 22|10} 27]]. Recently, [5]] demonstrates L2 convergence under a Poincaré
inequality, and provides an optimal friction coefficient. Related flows for sampling from phase-space
include Hamiltonian Monte Carlo methods [9].

As opposed to using a discretized SDE, another sampling paradigm approximates the Fokker—
Planck equation by evolving a finite collection of particles through the score-based ODE

= —VV(X) — 57 Viog pu(X), G
where p; is the density of X; at time ¢. From the continuity equation, the density of particles
evolving according to this ODE (3)) also follows the Fokker—Planck equation (T)). However, the score
function V log p; is often intractable and requires estimation from empirical distributions. To derive
algorithms that work with finitely many particles, (3) needs to be modified with kernel functions.
Examples of score-based sampling methods using kernels include Stein variational gradient descent
(SVGD) [23]], which performs steepest descent with respect to the KL divergence with respect to a
Wasserstein-type metric structure on the space of distributions induced by the Stein operator with a
kernel function. Another example is the blob method [[7, [11]], which considers Wasserstein gradient
flows with particular kernel regularizations of the energy functional.

To accelerate the score-based flow (E]), one may consider adding a momentum variable, similar to

Nesterov acceleration methods for classical optimization problems [29}135]]. One possible acceleration
to sample from a distribution comes from a particular Hamiltonian evolution [41} 36! 8} 6]. In the
particular case of the Wasserstein-2 metric, the accelerated flow to minimize the KL divergence can
be written as coupled ODEs in the density p; and its momentum variable. By adding a damping term
into the momentum equation, [41} 36] derive the accelerated information gradient flow. The particle
evolutions take the following form, which can be viewed as a second-order dynamics of the original
score-based ODE (3)):
d [X]| P 4
at [P} = {—aP — VV(X) - Viog pi(X)] ° @
We study an equation-level modification of equation (@). In particular, following [37], we approximate
the intractable score V log p; with a tractable approximation V log WProx p;, where WProx is the
regularized Wasserstein proximal operator (RWPO), defined in Definition [2)in the following section
as the solution of a mean field control problem. This allows us to compute the score approximation
without relying on selecting an appropriate kernel, such as the Gaussian kernel density estimator used
in [36,41] to approximate log p;. The algorithm takes the form of a particular discretization of the
particle evolution

d[x] P S
q | P| T |—aP = VV(X) = Vlog WProx py(X) | )

1.1. Contributions. Focusing on the accelerated flow (3)), this work is organized as follows:

e Section [2] details the regularized Wasserstein proximal operator of [24], and its links to
regularizing the Fokker—Planck equation (I). Moreover, we recall the space-varying kernel
representation of this operator, which will be used in future computations.

e Section [3| introduces the accelerated regularized Wasserstein proximal (ARWP) method.
By performing a particular symplectic time discretization of the flow (3, we derive a
discrete-time interacting particle algorithm to evolve the positions and velocities using the
RWPO.

e Using the Gaussian closure property of the RWPO, Section 4] analyzes the convergence of
the ARWP method in the case of Gaussian initial and target distributions. Using closed-
form updates, we provide an asymptotic continuous and discrete-time mixing analysis
through linearization. Moreover, a detailed Lyapunov analysis demonstrates convergence
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in continuous time, where the damping parameter is sufficiently large to satisfy standard
assumptions (up to modification by the regularization parameter).

e Section [3] verifies the convergence analysis, and tests the ARWP method against various
baselines. This includes a Rosenbrock distribution to identify tail exploration, a multi-
modal Gaussian mixture to test mixing times, and a Bayesian neural network example for
simulations in higher dimensions.

Additional background on accelerated probability flows, proofs of Sectiond} and additional qualita-
tive/quantitative results, including hyperparameter ablations and choices, are also provided in the
appendix.

2. REGULARIZED WASSERSTEIN PROXIMAL
We begin with the definition of the Wasserstein-2 distance and the Wasserstein proximal.

Definition 1 ([34,2]]). Let Po(RY) be the set of probability densities with finite second moment. For
w, v € Po(RY), the Wasserstein-2 distance Wa (1, v)

Walnv) = _int / i — yl2dn(z,y), ©)

where the infimum is taken over couplings m € T'(u,v), i.e. probability measures on R? x R?
satisfying

/ r(z,y) dy = p(z), / r(z,) de = v(y). ™
Rd Rd

Consider a probability density py € P2(RY) and V' € C'(R?) be a lower-bounded potential
Sfunction. For a scalar T > 0, the Wasserstein proximal of pg is defined as

W(po,q)?

2T ®

WProxr v (po) = arg min/ V(x)q(z)dz +
g€P2(RY) JRd

A recent line of work considers a principled score estimator called the backwards regularized
Wasserstein proximal (BRWP) method [37]]. This method utilizes the fact that the time-discretized
score-based particle update (3)) corresponds to a time evolution of a modified Fokker—Planck equation,
which can be computed using a kernel formula. This has been extended to utilize tensor train
score approximations [18] and splitting methods [17]. A recent followup work incorporates a
preconditioning matrix into the underlying Fokker—Planck approximation, resulting in a modified
mean-field control problem and different kernel [38]]. In this section, we recall the definition of the
regularized Wasserstein proximal, which is used in the proposed scheme from discretizing (3).

The regularized Wasserstein proximal was first proposed as an approximation to a mean field
control problem, obtained from the Wasserstein proximal through the Benamou—Brenier formulation
[24] 4]]. In particular, the variational form @ has two equivalent formulations. One of them is the
mean field control (MFC) formulation, where the Wasserstein proximal is given by the terminal time
solution pr to the following MFC:

Y| )
inf /O /R S Pote, ) de i + /R V(@) de, %)
op(t,x) +V - (p(t,z)v(t,z)) =0, p(0,2) = po(z), p(T,z) = q(z). (9b)

The minimization (9a) is taken jointly with respect to a time-varying density function p, a velocity
field v, and the terminal density function ¢. The conditions in (Ob)) are a continuity equation and some
boundary conditions, coupling the density and the velocity field. The Benamou—Brenier formulation
then states that the solution to this minimization problem is equivalently given by the terminal time
solution p(T, x) of the following set of coupled PDEs,

6tp(ta :E) + V- (p(t,x)vmfb(t, :17)) =0,
o d(t,z) + %HVE(I)(t,x)HQ =0, (10)
p(0,z) = po(z), @(T,z)=-V(z).
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We can now define the regularized Wasserstein proximal by adding some appropriate diffusive terms
to the MFC, with an equivalent definition in terms of a terminal time solution to some coupled PDEs.

Definition 2. For a probability distribution py € Po(R%) and a diffusion parameter 3 > 0, the
regularized Wasserstein proximal WProxr v (po) is given by the solution to the following MFC
problem:

(T )
plifq/o /Rd §||v(t,x)|| p(t,z)dzdt + . V(z)q(z) dz, (11a)
Qep(t, ) +V - (p(t, 2)v(t, ) = B Ap(t, ),
p(0,2) = po(@), p(T,x) = q(x), (11b)

The RWPO is defined as follows:
WProxr v po = pr.

The above MFC problem (114) is a modification of (9a), where the constraint (ITb)) is with a Laplacian
term in the continuity equation (Ob).

Solving the optimality conditions yields that the regularized Wasserstein proximal satisfies a
similar regularized Benamou—Brenier formulation, given by Laplacian regularization in both the
forward-time Fokker—Planck and backward-time Hamilton—Jacobi equations,

Op(t,z) + Vo - (p(t,2) Vo (t,2)) = B Appl(t, x), (12a)
0,(t, ) + %vafb(t,x)w — _BIALB(L ), (12b)
p(0,2) = po(z), @(T,z)=-V(x). (12¢)

Using a particular Cole—Hopf formula connects these coupled PDEs with a set of forward-backward
coupled heat equations, which has an exact solution based on a kernel formula:

pr(x) = p(T,z) = / K(z,y)po(y) dy, (13a)
Rd
exp(~(V () + 270

Jroexp(=E(V(2) + L322)) a2

Motivated by the approximation of the Wasserstein proximal and the iterative component of the
JKO scheme [20]], [37] propose the Backwards Regularized Wasserstein Proximal (BRWP) method.
This is a semi-implicit discretization of the regularized Fokker—Planck equation. In particular, by the
continuity equation, the Fokker—Planck equation (12a)

K(z,y) = (13b)

Qup(t; ) + V- (p(t,2)VO(t,z) — 871 pV (log p)(t, 7)) = 0, (14)
corresponds to particles evolving as
dX
T Vo(t,X)— B Vlogp(t, X). (15)

By discretizing the particle-based updates using the backward Euler method, the dual function ¢
simply becomes an update in V' due to the boundary conditions of the MFC (I2c). Moreover, the
score term V log p(T, ) is precisely given by the score of the regularized Wasserstein proximal,
which is computable for an empirical distribution given by a collection of particles. The BRWP
iterations can be written as

Xpi1 = Xp — n(VV(Xk) + 871V log WProxr pk(Xk))‘ (16)

This allows for an adaptive kernel-based modification of the score-based update (3), replacing an
arbitrary choice of kernel function (such as Gaussian or Matérn), with a choice of regularization
parameter 7.
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3. ACCELERATED REGULARIZED WASSERSTEIN PROXIMAL METHOD

The BRWP method replaces the log density log p with the log density of the regularized Wasser-
stein proximal log WProx7 v p, and provides a discrete time update. We propose the accelerated
regularized Wasserstein proximal (ARWP) method in continuous and discrete time, which arises
from using the approximation log p ~ log WProxr y p within @) For a particle with position X
and momentum P, we recall the iteration @:

dX

- P, (17a)
dpP _1

e —aP —VV(X) - 87Vi1eg WProxr,y p(t, X), (17b)

where p(t,-) denotes the distribution of particles at time ¢. The discrete time update for a finite
set of particles is given as follows. In the finite particle setting with positions and momentums
{(Xl(.k)7 pl(.k)) ;1. the semi-implicit scheme is given by setting p to be the empirical distribution
at each iteration. The discrete-time ARWP algorithm for a step-size 7 > 0 and possibly-varying
damping parameters a; > 0 is defined by updating the particle positions and momenta using the
symplectic (semi-implicit) Euler discretization:

p{ " = (1 — nap)p™ — vV (x¥) — 1571V log WProxr v i, (x{"),
(k+1) _ ()+np(k“) (18)

X;

For each point we can compute the score function of the RWPO of the empirical distribution
Pk = N Z; 10(%; xF )) using the kernel formula (13)) [37], where §(X) denotes the Dirac delta at the
point X. Temporarlly dropping the iteration k subscrlpts and superscripts, the RWPO of the empirical
distribution can be computed at each point as follows:

N N exp |2 (V(x;) + lxi —x; |
WPI‘OX’LV p(Xl) = % K(Xi,Xj) = %Z |: 2 ( Z(X) 2T >:| ,
j=1 j=1 J
1 & (=8 (Vv + 220) Y exp [ 5 (Vix) + ealt) ]
V WProxr,v p(X;) = — )
Y N; Z(x;)
2(x;) ::/ S (VIR g, (19)
Rd

Using these expressions, the score function of the RWPO of p = pj, can be computed with the simple
identity
V WProxr,v p y

V log WProxr,v p(X;) = WProxr v p

3.1. Computational Considerations. A parallelization similar to [38]] may be employed by concate-
nating the position and momentum variables into a matrix, and utilizing the structure of WProxr v p
as a sum of exponentials. Recall that the softmax function of a vector v € R is defined as

softmax(v) = expW) ,
o (Zf_lexp(%’) 1N

satisfying Z softmax(v); = 1. The score approximation V log WPrOXT v pr, may then be written
in terms of a softmax matrix:

BVV(Xi)

V log WProxr v pr(X;) = — 5

3 N
—TZ_: softmax(W; .);X;, (20)

where W; ; is an interaction matrix defined as

I — ;|2

Wi ==P"p

—log Z(x;). 21
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Notice that the reformulation (20) additionally contains a VV (X;) term within the score, which can
be combined with the VV' term within the momentum update (I7b). In particular, the discrete-time
momentum update (I8) can be rewritten as

P!V = (1 = an)p + 1 (~9V () ~ 571V log WProxr,v pe(x))

N
= (1—apn)p® — ngxgk)) + ;’T ;softmax(wi{’?’)j(xg’“) —x® ). e
To compute the normalization constant (I9), we can use a Monte Carlo integral applied to
_ V(z
Z(xj) = (4nTB™) B 215 {exp <5 2( ))} : (23)

We note that the constant (477/3~1)%? is canceled out by the logarithm and softmax operators, and
can be ignored during computation.

Remark 1. An alternative to Monte Carlo integration in high dimensions for small T is to use the
Laplace approximation [38,139)]. This reads

- K2
kz xJk

Z(Xj):/Rd emzVE+—=r—)q,

~ e 2V C(B,T),

where C(B,T) is a constant independent of X; which also cancels out under the logarithm and the
softmax operations.

To finish the parallelization, we combine the position and momentum vectors into matrices
X=[x; .. xy]eR"N  P=[p; .. py]eR¥”N.
The ARWP update (I8) can be combined with (22)) to be written in matrix form:
PO = (1= aum)P® = 29V (X¥) + L (X® = XY softmax(w)T),
XD — x(®) 4 ppktD),

where W (%) is the interaction matrix (21) at iteration k. This is summarized in Algorithm

Algorithm 1: ARWP: Accelerated Regularized Wasserstein Proximal Method

Data: Initial points Xgl), e xg\}) € R?, potential V : R? — R, regularization parameter
T > 0, diffusion 8 > 0, step-size n > 0, iteration count K, damping parameters
ap > 0.
K .
Result: X\X) = {ng) X%{)} sampling from exp(—SV).
1 Initialize XV = {xgl) xg\lf)] € R¥*N initialize pt) — Ougxn;
2 fork=1,..., K do
3 Approximate normalizing constants Z (ng))7 1 =1, ..., N using Monte Carlo/Laplace
method;
4 | Compute interaction matrix W; ; = —f W —log Z(X;);
5 Compute row-wise softmax interaction matrix softmax(W); ; = softmax(W;_.);;
6 Evolve momentum matrix
POTD — (1= )P — 29V (XP) + 2 (XB = XP softmax(W ) T) ;
7 Evolve particle positions X** = X*¥) 4 pp+1),

3 end
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Remark 2. This approximation is used in contrast to the kernel density estimation of [41l] or
“diffusion map approximation” in [36]. From a computational perspective, one needs to approximate
the log-score from an empirical distribution. The regularized Wasserstein proximal allows for this,
interpretable as a potential-aware modified kernel method.

The proposed ARWP method differs from the unregularized accelerated information gradient
flow in its choice of score approximation. In particular, [36} 41] both consider using some variant of
Gaussian kernel density estimation, for which the interplay between the bias and convergence is not
characterized. In the following section, we use properties of the RWPO operator to characterize the
asymptotic and non-asymptotic convergence behavior for quadratic potentials.

ARWP does not incur a significant computational increase over the non-accelerated BRWP (16).
The main computational cost requirement comes from the interaction term in Algorithm[I] which
requires constructing (rows of) an /N X N matrix, which is also required in BRWP. Since updating
each particle requires only one call of V'V, having to track an additional momentum parameter per
particle incurs only a constant memory factor increase, which can range from double to negligible
depending on the level of parallelization employed.

4. CONVERGENCE FOR QUADRATIC POTENTIALS

This section analyzes the convergence of the ARWP method, in the case of Gaussian distributions.
[37] utilizes a closed-form update for the RWPO for Gaussian distributions, demonstrating that the
update in the BRWP method with quadratic potential stays in Gaussian distributions. A similar
argument shows that the ARWP method updates Gaussian distributions to Gaussian distributions. In
other words, if the target distribution is Gaussian and the initial distribution is Gaussian, then the
discrete-time particle updates (I7)’s density function pj, also follows a Gaussian distribution.

Fix a covariance matrix A € Sym, , (R?), and define the quadratic potential function V (z) =
2T A=z /2. We additionally assume that all matrices commute so that we may work in a common
eigenbasis, and fix 5 = 1 without loss of generality.

We show the closure within Gaussian distributions by considering the particle-wise update.
Suppose that the distribution at iteration & is Gaussian. We have the following lemmas characterizing
the effect of the regularized Wasserstein proximal on a covariance matrix.

Lemma 1. /3738 For a covariance matrix &, if T < Amin(A), then the regularized Wasserstein

proximal of the Gaussian distribution N(0,%) is also a Gaussian distribution N (0, i) whose
covariance takes the form:

WProxr,v N (0,X) = N(0, »),
S=28 T (T+TA Y+ (I+TA ) 'S (T+TA )7
Moreover, the inverse operator of the regularized Wasserstein proximal satisfies
WProxy ), (N(0, X)) = N(0, (1+TAHS(1 - TA™Y). (24)

As a shorthand, we will use the tilde notation to denote the regularized Wasserstein proximal of
a covariance matrix throughout. It is shown in [37] that the terminal distribution under the BRWP
update is N'(0,X,), where ¥, is such that WProxr v (NV(0,2o0)) = N(0,A), i.e. Top = A.
Moreover, the bias of the stationary distribution under BRWP (and ARWP) depends only on T, in
particular, is independent of the step-size 7.

We will also find it convenient to define the following two matrix expressions K . :

K, =I+TA?', K_:=I-TA' (25)
In this section, we analyze the accelerated backward-regularized Wasserstein proximal method for
the special case of Gaussian distributions under different approximations of (I7).

e Section[d.T|converts the ARWP update (I7) into a pair of coupled ODEs in covariance and a
dual term.
e Sectiond.2]treats the linearized continuous time case, showing the corresponding coupled

ODEs observe an asymptotic O (t exp<f 2271 1;;? T )) error convergence in each

eigendirection, where ) is the corresponding eigenvalue of the target covariance matrix A.
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e While the convergence rate of the corresponding ODE is slightly slower than the unregular-
ized case T' = 0, Section [4.3]shows that the step-size can be taken to be larger, resulting in
a discrete-time iteration speedup by a constant factor of 1+T\/§ This gives the asymptotic
mixing rate of the proposed ARWP method.

e We compare the discrete-time rates with the kinetic Langevin algorithm in Section
demonstrating a faster rate arising from the regularization.

e In the non-asymptotic case, we show in Section [4.5]that the continuous-time coupled ODEs
converge linearly to the target distribution, and show that the damping condition @ > A~1/2
is sufficient for convergence. This is done using a particular Lyapunov analysis, splitting the
ODE:s into underdamped and overdamped cases. This allows for the analysis in Section 4.2
to apply over a large time.

4.1. Continuous Time Covariance Update of ARWP. Since the regularized Wasserstein proximal
of a Gaussian distribution is a Gaussian distribution, the dP/dt in is linear in X . Therefore, we
may use the ansatz P, = G;X;, where G : R>q x R? — R? is a time varying linear map. Let 3,
denote the covariance of X;. After a change of variables, the update satisifies

dP - dG dX dG
— =P -A'X+57'X = X +G—=—"X+G?X.
a R TR T T

Moreover, the update li turns dX/dt = P = GX into Y= Gy + DGy Rearranging yields
the following coupled ODE system

{ X = GiX + %G,

) - 26
Gt:*aGt*Gf*A71+2t_l, ( )

where 3, is the covariance of the regularized Wasserstein proximal applied to A/(0, X;). Observe
that (3, G) = (X, 04x4) is a stationary point of , where Yoo = (1 +TA H)A(1 —TA ) is
such that ¥, = A. The following sections find convergence rates to this point.

4.2. Continuous Time Asymptotic Convergence Rate. To check the convergence behavior of
near zero, we can linearize near the terminal state. As we assume that all covariances commute, let us
work in one dimension, where our expressions are written in lower case. Then, the continuous time
update in 1D is given by

a1 = 26404,
. 2 —1 ~—1 (27)
gt =—ags —gi — A\ +0; .

Linearizing about the stationary point (0, 0), where 6o, = A, let us consider the ansatz o, =
0o + €+. The first order approximation to the g; update becomes

A5t = AT+ AT e + O(ED).

The linearized system (in phase space) near the stationary point becomes

€t =29:(1+TA\ )1 —=TA )\, (28)
gt = —ag; — A 2(1+TA" 1) 2.
The corresponding second order equation is
g=—a¢— 22"k k_e, (29)

where k. are defined as the one-dimensional counterparts of (25)). Using the ansatz ¢, = ¢~ "%, the

rate satisfies
ax/a? — 88Xk 'k
. 30)

2
The convergence rate is then given by the smaller root in case both roots are real, or the real part in case

both roots are complex. In one dimension, the convergence rate is fastest when a = 4/ 8)\—11@:1/4;_.

T+ =
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In this case, the rate is given by

(o030 - (7, 0)z = O (rexp( /227107t ) )

The continuous time rate with regularization is thus slightly slower than the unregularized case

T = 0by afactor of \/k"k_ = /(1 —TA"1)/(1+ TA~T) < 1. This analysis can be extended
into multiple dimensions to find the asymptotic convergence rate of covariance in the trace norm.

Proposition 1. Let V(z) = x"A~'x/2, where the smallest and largest eigenvalues of A are
Amins Amax respectively. Let a > 0 be some damping parameter, T € [0, Ain) be the regularization
parameter, and suppose the initial distribution is N'(0, Xq). If 3¢ is the continuous-time evolution of
ARWP and ¥ converges to its stationary distribution’s covariance ¥, = WPI‘OXilV(A), then the
asymptotic convergence rate is

Tr(X; — ¥oo) = O(exp(—rt)), 31

1 1—TA-1
=~ la- 2_grx-1——2 o). 32
"3 [a \/Ae[fﬁfﬁmax] (“ T+ TA-1 ﬂ (32)

Proof. The overall convergence rate is given by the smallest rate over each component. The rate
corresponding to an eigenvalue A € [Apin, Amax] is given from (30) as

where

a e 2 —11-TX .
s if a® < 8AT 1T @3)
1
a—y/a?—8\ 1k, "k ifa2>8)-1 1—7x 1
2 ) = 1+TX T*

This is equivalent to (32).

Remark 3. Since the regularized Wasserstein proximal performs an affine transformation on the
covariance matrix of a Gaussian distribution, the asymptotic convergence rate of the covariance 3
and the RWPO covariances Y are identical.

While this proposition appears to indicate that a smaller value of a leads to better convergence
rates, a necessary condition is that the evolution converges to the stationary point. In Section4.5] we
show that this holds if @ > A~'/2, similar to existing convergence results for the kinetic Langevin
diffusion. This corresponds to requiring a sufficient amount of damping in order for the iterations to
converge.

In the next section, we consider the discrete-time analog of the linearized system (28). We show
the main advantage of regularizing: we can take a larger step-size if 7" is nonzero, which increases
the discrete-time asymptotic mixing rate. This arises since the condition number of the regularized
system is lower than that of the unregularized system.

4.3. Linearized Discrete-Time Convergence Rate. In this subsection, we consider the convergence
of the one-dimensional RWPO covariances &, to their stationary distributions A/(0, A), similarly to
[37,138]. Under the change of variables

&r = 2Tk + ki *oy,
as well as the ansatz 5, = X\ + d;, the linearization of (27) becomes
d _ —1 _ -1
(0 _ (A-ATR g\ _[ 0 2x - aThY (8 a4
dt \ g¢ —age — AT - —a gt

=A

Denoting the matrix as A = A(\, T, a), the eigenvalues y 1 of A are given by

1
Xt =35 [Tr £V Tr —4 det)

1 -
3 [—a + \/a2 —4AN"2(2)\ — 4TK+1)} .
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In the continuous-time case, the stability condition near (4, g) = (0, 0) is that all eigenvalues have
real component less than 0. This is the case for all @ > 0.
In the discrete case with step-size > 0, the (symplectic Euler) update becomes

677,+1 _ 5n
(9n+1) =0l <gn> ) (33)

The stability condition for this update is that I + 7 A has to have (both) eigenvalues lying in the open
disk {|z| < 1| z € C} [19]. Moreover, the convergence rate in this direction is given by O(max{|1+
nx+, |1+ nx—|}™). In particular, we have the following two special cases, corresponding to two
different critical damping parameters. The step-size is controlled by the Lipschitz constant of
V, which is A1 . We demonstrate that the maximal step-size can be taken to be larger than the
unregularized version, which corresponds to a faster discrete-time mixing rate, i.e., the rate at which
Xk, Gr) = (A,0).

Proposition 2. Suppose the eigenvalues of the covariance matrix A are 0 < Apin < ... < Apax-
Let the update be given by the discrete time update with step-size n > 0 and regularization
T €10, (14 v2) ™ Aminl-

(a) If the momentum and step-size are chosen to be

71/2 Amax_T
)\max -T )\max max
a = 2v2A7 12 V Amext T (36)

max y = 1 AT
/\max +T \/Q)\rﬂin )\:I,::JrT

then the mixing rate of the linearized system is
\/1 . ﬁ71>\max - T)\min +T
>\Inax + T )\min =T

In particular, taking T = (1 + ﬂ)_lkmin, the discrete time rate for k > 1 and the
linearized system is (up to first order)

(37

1 2
1 — Lfﬁ—l.
2
(b) If the momentum and step-size are chosen to be
— Amin =T — 1 )\min T
o =2V 2 [omn T2 gl oyl [lmin (38)

min >\min + T’

then the mixing rate is

\/§ min )\min _ T7

_ )\max _T)\min +T
1—x-1 .
>\max+T)\min =T

In particular, taking T = (1 + ﬁ)’l)\min, the discrete-time mixing rate for k > 1 is (up to
first order)

1+vV2
T o

Sketch. The momentum parameters are chosen to be optimal for the largest and smallest eigenvalues
of A, respectively, and the step-sizes are chosen to be maximal such that the method converges.
Moreover, the function x — x_“;;; is maximized at (1 + v/2)T and is decreasing for z >
(14 +/2)T. The rates are obtained from a worst-case analysis over all possible eigenvalues for the

given momentum and step sizes. A full derivation is given in Section[B.T]

1 (39

We note that the restriction on regularization T’ € [0, (1 + ﬂ)_lAmin] is used only to provide

a uniform worst-case bound, using the monotonicity of A — A1 :\\j%’ which is increasing over

[T, (1 + +/2)T] and decreasing over [(1 + v/2)T, +00). This can be relaxed to T' € [0, Amin), by

replacing all instances of A f, 32i2=L and AL amet with max{A\~'3=% | A € Spec(A) C

[Amin, Amax|} and min{)\_lg\\jr—g | A € Spec(A) C [Amin, Amax]} Tespectively. The constant

acceleration factor arises as the condition number of eigenvalues decreases after applying the function

A= AT T > 0.
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4.4. Comparison with Kinetic Langevin Diffusion. The kinetic/underdamped Langevin diffusion
is given as a second-order version of the stochastic dynamics . In RY, if a particle position is
X with momentum P, the kinetic Langevin update proceeds by adding a Brownian motion on the
momentum parameter [12],

dX P 0
{dP} = [—(aP + uVV(X))} dt + v 2au H aw, (40)
where W is a 2d-dimensional standard Brownian motion, a¢ > 0 is a friction coefficient, and u > 0 is
an inverse mass, which can be taken to be © = 1 without loss of generality. This converges to the
phase-space stationary distribution p(z, p) o exp(—V (z) — 5-|p||*). A more detailed treatment is
given in Section@ While more general convergence results are given in [[10}[12]], [42]] specializes
into the Gaussian setting, and we can compare the asymptotic convergence rates with the proposed
ARWP method.

For now, consider the kinetic Langevin update in one dimension. For a target distribution A/ (0, A),
the particle position and momentums (X;, P;) € R? follow a joint normal distribution

Yi(t) T2t )
X 5 P ~ N O, )
( t t) < (Zlg(t) Zgg(t)
with terminal values (211, 212, X22) — (X, 0, 1) From [42] Cor. 3.3], the covariance update satisfies
the following linear syste

d Y1 0 2 0 Yi1—A
5Pl = ] e Y |- 41)
Yoo 0 2271 —2q Yoo —1

In particular, the eigenvalues of the update matrix are given by

—a, —azx+a?—4\"L,

In multiple dimensions, standard numerical analysis gives that the convergence rate is given by the
largest norm of 1 + 7, where x runs over the three eigenvalues of the update matrix in (@I, and
over the eigenvalues of A. It remains to compute the step-size that minimizes the maximum norm
over all possible eigenvalues of A.

In the small momentum critical damping case, the optimal momentum is taken to be a = 2)\;;}/(2,
which gives a continuous-time convergence rate of O(t2 exp(—at)) in covariance. To compute the

optimal step-size n > 0, one computes

L4 n(a® /a2 —ar )PP <1

o1 — A2 fan?al <1

max min

The rate is minimized when the quadratic on the left is minimized, which occurs when n =

Amin /\;1;1”/(2 /2. The discrete time per-iteration contraction rate is then given by

1—n(—a+ a2 —ar-1
)\G[A{Inlinay)g\max]l 77( “ “ )‘

)\min)\l;léll)/c2 /\2' )\r;}ax
= \/1 _ g lminmax Ao qlminfM a1 et

2 4
This should be compared with Proposition Eka). From @[), we have acceleration as the constant
in front of k! is % % > 1. The linearized system of the proposed ARWP method is
therefore more well-behaved than the one in kinetic Langevin method.

A similar analysis can be performed in the high critical damping case, where a = 2/\;1111{ ® Asin

Section the optimal step-size is given by 77 = 1/a. The rate is similarly given by v/1 — 1,
and we conclude the same conclusion as in the previous case.

IThe result in the reference should be applied with @ = 0 and C = I as denoted in their work.



12 TAN, OSHER, AND LI

4.5. Non-Linearized Non-Asymptotic Continuous Time Convergence. In order to apply the
analysis of the previous three sections, we need to show that the system indeed converges to the
stationary distribution. In this section, we demonstrate convergence for the non-linearized continuous
time system (27), which converges for a > A\~1/2.

We first show convergence of the non-linearized system in continuous time. In one dimension, the
nonlinear coupled ODEs governing the covariance are given by

Ot = 29104

. 1 =1

gr = —agi —gi = A"+,
Nonlinearities arise from the introduction of the g7 term, as well as the inverse covariance term &; *
in the g; update. We may change this into a pair of coupled ODEs in &, using the change of variables

&r = 2Tk + ki 2oy
The change of variables becomes a forcing term in &4,

lTTt = 29:5¢ _4gtTk;1 . 42)
g = —agi — g = A" +5;

By selecting a particular Lyapunov function, we may show that this coupled ODE system converges
to the stationary point (¢, g:) — (A, 0). This implies that for Gaussian distributions, the accelerated
regularized Wasserstein proximal method in continuous time converges to the stationary distribution.
We have three different results, corresponding to the underdamped case a € (A\~/2,2X71/2], a
“critical” damping case a = 2A~'/2, and an overdamped case a > 2\~ /2. The underdamped and
critical damping cases can use the same Lyapunov function, while the overdamped case requires a
modified Lyapunov function. The results are summarized in the following two propositions.

Proposition 3. Consider the quadratic potential in one dimension V (x) = \~'22 /2 and diffusion
parameter 3 = 1, and further let T € [0, \) be a regularization parameter. Consider evolving a
Gaussian distribution N (0, 3;) through the continuous-time ARWP system @) Define a Lyapunov
function as
& = (3¢ — 2Tk HIAY2 = 6,%) + 9.2 + 2D, (54, M), 43)

where we write the KL divergence between two variances to represent the KL divergence between
the corresponding zero-mean Gaussian distributions. Then, the regularized Wasserstein proximal of
the distributions WProxr v (N (0,0.)) = N(0,5,) converges to the terminal distribution N'(0, X).
Furthermore, the convergence rate can be characterized as follows:

(1) (Critically damped) In one dimension, let the momentum parameter be taken as a = 2\~ /2.
Furthermore, assume that the covariance satisfies 5> > 2Tk;1)\. Then, the Lyapunov
function satisfies the Lyapunov-like decay

E < —AV2(1 2Tk tehE (44)
In particular, close to the terminal distribution 6; =~ ), the decay is & = O(exp(—rt)),
where the rate is
A=T
— (2= ) A2 45
' </\ + T) )

(2) (Underdamped) For a € ()\_1/27 2/\_1/2], define
p=p= ATV 42Tk G2 by =AY 45
Let r be the smallest positive root of the following (time-varying) quadratic equation:
5 — 2Tk
24l —p4rb TRy —(1—7)by) =0.
P P A - 1) (=(1 =7r)by)
Then r exists, and the rate is given by
~ —1
g, < _2rby (6 —2TkL)
F(2v/\by — 1)

t-
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Sketch. Differentiating the Lyapunov function gives a quadratic equation in g;, which is upper-
bounded over all possible g;. The conditions arise from the requirement that the g7 coefficient in the
quadratic is negative. The full derivation is given in Section[C} the first part is given in Section [C.0.1]
and the second part in Section[C.0.2]

Remark 4. As seen in part 2 of the proposition, the assumption that the covariance is larger than a
constant in part 1 is not strictly necessary. Moreover, the first case is a special case of the second.
This proposition quantifies the observation in [37)], that the convergence rate is a bit slower if the
initial covariance is too small, but accelerates again close to the terminal distribution. This slowdown
does not occur if the initial covariance is larger than the terminal covariance.

This shows that in the underdamped and critically damped cases a € (A~'/2, 2A~1/2], the ODE
system converges to the terminal solution (6, g¢) — (A,0). We note that for a < A~'/2, the
Lyapunov function may not necessarily decrease, and may lead to oscillation behaviors, similarly to
[35]. A similar theoretical restriction arises in [[12]], which requires that the damping be greater than
m~1/2, where m is the strong convexity constant of V.

In the overdamped case, the Lyapunov function as defined in (@3) does not necessarily decay.
To show the convergence, we need to consider a modified Lyapunov function. This is given in the
following proposition.

Proposition 4. (Overdamped) Let V (z) = \='x2 /2 and T € [0, \) be as in the previous proposition.
Suppose that the momentum damping parameter is a > 2X~Y/2, and define ¢ = a)\l/2/2. Define a
modified Lyapunov function as

Fo= (100 = 2Tk )b + Cor]* + 20Dk (51, M) (46)
Moreover, define the (time-varying) variables
p=pr=al—A"V2 42Tk 6,7 b = ATV 45,1 47)
Let r be the smallest positive root of the (time-varying) quadratic equation
& — 2Tk !
(2VAby — 1)5,
Then r exists, and the modified Lyapunov function [@0) decays as
_ 2rby. (5 — 2Tk
¢(2VAby — 1)5

Sketch. The form of the Lyapunov function comes from inspecting the previous Lyapunov function
(@3), and transferring the modifications of [33] to the linear convergence case. The definition of the
rate being in terms of a quadratics’ root is sufficient in order to guarantee that the Lyapunov function
is decreasing.

(*p?+4 (—p +1by > (1—7r)by =0.

F <

Fi. (48)

We remark that a more general sufficient condition is ¢ > aA~'/2 /2. However, due to the presence
of (~! in the rate, it is not beneficial to take a larger (.

While the analysis presented so far is for the one-dimensional case, in the commuting case, we can
extend this to higher dimensions simply by taking the trace over each eigendirection. For a damping
parameter a to work for all eigenvalues, one should consider the overdamped case, i.e., extending
Propositiond] This can be summarized in the following corollary, in which the Lyapunov function is
defined using a weighted KL divergence.

Corollary 1. (Overdamped) Let V(z) = " Az/2 and T € [0, Amin), and assume X commutes

with A. Suppose that the momentum damping parameter is a > 2A;ilrf2, and define Z = a\'/? /2.
Define a modified Lyapunov function as

d
Fo=Tr(Z27' (% — 2K [B- + ZGi]*)) + 2> (DKL (6., Mi)- (49)

i=1
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Moreover, define the (time-varying) variables in each eigendirection

1/2 —1~-3/2 —1/2

pi=pei=aG — AP 2Tk NE PP b= AP w6 i=10d (50)
Letr;, i =1, ...,d be the smallest positive roots of the (time-varying) quadratic equations

Grq— 2Tk
(2VAb1 i — )54,

Then r exists, and the modified Lyapunov function decays as

) by (G4 — 2Tk
F<— mind< +al0t *’Z)> Fi. (51)

C2p+4 (—pi + by ) 1-r)by; =0, i=1,..4d.

- =1, G2V, s — )6y

Proof. By the assumption at the start of the section, the matrices Z, B_, G, ¥; all commute.
Summing ({@6)) over all eigendirections yields the multidimensional Lyapunov function (49). In each
direction, the decay is given by (6); taking the smallest decay coefficient yields the uniform decay

#9).

This section shows that the forced ODE system (42)) converges to the desired stationary distribution.
However, these decay rates are not sharp. Each result shows that if the covariance of the regularized
Wasserstein proximal is & ~ 2Tk:_7_1, corresponding to o ~ 0, then the convergence rate is slow.

5. EXPERIMENTS

In the following numerical experiments, we compare the performance of the proposed ARWP
method with several classical sampling methods and the non-accelerated BRWP method. This
is first done on Gaussian target distributions, directly in covariance space, then using particle
evolutions. Some low-dimensional non-log-concave examples follow to demonstrate the sensitivity
and effectiveness in exploring away from local potential wells, as well as a high-dimensional Bayesian
neural network example. The compared parameters for each of the experiments are given in Section|[G]

5.1. One-Dimensional Gaussian. We first verify the analysis for convergence in distributions
presented in Section In discrete time, the ARWP update has a closed-form update in
covariances, given explicitly in Section D] We verify the results of the linearized discrete-time update
in Section

We consider the simplest case where the target variance is N'(0,1), or equivalently V(z) =
||z||?/2, and continue to fix 3 = 1. To demonstrate the optimal choice of damping parameter a
and step-size 7, we plot a contour plot of the (trace) norm |0}, — 0|, Where 0o = 1 — T2 is
such that WProxy v (N (0, 0)) = N(0,1). This error is plotted against the damping parameter
a € [10°,102] and step-size n € [10~*,107-5], equally log-spaced with 200 points.

Figure [T] plots this error in the covariance when updating using the ARWP method, with fixed
regularization parameter 7' = 0.2, and with the covariance starting either as cq = 1072 or as ¢ = 4.
From Proposition [I|applied with A\ = 1, we know that the optimal asymptotic rate is given when

a=2V2\"1/2,/ L‘L%ﬁ 1, which qualitatively manifests as a cusp in the contour and is marked by a
gray dashed line. Furthermore, the contour plot exhibits a “bouncing” phenomenon as the step-size
increases for a fixed damping parameter a. As the number of iterations is fixed, the z-axis can be
approximately interpreted as time, and this “bouncing” is the characteristic of Euclidean accelerated

methods.

5.2. NI-Conditioned Gaussian. We now consider a 2D Gaussian with ¥ = diag(0.1, 5), i.e. with
condition number 50, applied with a finite number of particles N = 100. We compare with the
standard Langevin algorithms ULA and MALA [15]], and the non-accelerated regularized Wasserstein
proximal method BRWP [37]]. We additionally compare with two accelerated algorithms arising
from discretizing the kinetic Langevin dynamics, namely the inertial Langevin algorithm (ILA) [16],
and the kinetic Langevin Monte Carlo (KLMC) method [12]. These two algorithms are recalled in
Section[Hl
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FIGURE 1. Contour plots of the covariance error of discrete-time ARWP , for
target distribution A = A(0, I;), with initialization A'(0, 10~) (top) and N(0, 4)
(bottom). Error is plotted against the damping parameter a € [10°, 10%] and step-
size n € [107%,107%5], and fixed T' = 0.2. The gray line indicates the optimal
damping parameter in continuous time, given by (38). The black region in the top
right corner indicates (empirical) divergence, occurring when an > 2.

We also consider another standard choice of acceleration, where the damping parameter is chosen
as
k—1
k+2
The case where the damping a is constant is denoted in future figures as “ARWP-Heavy-ball”,
while the variable case (32)) is denoted “ARWP-Nesterov”. This is in accordance with the classical
optimization algorithms. We note that ARWP-Heavy-ball requires an additional choice of damping
parameter a.

Figure [2| demonstrates the convergence in KL divergence of the proposed ARWP methods, as
computed using a Gaussian KDE with bandwidth 0.05 and numerically integrated over [—5, 5]? with
mesh size Az = 0.01. It is compared with the unaccelerated BRWP method, classical Langevin
methods ULA and MALA, as well as the accelerated Langevin methods ILA and KLMC. We observe
acceleration of ILA and KLMC compared to ULA. In this simple case, MALA is able to perform
similarly to the accelerated methods.

The deterministic methods ARWP and BRWP are both able to reach significantly lower terminal
KL divergence, due to the structure of the final iterates. In particular, with this low number of
particles, unbiased methods such as MALA still have regions of mass that are not represented by
particles, leading to a higher KL divergence. This is demonstrated in Figure 3] where the particle
positions under the Langevin algorithms are less structured.

The acceleration in ARWP for this simple case is mild, manifesting as a slightly faster convergence
with the same 7" = 0.05. This is due to the slightly larger allowed step-size in ARWP. In particular,
ARWRP is able to use a step-size of 0.3 instead of 0.2 for BRWP, which diverges for step-size 0.3.
From (38), the optimal step-size for ARWP for optimally chosen damping is given by

1 /0.1 +0.05
Rigwe = —=(0.1)1/2/ == —— ~ 0.387.
ARWP ﬁ(o) 01—005 > 0387

1—apn = (52)
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2D Gaussian KL distance

ULA

MALA

BRWP

ARWP Nesterov
ARWP Heavy-ball
ILA

100 KLMC

KL ok, )

10*1 4

0 20 40 60 80 100
Iteration

FIGURE 2. Convergence in KL divergence for the 2D Gaussian, run with 100
particles over 100 iterations. We observe that the deterministic methods ARWP
and BRWP enjoy particle-wise convergence, indicated by the smaller oscillations
between iterations. The accelerated Langevin methods ILA and KLMC continue to
evolve due to the Brownian motion in the velocity. We observe that while BRWP
has a faster initial convergence rate, both ARWP-Nesterov and ARWP-Heavy-ball
reach their steady states faster. This is consistent with classical optimization results.

--

(A) ULA (B8) MALA (c) BRWP
(D) ILA (E) KLMC (F) Proposed ARWP

FIGURE 3. Particle positions after 100 iterations for the 2D Gaussian with condi-
tion number x = 50, run with 100 particles. We observe that both the accelerated
and non-accelerated Langevin algorithms look more randomly sampled, as the
particles do not interact. Moreover, the proposed ARWP method has a similarly
structured but slightly messier terminal position compared to BRWP. Both ARWP
and BRWP particle positions converge and do not move.
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However, the theoretical optimal step-size for BRWP is given by [37, Cor. 1]

0:1+0:05 _

1
hgrwe = 5(0:1)m = 0:15;

which is smaller than that of ARWP.

Remark 5. By taking a slightly larger step size, we sacri ce some speed in the fast directions for
small covariance, while accelerating the slow directions for large covariance. Taking a slightly larger
than optimal step-size usually results in acceleration.

5.3. 2D Rosenbrock. We consider the (scaled) Rosenbrock function [30]
V(Y= o (1 %) 24100y x %) ;
with the gradient operator

1 21 x) 400x(y x ?)

@V .. .._
v &Y= 55 200(y X 2)

©)
This is a dif cult non-log-concave distribution to sample. The high Lipschitz constants away from
the valley require a small step size, leading to slow exploration along the valley. In particular, the
mass of the distribution is distributed away from the valley near the minifiarly about 30% of
the mass is distributed within the square region indicated within the g8®eHig. 1]. Therefore, it
is desirable for a method to be able to sample from the tails of this distribution. We run the methods
with 100 particles initialized with distribution N (0zl) up to 500 iterations.

Figure 4 plots the evolution of ARWP-Nesterov, ILA with a low damping parameter, KLMC,
and ULA. We observe that ARWP-Nesterov is able to properly diffuse along the parabolic potential
well, while keeping an appropriate number of particles near the origin. Section F contains some
additional comparisons with other baselines ILA and BRWP, as well as a hyperparameter ablation for
ARWP-Heavy-ball.

5.4. Multi-Modal Gaussian Mixture. We now consider a four-mode weighted Gaussian mixture in
two dimensions. In this case, the potential is given by

X4 2
V (x) = log w;exp 2
i=1 i

where the centers are given ligig = f(0;0); (3;0); (3; 1); (3;1)g , weightsfw;g =
f1;0:5;0:5;0:5g and bandwidth§ 2g = f0:5;0:25;0:25;0:25g This potential is a large well

at the origin, with a smaller well on one side, and two smaller wells on the other side. This is run
with 100 particles, with initial distributiofN ((3; 0); | 2) in a suboptimal well. The methods are run

for 400 iterations to allow for suf cient mixing.

Figure 5 gives the evolution of the KL divergence of the various methods, run with optimal
parameters as found using a grid search to minimize divergence at iteration 400. The KL divergence
is approximated using a Gaussian KDE with bandwidth 0.1, and integrated over tH&gid?
with mesh sizex = 0:01 . We observe that the KL divergence of the ARWP methods are able to
decrease faster than the compared Langevin methods as well as BRWP. Moreover, the combination
of the acceleration and modi ed kernel allows for the particles to diffuse into all the potential wells
in a structured manner, leading to a lower terminal divergence.

Figure 6 plots the particles at iterations 10, 50, and 200 for ARWP-Heavy-ball, ILA, KLMC and
MALA. Each of the methods are able to diffuse to the opposite wells by iteration 200. We observe
again a structured phenomenon for ARWP across all of the different wells.

2This also means that approximating the KL divergence using numerical integration is expensive.
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Iter. 50 200 500

FIGURE 4. Particle evolution for Rosenbrock distribution at iterations 50, 200,
500. Top to bottom: (1) ARWP-NesteroV (= = 0:02 ), (2) “underdamped ILA’

( =0:05, damping parameter 2), (3) KLMC ( = 0:01, damping parameter

= 5), and (4) ULA ( = 0:01). We observe that ARWP and ILA are better
at exploring the tails than KLMC. However, ILA and ULA both have particles
straying away from the main parabola due to time-discretization bias.

5.5. Bayesian Neural Networks. For a high-dimensional non-log-concave target distribution, we
consider the Bayesian neural network experiment as dorH,ji87, 38]. This consists of training
some neural networks over ve U&Hatasets. We compare against existing baselines given by

various gradient ows.

3https://archive.ics.uci.edu/datasets
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FIGURE 5. KL divergence between the particles and the underlying distribution for
the Gaussian mixture. We observe that ARWP method converges faster than BRWP,
and the particle cloud stabilizes with lower KL divergence than the corresponding
Langevin methods. KLMC experiences mode collapse, which persists through
hyperparameter changes.

Each particle is represented by a two-hidden-layer ReLU neural network, each with 50 neurons
and default Gaussian initialization. The epoch and batch-size hyperparameters are takédtjas in [
and the methods are run with = 10 “particles”. The step-size anll hyperparameters are chosen
by a grid search ranging from2 [2 10 2 ;3 10 ! JandT 2[102 ;102 ]. Values reported are
averaged over 20 independent runs.

Table 1 reports the test root-mean-square error for training with BRWP, accelerated information
gradient (AlIG), Wasserstein gradient owd]], and Stein variational gradient desce4@]] We
observe that ARWP(-Nesterov) is able to consistently outperform BRWP on this task. Compared
with Adam, the particle-based methods are also able to nd networks with better generalization.

TABLE 1. Test root-mean-square-error (RMSE) on test datasets on various
Bayesian neural network tasks, averaged over 20 runs. Bold indicates small-
est in row, underlined denotes second smallest. ARWP(-Nesterov) consistently
performs better than BRWP on this task, with a higher variance. This indicates that
the particles are able to nd better test-generalization, at the cost of also nding
some poorer particles.

Dataset Adam ARWP BRWP AlIG WGF SVGD

Boston  3:35Q@:33e1 2:9027:25¢ 1 3:3095:31¢ 1 2:8713:41e3 3:077s5:52¢3  2:7753:78e3
Combined 3:97179e1 3:9391:89e 1 3:9753.94¢ 2 4:0679-27¢ 1 4:0773.85¢ 4 4:0702-02¢ 4
Concrete 4:69885e 1 4:2578:46e 1 4:4782;05e 1 4:4401;34e 1 4:8831;g3e 1 4:8881;39e 1
Kin8nm  0:08%:72e3 | 0:089;47¢3  0:089%.05e5  0:094556e6  0:0963:36e5  0:095;1:32e 5
Wine 0:62%01e 2 0:6083:43¢ 2 0:6231:35¢ 3 0:6061:40e 5 0:6143.4804  0:6049.80e 5

6. DISCUSSION

This work introduces the accelerated regularized Wasserstein proximal (ARWP) method for
sampling from a target distribution. There are several accelerated schemes in probability density
space. One is from overdamped Langevin to kinetic Langevin dynamics. The other is to add a
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Iter. 10 50 200

FIGURE 6. Top to bottom: particles for (1) ARWP-Heavy-balH0:6; T =

0:1; a=1), (2) ILA( =0:3, damping = 1), (3) KLMC ( =1; a=1),and (4)

MALA ( =0:3), observed at iterations 10, 50, and 200. We observe reasonable
mixing aside from KLMC, and a typical structured phenomenon at iteration 200
for ARWP. KLMC appears to exhibit larger bias around the rightmost well. Note
that the particles have not stabilized at this point, and continue to ow from the
right potential wells to the left wells.

momentum variable to the score-based ODE. The ARWP method then arises by replacing the score in
the latter accelerated information gradient ow with a computationally tractable kernel approximation,
given by the regularized Wasserstein proximal operator. For quadratic target potentials, we provide a
detailed Lyapunov analysis in terms of the damping parameter in continuous time and an asymptotic
discrete-time mixing rate via linearization. Moreover, we achieve a faster asymptotic contraction
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rate than that of kinetic Langevin dynamics. Experiments demonstrate better tail exploration than
accelerated Langevin methods and the characteristic structured-particle phenomenon.

In a similar vein to the fast iterative shrinkage thresholding algoritBmdne may ponder
whether or not a similar acceleration can hold using the (unregularized) Wasserstein proximal in
order to accelerate the Wasserstein proximal gradient me88hdwWhile a Wasserstein proximal
gradient method can be written down using some appropriate exponential maps, and acceleration for
geodesically convex functions on manifolds can exét,[acceleration on Wasserstein manifolds
has not been explored in the literature. One possible direction would be to consider applying RWPO
within the Wasserstein proximal gradient algorithB3]| relating the RWPO-based methods with
classical proximal descent algorithms. The relationship between FISTA with an added score term,
with the corresponding dynamics in density space, is also an open question.
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APPENDIX A. UNDERDAMPED LANGEVIN EQUATION

One possible accelerated counterpart to the Langevin equation is the so-called kinetic equation
[12). This corresponds to the underdamped Langevin diffusioh [This is the equivalent of Nesterov
acceleration in the gradient spadd]. We can write down the the standard (overdamped) Langevin
diffusion, given by 0

dX¢ = rv(X)dt+ 2dwW :

The underdamped Langevin dynamics is then given by the following, wheaedP are spatial
and momentum parameters respectively,

X _ P P— 0 .
d P T (@ +urv(X) dt+ 2au| dw ; (53)

wherea > 0 is a friction coef cient, andu > 0 is an inverse mass. In this case, the Brownian motion
can be seen to only act on the momentum vari&hlén the casas = 1, if we scalea to in nity, the

limit of the kinetic Langevin dynamics yields the standard overdamped Langevin diffuzshriihe
distribution of this diffusion converges to its invariant distribution iff R

f (x;p)/exp V(X 2—1ukpk2

The corresponding accelerated Fokker—Planck equation is known as the Klein—Kramers equation,
which is an evolution of the joint density in phase spéaep) . The update is given by the
second-order update [31]

@+pr xfu trpfrveg=ar , (pf)+u ta jf: (54)

Various convergence results can be found?# [ This can also be seen as Hamilton's equations
corresponding to the Hamiltonian

Sy 1 .
HOGP) =V (0 +  5kpke:

An alternative is given by considering a different accelerated Fokker—Planck equation, with the same
stationary distribution. In the continuous-time optimization setting, an accelerated gradient ow is
given by
X=p; p=ap rv(xy:
The analogous dynamics in the probability space are giver8hydferred to by the authors as
heavy-ball ow,
Z

@+pr fr ap+r XE f(x;p)dp f =0: (55)
Rd

Here,E is some divergence or metric to the stationary distribution, such as the relative entropy/KL
divergence, ance=  represents the rst variation. The main difference with the Klein—Kramers
equation is the second order term: instead of having a Laplacian in momengym sgfage; p) over

the joint densityf(x; p) , one has a mixed gradient, (fr ) over the marginal f(x;p)dp . Inthe

case E() =D . (k), writing  { for the marginal over p, the heavy-ball ow is specialized as

@+pr xfr , [(@p+rV(x)+rlog (X)) f]=0: (56)
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This equation describes the phase-space measure corresponding the following particle e@lution [
Eq. 94]
g X P

dt P T ap rv (X) rlog t(X) : (57)

Other than considering this as an analogue of Nesterov acceleration in measure space, another
method of deriving this equation Eq. (55) is by damping an appropriate Hamiltonian ow in the
Wasserstein-2 space. This is interpreted4ij ps arising from a measure-valued analog of Nesterov
acceleration using the Wasserstein metric. See more details in [41].

APPENDIX B. PROOFS

B.1. Convergence rate of linearized discrete time update. This section shows the convergence
rate given in Section 4.3. Recall the update matrix (in each dimension) is given by

n+l n 0 2 4Tk }
=]+ A . A= 58
et [+ Al o 2 a (58)
The eigenvalues of A are
1 _
= E[Tr P Tr 4 det]
1 q
=5 a a2 4 2 (2 4TK D)
and the step-size has to be chosen such that for every eigenfalue, | < 1. The contrac-
tion/convergence rate is tt}g largest of the vajdes j over all eigenvalues. We recall a technical

assumption that (1+ = 2)* . This ensures that the functiory! 1 - is (strictly)
decreasing over hin ; max |-

B.1.1. All complex eigenvalues, low critical damping. This happens if for each eigenvalue of ,
a2 8 @2tk ! ') (59)

The step-size condition on is

q

1+ a a2 4 22 4TK ) <1:

The absolute value is less than 1 if and only if

a 2
1 7)2+ ~(a 2+4 2 (2 4Tk r)<1
1 a+ 2 22 4Tk y<1:
Rearranging, the step-size condition that yields convergence is
a
2 1@ 2Tk}t 1)’
The rate is fastest when the norm of 1 + is minimized, which occurs at
a
41 @1 2Tkl 1)
Since this has to be true for every eigenvalue, it is suf cient (and necessary) for (59) to be true for

max - The maximal step-size is also given by the smallest value of (60), i.e gt This yields the
parameters

(60)

q

1 1

p* — q 1 _ 1 2Tk +;max max
a=2 2 322 12Tk, s = P= mae mi ;

max +max ~ Max pE max ~ min 1 2Tk +1;min mlin

To obtain the form in Proposition 2, one may observe that
T
12Tk} =

+T:
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Then, the damping and optimal step-size are given by
r

pé 1=2 max T - 1 1=2 max T min +T .

a=2 max

max + T ’ é max . min max ¥ T mn T .
The rate is given when the complex part is largest, i.e. when is minimized. It is given by
q
max 1+ - a a2 4 2 (2 4TK }
2[ min 5 max ] 2 ( - )
q

1a+2 21 (@1 2Tk} 1

min +min  min

r
_ 1 1 max T min+T_
max+T min T .

B.1.2. All real eigenvalues, high critical damping. This happens if for each eigenvalue ,

a?>8 (@1 2Tkl ') (61)
Since both eigenvalues are less than 0 andk  , < 0, we need only check that+ > 1 .
The step-size condition on such that the iteration is stable/convergent, thus becomes
q

1+§[a a2 4 22 4TK 1)>1

The condition for stability satis es

4
¢
a+ a2 4 22 4TK )

We can now consider the largest possible optimal a, which correspondg.tp

P 1=2 mn T
a=2 2 —_— 62
min min +T ( )
Using this damping parameter, we have that
r—
P> 1=2 T .
a2 2 T (63)

forall 2[ min:; max], and all the eigenvalues of the update maltrix A are real. Moreover, if
the step-size satis es

2.
51
then we have thgll + ) jl1+ j- This can be seen by solving the equality . =
a1+ ). Therefore, the rate for a give"n eigenvalue is given by#
r
1+ =1 - a a2 g8 1 T : (64)
2 +T

Up to the rst order, this rate is controlled by the following lemma.
Lemma 2. For a constant c > 0, the function

o PEn iR aw=x X (©5)
can be rewritten as

qx) = —pe—— > (66)

X+ x2 ¢ 2%
If we take = 2=a, the eigenvalues for convergence are all real, and the rate corresponding to an

eigenvalue 2 [ min; max]is given by 4
r

T
1 - 2. g 1
2a a +T
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This rate is slowest (i.e. largest) whens maximized. To summarize, the choice of damparend
step-size is

p

r
a=2 51:2 min T 2

min min * T a
This choice of parameters yields the rate

" r # " r #

T
1 - a a8 gux———— =1a'l
2 max max+T

28 T

a max
max + T

max T min +T .
max+T min T

= 1 1

APPENDIX C. CONVERGENCE OF ACCELERATED REGULARIZED CONTINUOUS-TIME UPDATE

Recall the continuous-time covariance update, given by the coupled ODEs Equation (42),

( 1
=20t~ 49Tk, ;

=
g=ag . g2 '+~ ©7

This differs from the linearized case due to the introduction ofghéerm, which changes the
dynamics away fromig 0. Moreover, we have a forcing term within.
Let us additionally de ne the time-dependent variable

b = 2 -~ . (68)

For ease of notation, we denote the KL divergence between two zero-mean Gaussians directly
using their covariance8x. ( 1; 2) =Dk (N(O; 1);N(O; »)). We de ne a Lyapunov function
by

E=(~¢ 2Tk 1 )b +g:?>+2Dx (~; ): (69)

From [41, Prop. 8], we have a specialized bound, stronger than the traditional log-Sobolev
inequality using the Bakry—Emery criterion. In the case witeiie the relative entropy, so that the
rst variation satises E( ¢; )= =log( = )+ 1. One has the stronger bound

p—
D (=) ~  bZ2bh %402: (70)

The proof by specializing this result to Gaussians is delayed until Section C.1, given in Corollary 2.
It remains to compute the time derivativel®f which we wish to show is negative. We have the
following expressions for the time derivative of E

d d
aZDKL (~t;)= a(ﬂ Ylog ~ * 1)
= =( 1o~ tl )
=(20:~ 49 tTk+l ) o~ tl );

In addition,

d
b +g0=
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We can therefore compute the time derivatiyeas follows:

E=29(~ 2Tk /)b +g]?
+2(-2Tk ;)b +g)ag g * '+~ +g-'F 2Tk [ g-¥?)
+29(~ 2Tk J)( ' ~ 1)
=2(~ 2Tk [!)b +g)ag g 2+g(b +g)+g~'? 2Tk [ g~*?)
+2(~2Tk )b ) ' +~1)
= 2(~ 2Tk })p?h
+2g9(~ 2Tk [ )b +g)(a+ 2 2Tk ! ~372): (71)
From the bound (70) on R (~; ),
E (~2Tk )b +g]2+2~p732b+ b 2:
Rearranging,
2~p732b+ E (+(~ 2Tk )b +g]*> b 2: (72)
Substituting into (71), and noting that ~ 2TK and h are positive,

E=2(~2Tk /| )b’b
+29(- 2Tk ;)b +g)a+ 7 2Tk [ ~*2]
2~ 4Tk 2
P
+29(- 2Tk ;)b +g)la+ 7 2Tk [ -3
=( ¥ 2~ 1Tk} ) E(+(~2Tk )b +g]* b ?
+29(- 2Tk ;)b +g)a+ 7 2Tk [ -3

E(+(~2Tk [)B +g]*> b ?

= ( 2 2~ 17kl 2)E (73a)
+ 121 (2 2Tk D)= 2Tk F)b +g]® b 2] (73b)
+29(~ 2Tk })b +gla+ 7 2Tk} ~327] (73c)

C.0.1. One-dimensional case: critical momentum. We now control the latter two terms (73b)
and (73c), by showing their sum is negative. Then, we can uéav&ll's inequality to conclude.

12 -1 (= 2Tk )= 2Tk )b +g]* b ?]
+2g9(~ 2Tk )b +gla+ 2 2Tk ! ~32]

2 ~1[2b g+g? 2Tk [ (b +g)?]
+2gb +gla+ 2 2Tk } ~37]
(2 1=2 2a+2 1=2 )b g+( 1=2 2a+2 1=2 )92
2Tk 2 =1 (b +g)? 4Tk [ gb +g)~ 37
1=2 gZ
) amk 12 o1 o +g)2 aTk g +g)-

=(~ 2Tk })
=(~ 2Tk })
=(~2Tk }

where the last equality holds if we take the momentum parameter

a=2 7. (74)
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It remains to use the control @t and(b + g)? to bound the nalg(b + g) term. The component
inside the bracket is a quadratic in g:
1=2 gz 2Tk +1 1=2 _1 (b +g)2 4Tk +1 gb +g)~ 3=2
:gz( =2 o7k +1 1=2 _1 2Tk +1 _3=2 )
+gb (4Tk } 2 ~1 4Tk ! -3 2Tk PP -t

The coef cient ofg? is negative. Maximizing over all possibig the above expression is upper
bounded by

b2 (4Tk +l 1=2 _1 4Tk +l 3=2 )2
4 =2 2Tk b} =2 -1 4Tk ! ~3=2)
1
A, =2 2Tk } 192 -1 4Tk ! ~32)
8Tk +ZI. 1=2 _1 b2( 1=2 2Tk +1. 1=2 _1 ATk +1 _3=2 )

|
b 2(4Tk +1 1=2 _1 4Tk +1 _3=2 )2

2Tk } 2 -1y

h
E 8Tk+l 1 .1 +16T 2k+2 1 .2 +32T 2k+2 1=2 _5=2 )

4G i
16 T2k+2 1 _2 +2T 2k+2 1=2 __5=2 +T 2k+2 3
b2 1 1 1 2,2 3 .
= g TS T 16T k2P (75)

wherec, indicates the negative denominatpr= (172 2Tk ! 192 -1 47k ! ~32),
This quantity is negative if the term in (75) is positive. This is the case if the following relationship
on ~and T holds:

8Tkl '~ 16T?%k2-~% 0
, a2tk -2 0
,~ 2 2TK } (76)
This states that the variance of the regularized Wasserstein proximal can not be too small, or that the

regularization has to be chosen to be suf ciently small.
As a sanity check, we may verify that for the choite< , this inequality holds near the terminal

variance ~ . The necessary condition becomes
2 2TK }
2T T
1 _ — .
, 2TK TS +1+T1’

which is equivalentto T, as initially assumed.

Returning to Equation (73a), we have shown that under the assumption (76) on the variance and
regularization, and using the momentum parameter clioie@ =2 in (74), the Gonwall-type
inequality holds:

E[- ( 1=2 2Tk +1 1=2 ____l )Et
8Tk} '~ 16T 2k? ~°
4 =2 2Tk } 1= -1 4Tk ! ~3=2)
( 1=2 2Tk +l 1=2 _1 )EI:

+(~ 2Tk 1)p?

In particular, close to the terminal distribution ~ , one has the asymptotic rate

E=0@") (77)
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where the rate is

r= 12 o1}l 2 1
= 12Tk} t
- T 1=2

+T

C.0.2. Subcritical damping, removing the step-size condition. Consigldr =2 ;2 172 ]. We
wish to drop the condition that is bounded below when deriving our rate, in order to get a global
convergence.

Fe=(~t 2Tk ! )b +g?+2D w (-1 );

and = (a; ;T) > 0is to be determined. Taking the time derivative of i, one gets

= 2
- - 0= b +
22Tk 1y o *dl
+(b +g)ag g * ' +-1 +g-'T 2Tk g-7?)
+g( - 1)
=(b +g) gb +g® ag g * b b +g~'? (L 2Tk [ ~1)
+gb b

=(b +g)gb a b b +g~"* (1 2Tk} ~*)+gb b
=(b +g)gb a)y+g~ 2 (@ 2Tk} ~')+( Lgb b
b?h:
Note sincea 12  thatb a < 0. Moreover, since

p 1

DL (%) ~ b?h. é"bz; (78)
we have
2~ pBZu F (+(~2Tk )b +g]> ~b ?
~1 2 PhaB F o +(-2Tk P)b +gP?
b 2 Fit(- 2;'1 2o +g]2;
2 b. 1)

. . p- - - .
where the equivalence is sinte2 b, = 1 2~ %2 172 <0, Itremains to use the tert? b,
to determine the rate. Let r > 0 be some rate parameter. Then,

sy © t9Eb @rgm T 2Tkl -1)e( Do b
F (- 2Tk b +gP?

2
2 b. 1) (1 Db ~b

+rb

= 497r9+ Ft
2 " b, 1)

+gb +g)b a+~ 2 (1 2Tk ! ~*)+( gb b

(- 2Tk _} )b +g]?

+rb —
2 b, 1)

(1 nb ?b: (79)
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It remains to nd a maximal =r ; > 0, such that the sum of the last two terms is always negative.
Considering it as a quadratic in B- g, one has
gb +g)b a+~ 2 (1 2Tk ! ~*)+( Lgb b
2Tk b +g)?
b, (~ )b +9] 1 b Zh
<2 "o, 1)
=(b +g)’b a+~ 2@ 2Tk ~t) b (b +g)b a+~ F(L 2Tk ! ~1))

+( )b +g)b b ( b Z?h

(~2Tk ) 5 5
+rb. ﬁei[b +9]° 1 nb “b:
<2 1)
This is a quadraticb +g)2+c1(b +g)+c o, where
- ~ 2Tk }
co=(b a+~ 2@ 2Tk  ~1 ) +rb. ( — ) :
2 b. 1)

ca=( 1b b. b (b a+-~ 1=2 (1 2Tk +1 1 );
o=( nb Zh:

We wish to show that, < 0, and furthermore that the maximum 4C is negative. Equivalently,

¢ 4c e <O0.
Condition 1: quadratic coef cient is negative. The equivalent condition for this to hold is that
- ~ 2Tk }
b a+~ ¥2 (@1 2Tk ! ~Y ) +rb. (- 2Tk +) <0
<2 p 1)
., fab -~ 2@ 2Tk}l -t )@ b, 1)
b, (~ 2Tk ;)

The RHS is positive for all ~ifa> 72 |
Condition 2: quadratic is upper bounded by 0. lpE p;y =a b~ 72 (1 2Tk ! ~1)=
a 1=2 42Tk ! ~32 > 0. Rewriting the coef cients, we obtain

1
¢ = ptib ﬁ% (81)
a=( b b +b p; (82)
c=( nNb 2%b: (83)
The equivalent condition is
0 c2 4c o0, (84)
1
0 (( Db+ +p)? 4(p+rb {;%Tkﬁ)(( nb 4+ (85)

This inequality has to be strict at= 0 for a feasible rate to exist. One obtains the simpli ed quadratic
inequality:

0 (( Db ++p)? 4p(b )
One immediately observes now thatifa 2 t72 ;2 72 ], then
p=a Y2 +2Tk}! ~%? 122 42Tk} ~%2 <b,: (86)
Therefore, taking = 1 yields that the quadratic inequality holds strictly,
p? 4pb . <O0:
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One may now solve for r in Equation (85). Substituting = 1, the quadratic inequality becomes

07 4p+tb K )@ b )
2 b. 1)

This is a quadratic with positive coef cient irfrand is negative at r = 0. Since

p2" b, 1) .

by (~ 2Tk 1)’ (87)

are positive, the in ection point is also positive. Therefore, the rate (that also satis es Equation (80))
is given by the smallest (positive) root. Since the quadratic is negative @t, by the intermediate
value theorem (IVT), the positive root must be smaller than the (positive) quantity in (80).

C.0.3. Multi-dimensional case: overdamping. Let 0 be a constant to be chosen later, and de ne
the Lyapunov function

Fi= Y(~ 2Tk 1)b + g +2D ke (= ):

Differentiating,
Fe 1 2
2= 2Tk 1) (9)( g9)
+ Y +g)(ag g * t+~t)+g-¥F (~2Tk )
+g9( t ~ 1)
= 1rgb + Q) i
gb +g?+(agg 2 ! +~1)+g~%2 (~2Tk )
+ gb b
= 1 b +
h( 9) :
gb ag b b +g~%? (~ 2Tk })
+gb b _
i
= 'gb +9) b a+~ ¥ (~2Tk /)
b?h:
Since
D (+) ~ " bZb 2b2=02(" Db, D) (®9)

we have that
Foi(q 2Tk )b + g2+ b2@ B, 1)
and therefore we have the bound

F+ '(=2Tk )b +9)?

b 2 —
@ b. 1)-

(89)
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Introducing a rate parameter 0 , we again split the control terrb 2b, = rb 2b, (1 )b 2h,,
giving the derivative control

h i
F—t‘ - 1 3=2 1

— = b + b a-+-~ ~ 2Tk |

2= 2Tk 1) a( 9) a ( )

b 2b. (1 r)bh % h,
Ygb +g9) b a+~ ¥ (~2Tk })

Ft  1(-2Tk 1)b +g)?
@ Db. 1)-

+rb

(1 nb 2b+
_ F+ Y(~2Tk !)b +g)?
@ b+ 1)~ @ b, 1)~
+ 2 +9? " a 2Tk [} ~37]
2hb (b +g) ¥ a 2Tk ! ~%2]
(1 nb ?b,:

In the last step, we expard , and writeg(b + g)= (b +g)?2 b (b + g).Dene
the auxiliary variable similarly to the previous section, as

p=a A

In order to have p > 0, we have the necessary and suf cient condition: a 172

Consider the quadratic that is added toEhéerm. It can be written as (b + g) +ci(b +
g) +C o, where

o= Zp+rby 2 ﬂ;g'l’kif; (90)
2 b. 1)~

a= 2b p; (91)

=1 nb 2b: (92)

We wish to show that the quadratic is always negative for all possible g.
Condition 1: ¢, < 0. This is equivalent to the inequality

2" D, 1) _
b. (~ 2Tk 1)’

Condition 2: ¢ 4c ,c9 <0 whenr = 0 . This implies that the quadratic wherr 0 is strictly less

than 0, which guarantees the existence of a positive rate by continuity. This condition can be written
as

0> *p*> 4 Z2p)bs)
,0> 2p 4b,
.4 2b, >p:

This holds for suf ciently large sincep a as !1.
Let us take

=a =2 (93)
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Sincea 2 72 | the necessary conditian %2 holds and we have that> 0. Therefore,
the above equivalences hold. Moreover, we have that
42p, p
a 2 b+ %aZ 1=2 + 1=2 2Tk +1 _3=2
%az 1224 122 42122 _ 12 5.

Therefore, the quadratic is always negativerferO . One obtains that the optimal rate is the smallest
positive root of é 4c oCy, when written as a quadratic in r,

~ 2Tk }
4p? 4 2p+rby 2 —p——— )@ nb ;
pPaC Tprmb. T opa @b )

and the rate becomes L
2rbs (~ 2Tk
r +é7 + )Ft:
2 bs 1)~
C.1. Proof of strengthened KL bound. It remains to show the strengthened inequality (70). It
states:

s

P 1
Drc (5) ~ b?h, §~b2:
whereb = 172~ 172 Tpuse this, we uset], Prop. 8], stated as follows. We rst need the

concept of convexity over a probability space.

Denition 3. Let R " be some domain, arfdl() the space of probability densities over For
adensity 2P() ,letT P() andT P() be thetangent and cotangent spaces espectively.
A metric tensor is a (pointwise) invertible mappi@g) : T P()!T P() , which induces a
metric inner product g og TP() by

g(1 2)= 1G() 2dx= 1GO) Y oodx; 4 22T P();

where ; satises ; =G() ! ;,i=1;2.
LetE() be de ned some functional over a probability space, such as the KL divergence. We say
thatE() is -strongly convex (with respect to a metggif forany 2 P() ,forany 2T P() ,
we have
g (Hess();) 9 ()

where Hess E( ) is the Hessian operator w.r.t. the metric g

The special case we consider is when the metric is given by the Wasserstein metric, with metric
tensor

GO *O=r (r)
and (tangent space) inner product (for Gt) ; 2; P(),

g(G() 1:6() 2= 1G() ¥ L dx:
The enhanced KL property is given as follows.

Proposition 5. LetE() be some potential energy functional in Wasserstein space, and suppose that

E satis esHess() forsome 0 . Let be the minimizer oE. Further letT; be the optimal

transport map from; to . Then,
VA A

EC ) EO+ Ti(x) x;r £ tdx+ = KT() Xk 2 dx: (94)
t

We have the following corollary for the special case wheres KL divergence and; are
both Gaussians. Let =N (0; ) . We have the following representation of the KL divergence and
transport map:
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Lemma 3. The KL distance between two zero-mean Gaussian$ isa R

1
Di (15 2)= 5 logdet » £od+m } o (95)
Moreover, the optimal transport map T from N (0z) to N(O; ») is linear,
T= (1 2 1 ) T (96)

Substituting this into Proposition 5 yields the desired inequality. Let N(0; ) be the desired
target distribution /exp(V),whereV (x)=x > 1 x=2.

Corollary 2. Let =N(0; ) .TakingE()=D k. (k ), the minimizer oE is . Moreover, if
=N(0; ), then

E( ) Tr ( 1=2 1=2)1=2( 1=2 1 1=2 I )

2
§Tr 122( 1=2 1=2)l=2 1=2 | : (97)

In the case where the covariance matriceand commute, one has the strengthened bound, where
B = 1=2 1=2

E() Tr 1=2g2B, B 2=2:

Proof. The following two statements hold.

E() satisesHess() where = 1. . This follows from the Bakry—Emery criterion
since V (x) is 2, -strongly convex.
The optimal transport map is linear by Lemma 3.

We can now substitute into (921). For a quadratic forimAx, we have that

X~ AXdN (0; ) (X) = Tr(A): (98)
Further note that for the KL divergence,
E. %x’( ! 1yx+1; therefore r E(x) =( ! yx:

Since E( ) =0, we have that

z E z

E() T(X) x;r — dx > KT(x) xk 2 dx
A
- X> 1=2 ( 1=2 1=2)l=2 1=2 ( 1 1 ) xd (X)
Z 2
E X> 1=2 ( 1=2 1=2)1=2 1=2 I Xd(X)

= Tr ( 1=2 1:2)122( 1=2 1 1=2 |)

ETr =2 (12 1)1 12

In the case where and commute, one may work over an eigenbasis and sharpen the bound
Equation (94) to each dimension. In particular, the transport map simpli @tp= 72 172 x|
and the bound then becomes

E() Tr ( 1=2 1=2 |)( 1 1)

1 o 2
bt ! 1=2 1=2

=Tr l=2( 1=2 1=2 )( 1 1 ) %Tr ( 1=2 1=2 )2

=Tr  'B?B, B ?=2;
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T=0 T =001 T=01 T=@1+ "2t T =09

FIGURE 7. Contour plots of the covariance error of discrete-time ARWP (18), for
target distribution = N (0; diag(1; 20)) , with initialization N (0; 401) , at 2000
iterations. We observe that for lower levelsTofnumerical instability dominates

in the highly underdamped settiag< 20 =2 , due to the covariance getting close
to zero.

as desired.

APPENDIX D. DISCRETE TIME ARWP COVARIANCE UPDATE
LetV (x) =x > ! x=2. Recall the original accelerated regularized kinetic system (18), updated
as
Pier =1 a)P « (VX ) +rlogWProx ¢(Xk)); (99)
Xisr =X g+ P ger:

We recall the essential expressions relating the covariance of a Gaussian to its regularized Wasserstein
proximal

K =1 T '; B = ¥ - 1=2. (100)
~=2TK ! +K D (Kl (=K.(T¢ 2TK D)K. (101)

Let us write R+1 = G Xk, where G is some matrix. Then,
Xitr =X+ P =(1+ G )Xy (102)

and the update of the momentum term
GkXk =P =L a)P « ( *  ~} )X
=(1 a)G k1 Xk1 (' T )X«
=(1 a)e k1 (1+G w1 )" Xk (1 "Xk
Therefore, the regularized WProx kinetic equation in covariance form becomes

X1 =(|+ G k)Xk) K+1 =(|+ G k) k(|+ G k)>; (103)

Gk=(1 a)G «x1 I+ G )t ( * (104)

APPENDIX E. ABLATION ON REGULARIZATION PARAMETERS: GAUSSIAN CASE

We consider a 2D Gaussian target distribution diag(1; 20) . Figure 7 ablates against the
Wasserstein proximal regularization paramé@tewhich has to be xed iril 2 [0; 1). We observe
that the optimal damping is given by (36), which is consistent with the linearization analysis in
Section 4.3. Moreover, 86 decreases, the update becomes (numerically) unstable for small damping
a. This is due to the update step (104)Tifis small, then the regularized Wasserstein proximal
variance matrix"x may also be very small, leading to a large update in the momentum n@atrix
This makes the ODE system stiff, and can cause blowup if the step-size is not chosen to be suf ciently
small.
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FIGURE 8. Ablation of ARWP-Heavy-ball across some different choices of 7" €

{0.02,0.05,0.1} and a € {2,5,15}. All evaluated at iteration 200 and step-size

n = 0.02. As T increases, the particles concentrate more around the parabola
2

Yy =x°.

APPENDIX F. ADDITIONAL PLOTS FOR ROSENBROCK DISTRIBUTION

Figure 8] plots the particle positions at iteration 200 for the Rosenbrock distribution. The particle
count is N = 100, step-size n = 0.02, and the parameters are varied as T' € [0.02,0.05,0.1] and
a € [2,5,15]. We observe that as T increases, the particles stay closer to the parabola y = z2. This
is consistent with the observation in [37] that the T" parameter “shrinks” the local variance by 7.
The evolution is very similar for the different damping parameters in this case, possibly indicating
overdamping.

To contrast this sensitivity, we compare with ILA, which has different behavior as the damping
parameter changes as seen in Figure[9] For the less damped case, corresponding to a small Lipschitz
constant estimate, the particles are able to explore the tails. However, in the more damped case, the
particles do not explore the tails. KLMC does not explore the tails at all, as seen in Figure [I0]

ARWP has an additional advantage over BRWP in its stability with respect to step-size. BRWP
is only able to diffuse up to a certain height of the parabola before some instabilities occur, and the
outermost particles begin to oscillate perpendicularly to the parabola.

APPENDIX G. HYPERPARAMETERS FOR EXPERIMENTS

We detail the hyperparameters used in the plots for the ill-conditioned Gaussian Section [5.2}
Gaussian mixture Section[5.4] and Bayesian neural network examples Section[5.3] These are given
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Iter. 50 200 500

FIGURE 9. Top row: underdamped ILA (n = 0.05, L = 2; bottom row: over-
damped ILA (n = 0.05, L = 10). Evaluated at iterations 50, 200 and 500.
Overdamped ILA does not explore the tails.

Iter. 50 200 500

FIGURE 10. Top row: underdamped KLMC (n = 0.01, a = 5; bottom row:
overdamped KLMC (1 = 0.01, a = 20). Evaluated at iterations 50, 200 and 500.
There is no exploration.

respectively in Tables[2]to ] The parameters for Rosenbrock experiments are given in the previous
section Section[H
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Iter. 50 200 500

-4

FIGURE 11. Rosenbrock distribution with BRWP (n = 0.02, 7" = 0.05). Evalu-
ated at iterations 50, 200 and 500. The convergence is fast but does not continue
to explore the tails, as the outermost particles oscillate back and forth about the
parabolic valley.

Method Parameters

ULA n = 0.01

MALA n =0.05

BRWP n=0.2,T=0.05
ARWP-Nesterov n=0.3, T =0.05
ARWP-Heavy-ball n=0.3,T=0.05,a=1
ILA n=02 L=5
KLMC n=02a=5

TABLE 2. Ill-conditioned Gaussian

Method Parameters

ULA n=20.1

MALA n=20.3

BRWP n=20.5,T=0.1
ARWP-Nesterov n=20.6,T=0.1
ARWP-Heavy-ball 1n=0.6, T=0.1,a=1
ILA n=03, L=1
KLMC n=02a=2

TABLE 3. GMM

Dataset Parameters

Boston n=0.02, T =0.01
Combined 7 =0.02, T'=0.01
Concrete 71 =0.15, T'=0.01
Kin8nm n=0.02, T =0.01
Wine n=0.1, T'=0.005

TABLE 4. BNN

APPENDIX H. DISCRETIZED KINETIC LANGEVIN ALGORITHMS

We detail the ILA and KLMC algorithms here, which were used as benchmarks for the low-
dimensional examples.
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H.1. Inertial Langevin Algorithm. The inertial Langevin algorithm (ILA) [16 Alg. 1.1] takes the
following form. A particle is initialized with position X and velocity Py = 0. The hyperparameters
are a friction coefficient € € [4/3,7/4], a step-size At, and the Lipschitz constant of VV denoted as
L. The ILA update then defines two new parameters:
Bi=1—cAt, 7:=At*/L,

and updates the particle position as

X1 = Xk,

Pri1 = Xiy1 — X
For simplicity, we take the friction € = 1.5, and use the Lipschitz constant as a tunable damping

coefficient.

H.2. Kinetic Langevin Monte Carlo. The KLMC algorithm is given in [10}[12]]. The algorithm is
given by an exponential integrator, detailed as follows. For a damping parameter a and a step-size 1,
the KLMC update is given by [[12| Sec. 3]:

Xir1| _ [ Xk +91(n)Pr — ¥2(n)VV (Xy) Eht1
B = [ )| vaa ). (105)

where o(t) = e, Y1 (t) = fot Yy (s) ds, and [?f“} are 2d-dimensional centered Gaussian
k+1
vectors with covariance matrix given by

Eﬁj ~N(0,C), C= /0 ! mgﬂ [Yo(t) i (t)] dt.
The expressions are given in closed form as follows:

Po(t) = e,

Vi(t) = a (1 — e ),

Po(t) = a %(at + e — 1),
C— [ (2a)71(1 — e=2am) (2a%)71(1 — e~m)2

(2a)7H(1 — e )2 (2a3)"1(2an — e 2% 4 4e= " — 3) |~



