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Abstract

Efficient stochastic optimization typically integrates an update direction that performs well in the
deterministic regime with a mechanism adapting to stochastic perturbations. While Adam uses
adaptive moment estimates to promote stability, Muon utilizes the weight layers’ matrix structure
via orthogonalized momentum, showing superior performance in large language model training.
We propose a new optimizer and a diagonal extension, NAMO and NAMO-D, providing the first
principled integration of orthogonalized momentum with norm-based Adam-type noise adaptation.
NAMO scales orthogonalized momentum using a single adaptive stepsize, preserving orthogonality
while improving upon Muon at negligible additional cost. NAMO-D instead right-multiplies orthog-
onalized momentum by a diagonal matrix with clamped entries. This design enables neuron-wise
noise adaptation and aligns with the common near block-diagonal Hessian structure. Under stan-
dard assumptions, we establish optimal convergence rates for both algorithms in the deterministic
setting and show that, in the stochastic setting, their convergence guarantees adapt to the noise
level of stochastic gradients. Experiments on pretraining GPT-2 models demonstrate improved
performance of both NAMO and NAMO-D compared to the AdamW and Muon baselines, with
NAMO-D achieving further gains over NAMO via an additional clamping hyperparameter that
balances the competing goals of maintaining a well-conditioned update direction and leveraging
fine-grained noise adaptation.

Keywords: Stochastic optimization, Muon optimizer, Adam optimizer, noise-adaptive conver-
gence, large language model pretraining

1 Introduction

Stochastic optimization is central to modern large-scale learning, where algorithms must update
iterates using only noisy estimates of first-order information. A key challenge is to balance two
goals: selecting an update direction that is effective in the noise-free regime, and incorporating
mechanisms that adapt to stochastic perturbations. From this viewpoint, an efficient stochastic
optimizer can be understood as combining two ingredients: (i) a principled direction-selection rule
that performs well when gradients are exact, and (ii) an adaptive stepsize mechanism that stabilizes
the iterates by attenuating updates under gradient uncertainty. This perspective offers a useful lens
for interpreting existing methods and for guiding the development of new algorithms with strong
convergence behavior. In this paper, we design a new optimization algorithm that couple the
structural advantages of an orthogonalized update direction with adaptive moment estimation to
account for gradient noise. We provide theoretical convergence guarantees and demonstrate strong
empirical performance in training large language models (LLMs).

The code is available at: https://github.com/minxin-zhg/namo.
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Adaptive methods such as Adam (Kingma and Ba, 2014) and its decoupled weight-decay variant
AdamW (Loshchilov and Hutter, 2017) have long been the de facto optimizers for large-scale
training. Their coordinate-wise adaptive stepsizes promote training stability and reduce sensitivity
to hyperparameter choices. Given momentum coefficients (31, 52 € [0,1), Adam iteratively updates
a biased first-moment estimate of the stochastic gradient:

my = Bimy—1 + (1 — B1)ge,

and a biased second raw-moment estimate:

vy = Povg_1 + (1 — 52)937

where g; denotes the stochastic gradient at iteration ¢, and the square is applied elementwise. With
the standard bias corrections 1 := my/(1 — %) and o, := v;/(1 — Bb), the parameters are updated
via: .

my
Vor + €
where € > 0 is a small fixed scalar that avoids division by zero, and 1 > 0 is the learning rate.
Throughout the paper, we refer to the hyperparameter n as the learning rate, and to its combina-
tion with an adaptive scaling as the effective stepsize. The ratio of the first- and second-moment
estimates, 1m;//?¢, is often interpreted as a signal-to-noise ratio (SNR). When the update direc-
tion is dominated by noise, or as the iterates approach a stationary point, the resulting effective
stepsize decreases, which is desirable for stable convergence. When ; = (2, (Orvieto and Gower,
2025) interprets Adam as performing online estimation of the mean and variance of the stochastic
gradients. Moreover, Adam’s update rule can be viewed as combining a sign descent direction with
a variance adaptation component. Theoretical analysis and experiments in (Balles and Hennig,
2018) show that the sign-descent component can lead to Adam’s adverse generalization behavior
(Wilson et al., 2017), indicating that coupling Adam-type noise adaptation with a different descent
direction may yield improved generalization relative to Adam.

O =01 —n

While Adam and other standard variants of stochastic gradient descent (SGD) treat trainable
parameters of neural networks as flattened vectors, the Muon optimizer (Jordan et al., 2024b)
exploits their matrix structure by updating weight matrices with orthogonalized momentum. Given
a matrix M € R™" if M = USV7T is its reduced singular value decomposition (SVD), then its
orthogonalization is given by:

Orth (M) :=UVT.

The orthogonalization of M, Orth (M), is also called the orthogonal factor in the polar decompo-
sition and is the nearest orthogonal matrix to M in the Frobenius norm (Higham, 2008). Muon
updates matrix-structured parameters © € R™*" by:

©; = 041 — 10,

where 1 > 0 is the prescribed learning rate, and O; ~ Orth (M;) denotes an approximate orthog-
onalization of the momentum matrix M; at iteration ¢, computed via Newton-Schultz iterations
(Bernstein, 2025). Growing evidence demonstrates that Muon achieves superior empirical perfor-
mance compared to Adam in LLM training (Jordan et al., 2024a; Team et al., 2025; Liu et al.,
2025). Recent studies show that orthogonalized updates can accelerate convergence, facilitate more
reliable hyperparameter transfer across model sizes (Boreiko et al., 2025; Shah et al., 2025), and
learn more effectively from heavy-tailed data (Wang et al., 2025). In the deterministic setting
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without momentum, Muon’s orthogonalized update direction can be interpreted as the steepest de-
scent direction under the spectral norm, which is shown to be effective for training in deep learning
(Davis and Drusvyatskiy, 2025). In stochastic settings, however, matrix orthogonalization is an un-
bounded operation (Higham, 1986) that may amplify the impact of noise in the original momentum
matrix, leading to training instability (He et al., 2025) and increased sensitivity to hyperparam-
eter choices (Crawshaw et al., 2025). This suggests that pairing Muon’s orthogonalized updates
with an explicit noise-adaptation mechanism could improve training robustness and further boost
performance.

In this work, we develop a theoretically principled integration of Adam-type variance adaptation
with an orthogonalized update direction. Prior work shows that orthogonalization decouples the
direction and magnitude of a matrix update through a norm-duality characterization (Bernstein
and Newhouse, 2024, Proposition 5), suggesting that a norm-based rescaling of the orthogonalized
update is a natural design choice. We pair norm-based moment estimation with orthogonalized
momentum and propose a new optimizer, NAMO (Norm-Based Adaptive Moment Estimation
with Orthogonalized Momentum), together with a diagonal extension, NAMO-D. NAMO scales
the orthogonalized momentum with a norm-based adaptive scalar, preserving the orthogonality of
the update direction while adapting the effective stepsize to the noise level. NAMO-D scales the
orthogonalized momentum with a right-multiplied diagonal matrix, allowing an individual adaptive
stepsize for each neuron. We establish theoretical convergence rates for both algorithms, and
demonstrate that they outperform the AdamW and Muon baselines in GPT-2 pretraining.

1.1 Related work

Unlike Adam’s coordinate-wise adaptive stepsizes, our methods introduce structured stepsize adap-
tation for orthogonalized updates: NAMO scales the orthogonalized momentum using a single
adaptive stepsize, whereas NAMO-D employs a column-wise adaptive stepsize for the orthogonal-
ized momentum. Related simplifications of Adam have also been studied. In (Chezhegov et al.,
2024), a clipped norm-based Adam-type stepsize is applied to the momentum, and convergence is
analyzed under the assumptions of bounded gradients and heavy-tailed noise. Motivated by the
near block-diagonal Hessian structure of neural networks, Adam-mini (Zhang et al., 2024) parti-
tions parameters into blocks and assigns a single adaptive learning rate per block, matching Adam’s
performance while reducing memory cost.

Several adaptive variants of Muon have been proposed as well. AdaMuon (Si et al., 2025) and
NorMuon (Li et al., 2025) combine Muon’s orthogonalized momentum with Adam-type scaling
variants, though without theoretical convergence guarantees. AdaGO (Zhang et al., 2025) scales
the orthogonalized momentum with an adaptively decaying stepsize and achieves optimal theo-
retical convergence rates, although its performance in LLM training has yet to be investigated.
Layerwise adaptive learning rates for Muon are proposed in (Hao et al., 2025) based on gradient-
variance estimation that requires evaluating a nuclear norm, thereby increasing the per-iteration
cost. Tuning-robust variants of Muon are explored in (Crawshaw et al., 2025). PRISM (Yang,
2026) augments Muon with a moment-based adaptive preconditioner, but incurs higher additional
computational cost than our proposed algorithms, and does not provide theoretical convergence
guarantees. DeVA (Song et al., 2026) decouples variance adaptation from scale-invariant sign
descent, yielding an Adam-style scaling for Muon’s orthogonalized momentum that require high
computational and memory overhead for maintaining Kronecker preconditioners and periodic eigen-
decompositions.
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1.2 Contributions and Organization

We propose a new optimization algorithm and a diagonal extension for problems with matrix-
structured parameters, NAMO and NAMO-D, which provide the first theoretically principled inte-
gration of an orthogonalized update direction with noise adaptation based on Adam-type moment
estimation. NAMO scales the orthogonalized momentum using a single adaptive stepsize, incurring
only a negligible O(mn) additional computational cost and no additional memory overhead, thus
providing a useful improvement for Muon’s performance. On the other hand, NAMO-D scales
the orthogonalized momentum by right-multiplying with a diagonal matrix Dy, thereby assigning
a neuron-wise adaptive stepsize determined by the column norms of the stochastic gradient and
momentum matrices. This column-wise scaling enables finer-grained noise adaptation and aligns
with the near block-diagonal Hessian structure commonly observed in neural networks (Dong et al.,
2025; An et al., 2025), while no longer strictly preserving the orthogonalized update direction. The
diagonal entries of D; admit an upper bound and are clamped toward the average, ensuring that
NAMO-D’s update direction remains well-conditioned. Under standard smoothness and unbiased
bounded-variance noise assumptions, we establish optimal convergence rates for both algorithms
in the deterministic setting and show that, in the stochastic setting, their convergence guarantees
adapt to the noise level of the stochastic gradients and attain the optimal rate when the batch size
is sufficiently large. Experiments on pretraining GPT-2 models demonstrate that both NAMO and
NAMO-D outperform AdamW and Muon baselines. NAMO-D achieves further gains over NAMO
through an additional clamping hyperparameter ¢, which balances the competing goals of main-
taining a well-conditioned update direction and leveraging finer-grained noise adaptation.

The rest of the paper is organized as follows. Section 2 describes the proposed algorithms, and
Section 3 provides the convergence analysis, with detailed proofs deferred to Appendices A-E.
Section 4 presents experiments on GPT-2 pretraining, and Section 5 concludes the paper.

2 New Optimization Algorithms: NAMO and NAMO-D

In this section, we describe the proposed algorithm NAMO and its diagonal extension NAMO-D.
We consider optimization problems with matrix-structured parameters of the form:

where £ : R™*"™ — R is the (nonconvex) loss function. We impose the following standard smooth-
ness of loss function and bounded-variance noise assumptions.

Assumption 1 The gradient of L(©) is Lipschitz continuous, i.e., for arbitrary ©,0" € R™*":
V(@) - ve@)], < e - ], 0

for some constant L > 0, where |-||, and |-||, denote the nuclear norm and the spectral norm
respectively.

Note that gradient of the loss, VL£(©), is in R™*™ and recall that the nuclear norm is the sum of
the singular values while the spectral norm is the maximum singular value.

Assumption 2 At each iteration t, the stochastic gradient G; is an unbiased estimate of the true
gradient, i.e., E[G;] = VL(O;_1), with a uniformly bounded variance:

2 o
B[l - ve©)z] < 5
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where b > 1 is the batch size and ||-||,. denotes the Frobenius norm.

Assumption 1 is equivalent to a more commonly seen smooth assumption:
|VL(©) —vL(©)], < L'||o—-e|, (2)

for a different Lipschitz constant L’ > 0. Since orthogonalized gradient descent can be interpreted
as steepest descent under the spectral norm (Shen et al., 2025), we state the smoothness assumption
in the equivalent form (1).

Details of NAMO and NAMO-D are summarized in Algorithms 1 and 2, respectively. For the
theoretical analysis in Section 3, we assume exact orthogonalization in both algorithms, as is
standard in existing works (Shen et al., 2025; Sato et al., 2025; Li and Hong, 2025; Chen et al.,
2025; Kovalev, 2025; Pethick et al., 2025). In practice, exact orthogonalization can be expensive
to compute, and for the experiments in Section 4 we use Newton—Schulz iterations to obtain an
approximate orthogonalization, as in the Muon optimizer.

NAMO maintains a biased second raw-moment estimate of the squared Frobenius norm:
2
vp = pave—1 + (1= p2) [|Gel[57

where Gy is the stochastic gradient matrix at iteration ¢, and the momentum matrix M; is a biased
first moment estimate of the stochastic gradient. Applying bias correction yields My := M;/(1—p})
and ©; := v;/(1 — pb). The parameters © € R™*" are updated by:

O; = 041 — oy Oy, (3)

where 1 > 0 is a prescribed learning rate, and the orthogonalized momentum O, is adaptively

scaled by a scalar:
A .
(1—ph)s |IM] Rl
L—py Vorte Vo+e

with € := €/4/1 — pb for a small e > 0. When stochastic gradients are noisy, or when the iterates
approach a stationary point, a; is small, promoting stable convergence.

O 1=

Algorithm 1 NAMO: Norm-Based Adaptive Moment Estimation with Orthogonalized Momentum
Require: Learning rate n, momentum uj, o € [0,1), batch size b, € > 0
1: Initialize ©g € R™*"™ My =0, vg =0
2: fort=1,2,...,7T do
3: Sample a minibatch of size b and compute stochastic gradient Gy = VLi(0;—1)
My — M1 4+ (1 — 11)Gy
ve < vt + (1 — i) | Gil3
Ot < Orth (Mt)
oy — VI | Ml

lf,u,t1 Vtte
8: Update parameters O < O;_1 — naOy

9: end for
10: return Op

While NAMO scales the orthogonalized momentum using a single adaptive stepsize, NAMO-D
applies a column-wise scaling based on the column norms of the momentum matrix. This design
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assigns an individual adaptive stepsize to each neuron and is consistent with the near block-diagonal
Hessian structure commonly observed in neural networks (Dong et al., 2025; An et al., 2025). For
each 7 = 1,2,--- ,n, NAMO-D maintains a biased second raw-moment estimate of the squared
norm of the j-th colum of the stochastic gradient:

vily = pa il + (1= ) (G|
To write this in an equivalent vector form, define the operator N, : R™*" — R™ by:
Ne(M)]; == Myl j=1,2,---,n,
where ||-|| denotes the Euclidean norm. Then the iterates can be written as:
Ve = pavi—1 + (1 — p2)No(Gr) © Ne(Gy).

Applying bias correction yields M; := M, /(1 — pt) and ¥; := v;/(1 — ub). Now let:
d; = N.(My) @ <\/ vi+ Et) )

where ¢ := €/1/1 — u! for a small € > 0, and © denotes entrywise division. By Lemma 7, the
entries of d; are bounded above by:

L=
dll = dg, < ./ .
[sPaipes m;.ix[ t]; < 1

Compared with NAMO, NAMO-D’s column-wise scaling enables finer-grained noise adaptation,
but it no longer strictly preserves orthogonality of the update direction. Let d; := ||d¢||, /n be the
average of the entries of d;. To ensure that the scaled direction remains well-conditioned, we clamp
the adaptive stepsizes toward this average via:

d; := min {max {dt, ccitl} ,Jt/c} ,

for a prescribed constant ¢ € (0, 1], where the maximum and minimum operations are applied
entrywise, and 1 € R™ denotes the vector of all-ones. Let D, := diag (&t) NAMO-D updates the

parameters by:
O = 041 — O Dy.

This update rule combines column-wise, noise-adaptive scaling with a simple clamping safeguard,
tempering updates when gradients are noisy or the iterates are near a stationary point, while
keeping the scaled update direction well-conditioned.

3 Convergence Analysis

In this section, we establish convergence rates for NAMO (Algorithm 1) and NAMO-D (Algo-
rithm 2) in both the deterministic and stochastic settings under the standard Assumptions 1-2.
The analysis of NAMO is presented in Section 3.1, and the analysis of NAMO-D is presented in
Section 3.2. We provide a proof sketch for each of the theorems below and include detailed proofs in
Appendices B-E. Proofs of useful lemmata are in Appendix A. The proofs repeatedly use the bias-
corrected moment estimates and their convex-combination representations with coefficients:

1*#1 t— 1*,LL2 t—
= T 102,]577::1_%;12 T, for t>1and Te{l,... t},

Wi t,r =

6
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Algorithm 2 NAMO-D: Diagonal exension of NAMO
Require: Learning rate 1, momentum pi, 2 € [0,1), batch size b, € > 0, ¢ € (0, 1]
1: Initialize ©g € R™*™ My =0, v =0
2: fort=1,2,...,7T do
3: Sample a minibatch of size b and compute stochastic gradient Gy = VL (©;_1)
4 My Mg+ (1 — )Gy
5: Vi < UaVi_1 + (1 — MQ)NC(Gt) @Nc(Gt)

d; « Vll,;ingc(Mt) @ (VVi+e)
dy < ], /n

O; + Orth (Mt)

D, < diag (min {max {dt, cJtl} , %Jtl})
10: Update parameters ©O; «+ 0;_1 — nO;Dy
11: end for

12: return Or

which satisfy Z’;:l Wit = Zizl wy - = 1. This representation allows one to control the devi-
ation between the bias-corrected momentum and the current gradient via Assumption 1, as well
as the magnitude of the bias-corrected second-moment estimate by elementary geometric-series
bounds.

3.1 Analysis of NAMO

We first analyze the convergence of NAMO in the deterministic case where gradients are evaluated
exactly. The O(T~1/?) rate established in the theorem below is the best possible for deterministic
first-order methods under Assumption 1; see (Carmon et al., 2020, Theorem 2).

Theorem 3 (NAMO in the deterministic case) Suppose Assumptions 1 holds. Let {©.} C
R™*™ pe the sequence of iterates generated by Algorithm 1 with full-batch gradients and 0 < pp <

w2 < 1. If choosing n = O (T_%>, €= (’)(T_%)7 w1 = 0O(1) and pe = O(1), then for large T > 0:
1 :
= IVE©), <0 (T73).
=1

Proof sketch. Let M, := M;/(1—put) and 9y := v¢/(1—pb) denote the bias-corrected moments, so
that M, = 23:1 wit7VL(©,-1) and 0y = Zf—:l w27t,THVL(@T_1)H2F. Define the adaptive scaling
oy as in (3). Applying Lemma 7 to the vectorization of the gradient matrix sequence {VL(0©._1)}
yields a uniform upper bound on «; (Appendix B, Step 1). Next, using the orthogonalized de-
scent inequality from (Zhang et al., 2025, Lemma B.1) and Assumption 1, one obtains an average
inequality involving: X

[ M7 [VL(Or—1)|«

Vo +e/\/1 = pih

(Appendix B, Step 2). The deviation of the bias-corrected momentum from the gradient is then
controlled using the convex-combination representation of M, together with Assumption 1 and a
telescoping bound on ||©,_1 — ©;_1||2 (Appendix B, Step 3). Similarly, v/0; is upper bounded
by [|[VL(©:-1)|« plus a constant obtained from geometric-series estimates (Appendix B, Step 4).
Combining these bounds and applying Lemma 8 converts the bound on an averaged surrogate ¢.

and ||[VL(©;_1) — M.
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into the stated bound on the average gradient norm (Appendix B, Steps 5-6). The full proof is
provided in Appendix B. [ ]

Next we analyze NAMO in the stochastic case where stochastic gradients have bounded variance.
The best possible convergence rate for stochastic first-order methods under Assumptions 1-2 is
(’)(T*I/ 4); see (Arjevani et al., 2023, Theorem 3). The following result shows that NAMO adapts
to the noise level of the stochastic gradients and achieves the optimal convergence rate when the
batch size is sufficiently large.

Theorem 4 (NAMO in the stochastic case) Suppose Assumptions 1-2 hold. Let {©;} C R™*"
be the sequence of iterates generated by Algorithm 1. For large T > 0, if we set n = O(T_%),
11— = @(T‘é), 1— o = @(T_%), 0<p <pe <1, ande= (’)(T_%), then:

T
%ZE IVE@©-1)],] <O (775 + VabiT3),
t=1

where b is the batch size.

Proof sketch. The proof again works with the convex-combination representations of the bias-
corrected moment estimates Mt and 9; with weight coefficients wq;, and wa; r respectively. Let
E¢[-] be the expectation conditioned on the iterate ©;_1, and define the deviation term E; := Mt —
VL(©;_1). Using (Zhang et al., 2025, Lemma B.1) and taking conditional expectations yields an
average bound on E[ay || My|.] in terms of E [||E¢||.] and E [a?] (Appendix C, Step 2). The quantity
E[||E¢||«] is controlled by decomposing E; into a weighted sum of noise terms G, — VL(0,_1)
and a drift term VL(©,_1) — VL(O;_1). The noise term is bounded above via Assumption 2,
the drift term is bounded above using Assumption 1 along with a telescoping argument, and then
Lemma 9 is applied to bound the averaging over ¢ (Appendix C, Step 3). In parallel, Minkowski and

Jensen’s inequalities yield an upper bound on the expected denominator term [E [\/{Tt +e/y/1— ug]

by E[|VL(©;_1)|]] plus an explicit additive term containing o/v/b, then Lemma 10 is applied to
bound the averaging over ¢ (Appendix C, Step 4). Finally, a Cauchy—Schwarz argument relates
Eloy || My £] to E[||VL(6;_1)|r], leading to a quadratic inequality in E[||VL(©¢-1)|,] that can
be solved explicitly (Appendix C, Step 5). Substituting the averaged bounds and the parameter
choices yields the stated rate. The full proof is provided in Appendix C. ]

This result indicates that the convergence rate of NAMO is adaptive to the noise level of the stochas-
tic gradients, and that choosing the batch size as b = Q(0%/T) recovers the optimal O(T~1/4)
rate.

3.2 Analysis of NAMO-D

NAMO-D introduces a column-wise diagonal scaling Dy, defined in Algorithm 2, instead of the
scalar ay. We first establish its optimal O (T_l/ 2) rate for the deterministic case where gradients
are evaluated exactly in the theorem below.

Theorem 5 (NAMO-D in the deterministic case) Suppose Assumption 1 holds. Let {©;} C
R™*™ pe the sequence 0{” iterates generated by Algorithm 2 using full batch with 0 < p < Mg < 1.
If we choosen =0(T"2), 1 —pu1 =0(1), 1 —puo=0(1), 0 < pu1 <pa <1, e=0(T" n" DY, and
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c=0(1), then:

T
=Y IvE© )], <0 (178,

t=1

for large T > 0.

Proof sketch. The proof works with the diagonal scaling matrix D; defined as in Section 2 and its
extremal diagonal entries d; max and d¢ min. Applying Lemma 7 column-wise yields a uniform upper
bound on the entries of D; (Appendix D, Step 1). The clamping rule implies d; min > c? dt max
and hence bounds the condition number of D;. Applying the orthogonalized descent inequality
(Zhang et al., 2025, Lemma B.1) gives an average bound on dimax ||[VL(O:—1)||, in terms of the

deviation HVL(@,g,l) - MtH* (Appendix D, Step 2). The deviation term and the term /37, o
are controlled using similar arguments as in the proof of Theorem 3, together with geometric-series

bounds (Appendix D, Steps 3—4). The result again follows by combining these bounds and applying
Lemma 8 (Appendix D, Steps 5-6). The full proof is provided in Appendix D. [ |

In the stochastic case, we show that the convergence of NAMO-D adapts to the noise level of
stochastic gradients, and achieves the optimal O (T_l/ 4) rate when the batch size is sufficiently
large.

Theorem 6 (NAMO-D in the stochastic case) Suppose Assumptions 1-2 holds. Let {©;} C
R™*" be the sequence of iterates generated by Algorithm 2. For large T > 0, if we setn = (’)(T_%),
1—p = @(T_%), 1—po= @(T_%), 0<pm<pe<l, e= (’)(T_%), and ¢ = ©(1), then:

1

T
= Y E[IVEO-)] ]<0(T—% +\/Eb—%T—é),
t=1

where b is the batch size.

Proof sketch. Define M;, ¢, and Dy as before, and let E; [-] denotes the expectation conditioned
on iterate ©y_1, and E; := M; — VL(©;_1). The expected descent step uses Lemma 11 to lower

bound <Mt,OtDt) by dt min HMtH , and the clamping rule controls the ratio of dimax and dimin
(Appendix E, Step 2). The averaged deviation term %ZZ;IE [|E¢|l«] is bounded by the same
variance-plus-drift decomposition as in the proof of Theorem 4, using Assumption 2 to control the
noise term and Assumption 1 to control the drift term via a telescoping argument; then averaging
uses Lemma 9 (Appendix E, Step 3). For the denominator, Minkowski and Jensen’s inequalities
yield an upper bound on E[{/3>°7_; #/] by E[||VL(6;_1)|]] plus an explicit additive term contain-
ing ¢/v/b; then the averaging over t is bounded using Lemma 10 (Appendix E, Step 4). Finally,
a Cauchy—Schwarz argument relate E [dt,max HMtH } to the expected gradient norm, yielding a

F
quadratic inequality in E[||VL(0;_1)]||] that can be solved explicitly (Appendix E, Step 5). Com-
bining these bounds with the specified hyperparameter choices gives the stated convergence rate
(Appendix E, Step 6). The full proof is provided in Appendix E. [ |

This result indicates that the convergence rate of NAMO-D, like that of NAMO, is adaptive to
the noise level of the stochastic gradients, and that the optimal O(T~/4) rate is recovered when
choosing the batch size as b = Q(o?V/T),
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The results of this section demonstrate that both NAMO and NAMO-D can achieve optimal con-
vergence rates in terms of the order on 7. This occurs in both the deterministic and stochastic
settings under Assumptions 1-2. In the deterministic setting, the O(T~'/2) bound matches the
known lower complexity bound for smooth nonconvex optimization with first-order methods, thus
demonstrating that utilizing orthogonalized update and adaptive scaling does not incur any de-
terioration in the convergence or complexity. In the stochastic regime, the bounds decompose
naturally into an optimization term of order O(T~'/4) and an explicit variance-dependent term
scaling as O (\/E b=1/4A-1/ 8), and thus quantifying the precise affect of gradient noise and batch
size. Specifically, when b = Q(UZTl/ 2), the variance term becomes asymptotically dominated and
the optimal O(T -1/ 4) rate is recovered. The analysis further shows that the orthogonalized descent
inequality, combined with bias-corrected moment estimates and controlled adaptive scaling (scalar
or diagonal), yields a unified proof strategy that is robust to both drift and stochastic perturbations.
Altogether, these guarantees provide a rigorous complexity characterization of the proposed meth-
ods and confirm that their matrix-aware adaptive scaling preserves optimal first-order performance
while maintaining stability under noise.

4 Experiments

4.1 Experimental setup

Baselines. We compare our proposed algorithms, NAMO and NAMO-D, against two popular
baselines: AdamW (Loshchilov and Hutter, 2017) and Muon (Jordan et al., 2024b). Since Muon,
NAMO, and NAMO-D are designed specifically for matrix parameters, we use AdamW to optimize
all remaining scalar and vector parameters across all models. For brevity, we refer to these hybrid
optimizers simply as Muon, NAMO, and NAMO-D.

Model Architectures. We evaluate all optimizers on GPT-2 pretraining experiments, which are
based on the nanoGPT (Karpathy, 2022) implementation of the GPT-2 architecture (Radford et al.,
2019). Two model sizes are considered: small (124M parameters), and medium (355M parameters).
All experiments are conducted on 4x NVIDIA H100 GPUs.

Dataset. All experiments are conducted on the OpenWebText dataset (Gokaslan et al., 2019),
which contains approximately 9 billion training tokens and 4.4 million validation tokens.

Training details. We use standard hyperparameter settings for the baselines. For AdamW, we
set the momentum coefficients to £; = 0.9 and B2 = 0.95. For Muon, the momentum coefficient is
set to = 0.95. For NAMO and NAMO-D, the momentum coefficients are set to u; = 0.95 and
o = 0.99. The weight decay coefficient is set to A = 0.01 for all optimizers. The Muon optimizer
applies decoupled weight decay as AdamW:

O, =01 —n (0 + XO;_1),

where 7 is the prescribed learning rate. For NAMO and NAMO-D, as part of the effective stepsize,
the adaptive scaling is applied to the decoupled weight decay as well. Specifically, NAMO updates
by:

O =01 —na (O + AO¢_1),

where a4 is given in Algorithm 1, and NAMO-D updates by:
Ot =011 —n (Ot + AO¢_1) Dy,

10
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where Dy is given in Algorithm 2. For GPT-2 (124M) model pretraining, we train with context
length L = 1024 and an effective batch size of 480 sequences (491,520 tokens) per optimizer update
for all optimizers (micro-batch size B = 60 and gradient accumulation K = 8). For GPT-2 (355M)
model, we also train with context length L = 1024 and an effective batch size of 480 sequences
(491,520 tokens) per optimizer update for all optimizers (micro-batch size B = 40 and gradient
accumulation K = 12). For both models and all optimziers, we use the following learning rate
scheduler: 2000-step linear warm-up followed by constant learning rate. Also, for both models, we
sweep for optimal learning rate n for each optimizer through a grid search. For NAMO-D, we fix
the clamping hyperparameter ¢ = 0.1 for GPT-2 (124M) experiments, and sweep for optimal ¢ for
GPT-2 (355M) experiments.

4.2 Empirical Results on GPT-2

For pretraining the GPT-2 (124M) model, we perform a grid search for each optimizer to find the
optimal learning rate (LR) that achieves the lowest validation loss after 10K steps. The sweeping
results are presented in Figure 1, which shows that NAMO and NAMO-D achieve lower training
and validation losses across a wider range of learning-rate choices, demonstrating both accelerated
convergence and improved tuning robustness comparing to Muon and AdamW.

The optimal learning rate selected from the 10K-step sweep for each optimizer is listed in Table 1.
While NAMO and NAMO-D exhibit similar training and validation losses in the 10K-step learning-
rate sweep, Figure 2 shows that when training is extended to 50K steps using the selected optimal
learning rate, NAMO-D attains lower training and validation losses than NAMO, demonstrating
advantages of its finer-grained neuron-wise adaptive scaling. The training and validation losses at
termination for each optimizer are reported in Table 2.

We further conduct experiments on pretraining the GPT-2 (355M) model. For each optimizer, we
sweep from five learning rates that are around the chosen optimal learning rate for GPT-2 (124M)
model listed in Table 1. Specifically, for Muon and AdamW, we sweep for the optimal LR from the
following set:

{0.0006, 0.0009, 0.0013,0.0018,0.0025} ;

for NAMO and for NAMO-D, we sweep for the optimal LR from the following set:
{0.005,0.007,0.009,0.012,0.015} .

The optimal LR is the one that achieves the lowest validation loss after 10K steps. Additionally,
for NAMO-D, we observe that its performance on the GPT-2 (355M) model can vary for different
choices of the clamping hyperparameter c. Therefore, we also sweep for an optimal ¢ from the
following set:

{0.12,0.40,0.75,0.90} .

The optimal hyperparameters for each optimizer for the GPT-2 (355M) model are listed in Table 1,
and the training and validation losses at termination for each optimizer are reported in Table 2,
together with those for the GPT-2 (124M) model. Figure 3 show that NAMO and NAMO-D out-
performs both Muon and AdamW, with NAMO-D providing further gains over NAMO through the
additional hyperparameter c. This observation is consistent with the algorithmic design of the two
proposed algorithms. NAMO augments Muon with adaptivity while preserving the orthogonality of
the update direction. On the other hand, NAMO-D enables neuron-wise adaptivity while no longer
strictly preserving the orthogonalized direction, and a suitable choice of the clamping parameter
¢ balances the two competing goals of maintaining the structural advantages of a well-conditioned
update direction and benefiting from finer-grained noise adaptation.

11
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Table 1: Optimal hyperparameters for all optimizers and pretraining of two model sizes.
Grid search is used to determine the optimal choices.

Optimizer GPT-2 (124M) Hyperparameters GPT-2 (3556M) Hyperparameters

AdamW n = 0.0013 n = 0.0009
Muon n = 0.0013 n = 0.0009
NAMO n = 0.012 n = 0.007
NAMO-D n = 0.009, c = 0.1 n = 0.009, c=0.9
e NAMO A @ NAMO
3.300 1 A NAMO-D 3.300 1 NAMO-D
A AdamwW A AdamW
¢ Muon ¢ Muon
3.275 4 3.275 A
A »
»
3.250 4 3.250 4
n A ’
2 L # 8
S - X«
o 3225 P 53225 »
:g K & § A »
32004 A T 3.200 A
A Ly N £ a 4
A A & S L ®
31751 & & :» . 31754 & po of
* & R e : o
—e @
3.150 3.150 A L -
R
@ | S
3.125 1 —s—5—" 3.125 -
1073 1072 1073 1072
Learning Rate Learning Rate
(a) Training loss (b) Validation Loss

Figure 1: Hyperparameter sweeping results for GPT-2 (124M). The training and validation
losses at step 10K are reported, where the x-axis is the learning rate.
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Figure 2: Pretraining GPT-2 (124M) for 50K steps. The optimal LR from sweeping for 10K
steps is used.
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Table 2: Final training and validation losses for GPT-2 (124M) and GPT-2 (355M).
GPT-2 (124M) is trained for 50K steps, and GPT-2 (355M) is trained for 10K steps.

3.4

3.3

Training Loss

w
—

3.0 1

2.9

GPT-2 (124M)

GPT-2 (355M)

Optimizer

Training Loss Validation Loss Training Loss Validation Loss
AdamW 3.0456 3.0643 2.9760 2.9914
Muon 3.0265 3.0435 2.9524 2.9684
NAMO 2.9272 3.0351 2.9359 2.9516
NAMO-D 2.9167 3.0246 2.9351 2.9507

w
N
L

ZOIOO 40|00 6000 8000 10000
Step

(a) Training loss

Validation Loss

w
—

3.4

3.3

bt
[N}

3.0 1

2.9 T T T T
0 2000 4000 6000 8000 10000

Step

(b) Validation Loss

Figure 3: Pretraining GPT-2 (355M) for 10K steps. The optimal LR (and optimal ¢ for
NAMO-D) from sweeping for 10K steps are used.
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5 Conclusions and Future Work

In this work, we propose a new optimizer and a diagonal extension, NAMO and NAMO-D, which
provide the first theoretically principled integration of an orthogonalized update direction with
norm-based adaptive moment estimation for noise adaptation. NAMO rescales Muon’s orthogo-
nalized momentum by a single adaptive scalar, thereby preserving the orthogonality of the update
direction while yielding performance improvements over Muon at negligible additional computa-
tional cost. NAMO-D instead right-multiplies the orthogonalized momentum by a diagonal ma-
trix, enabling finer-grained, neuron-wise noise adaptation for further improving performance, albeit
without strictly preserving orthogonality of the update direction. Under standard smoothness and
unbiased bounded-variance noise assumptions, we establish optimal convergence rates for both al-
gorithms in the deterministic setting and show that, in the stochastic setting, their convergence
guarantees adapt to the noise level of the stochastic gradients and attain the optimal rate when
the batch size is sufficiently large. Experiments on pretraining GPT-2 (124M) and GPT-2 (355M)
models demonstrate the improved performance of both NAMO and NAMO-D compared to the
AdamW and Muon baselines. NAMO-D provides further gains over NAMO through an addi-
tional clamping hyperparameter, which can be tuned to balance two competing goals: maintaining
the structural advantages of a well-conditioned update direction and leveraging finer-grained noise
adaptation. Future work includes evaluating NAMO and NAMO-D on larger LLMs, developing
tuning-light variants of NAMO-D, and further investigating theoretical and practical advantages
of noise-adaptive scaling for orthogonalized updates.
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Appendix A. Useful Lemmata

This section contains proofs of lemmata used in the analysis of NAMO and NAMO-D. The following
lemma is used in the proofs of Theorems 3-6 for the derivation of a uniform upper bound of the
adaptive stepsizes.

Lemma 7 Assume py,po € (0,1] with py < po, t > 0, and g1,92, -+ ,9¢ € RL Define my by
mgo = 0 and:
mT:M1m7_1+(1_M1)gT7 T:1727"' 7t_]-

Define vy by vg = 0 and:
vr = pams 1+ (L= po) llgr|*, 7= 1,2, £ =1,

Let my :=my/(1 — pY) and 0y := ve /(1 — pb). Then:
il o 1=
\/QTt 1—po

Proof Write wy ¢, := 1:Z§ P and wo g, = 7“? pb 7. Then:
1

1

t
my = i — //11 ; gT = Zwl,tﬂ'gﬂ

and

t t
N e 1 _
Vg = 1 i /’Lg T Hg‘rH2 = Zw2,t,r ”97'”2 .
~ M2 =1

Since Zf—:l Wt = Zizl watr = 1. Under the assumption that p1 < o,

11—y (ul)t_T 1—
Wi t,r = t w2 t,r < w2 t,r-
T—pol —pj \ p2 1—po

By Cauchy-Schwarz inequality,

A2
[l ||” =

t 2
g Wit,r9r
=1

t t
< (z w) (z i ||ng2)
=1 =1

¢
1 — 2

<

=11z 4 E :w2,m g~

1—M1A
Sl

(|77 | /11—
o < < .
=V T Vi
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The lemma below is used in the analysis of NAMO and NAMO-D in the deterministic setting, i.e.
in the proofs of Theorem 3 and Theorem 5.

Lemma 8 Fore >0 and xz > 0, define ¢(x) := f—je Then:
T < @) + Vebe(T).
Proof By the definition of ¢¢(x),

2% — pe(x)x — ede() <0,

Solving for x gives:

p < S0 \/¢E(2x)2 FAGAE) < o (w) + vedela).

The following two lemmas are used in the proofs of Theorem 4 and Theorem 6.
Lemma 9 For p € (0,1) and T > 0,
T
1 1 1—pt
3 t§T+“—n< ”).
tle—,u 1—p Inp 1—p
Proof For x > 1, define:
M
Since: v
/ p"Inp
= 0
the integral test gives:
T it T T
S =Y < s+ [
t=1 t=1
To compute the integral, write y := u”, then dy = p* In pudx = y1In pdz, and
T w d 1 1 1—u”
/ a dac—/ YW = dln(l—y)-—ln( N).
1 1—p® p l—yylnp Inp J, In p 1—p
Hence,
t 1 1— T
S ().
t:llf,u 1—p Inp 1—p
It then follows that:
T T
1 ¢ 1 1—p”
3 =S (v )<y A ).
t:11_'ut — 1—pt 1—p Inp 1—p
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Lemma 10 For p € (0,1) and T > 0,

ZT: L 2410

VA In g
Proof For x > 1, define:
1
f(z) = =
Since: :
/ B np
= <0,

f is strictly decreasing on [1,00). Hence,

S
S/ f(z)dzx
= V1i—n 0
Let y := /1 — p®, then dy = 2\‘/‘1 gy = (v? _21y) K gz, Tt follows that:
A ) M T Ce
[ = n .
“fx Inp Jo -2 " Tmp o\ i
Since:
-\ 2
Lo (e VI—yT 1, <1+ 1—M> o 21+ /1 —pT)
n =T -
—Inp \1-/1—47 —Inp 1—(1—pT) Inp ’
Hence,

ZT: L 2417
= Vi-pt o In '

The lemma below is used for the analysis for NAMO-D, i.e., in the proofs of Theorem 5 and
Theorem 6.

Lemma 11 Let M € R™ ™ have reduced singular value decomposition (SVD) M = UXVT, and
let O =UVT. Let D = diag (dy,--- ,dn) with d; > 0 for all i, and write dy;, := min; d;. Then

(M,0D) > duin || Ml -
Proof Note that:
(M,0D) = Tr (MTOD) = Tr (USVH)TUVTD) = Tr (VEVTD) = Tr (SVTDV).

Since D = dminln,
V(D — dpin,)V = 0.
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It follows that:

(M,0D) = din Tt (2) + Tt (EV(D — diminn) V) > duin || M ], -

Appendix B. Proof of Theorem 3

This section contains the detailed proof of Theorem 3 for the convergence of NAMO in the deter-
ministic setting.

Proof

Step 1: A uniform upper bound on stepsize. For each ¢t > 0 and 7 < ¢, define:

1—
Wi 1= mu’i’T and wtr = 7y
,t, 1_,Ut1 »Uy 1_Mt

It satisfies that 23:1 Wigr = Zizl wayr = 1. Let M, = M;/(1 — pY) and O == v/(1 — pb),

then:
t

t
1 .
M, = Ni ,uﬁ VL(O,_1) = Zwl,t,rv£(67—1)7
1- M1 T=1 =1
and
1-— 175) i t 2 : 2
b= 1S T VL0, )P = 3w [VE(©, ),
2 =1 =1
Define:

T M M|,
L—pf Vi€ iy +e/y/1— i

Since the Frobenius norm of a matrix coincides with the Euclidean norm of its vectorization, by

Lemma 7,
(hrz -
< e o7 (4)
Ut L — po

Step 2: A descent inequality and averaging. By (Zhang et al., 2025, Lemma B.1),

L(O:) — L(O4_1)

L
< —(VL(O1-1),nt:O) + 577204?

< — 0y [ VE(©1-1)]. + 2nax [VE©, 1) — 35| + Tapa
| 32| vz (©1-)).
CERAT

N L
+ 2nay HVE(@t_l) - MtH + 577204?.

20



ApAM IMPROVES MUON

Rearranging the terms gives:
RIS RN 2 -
77
< VL(© - M —
Vo +e/vVT— 2 nT+T atH 1) tH TZ::
T

A 2 [1—m ~ 77L<1—,u1)
<+ VE©) - 0|+ G
nT T 1—M2;‘ (O1) = M|+ 1— o (5)
where A := £(0g) — ming £(0).

Step 3: Bounding the distance between bias-corrected momentum and true gradient.
The difference between the scaled momentum M; and the gradient VL(O;_1) can be bounded

by:

t
S > wir [IVE(© 1) — VL(O 1),

=1

t
< Zwl,t,rL 1©7—1 — ©1—1]5

=1
t—1
ZnasO
S=T

t
f;§£:1ULLTL
T=1
t t—1
f;jz:lULLTnL (ji:o%>'
=1 S=T

Then by (4) and the definition of w1 -,

t
. 1=
|31 = vE@©:n)|| <D wiaemL ¢ —7) /1= Z;
T=1

—ZT}Lt—T l=pr 1=
= 1—M1 L —p2
1_,“1 ll_Mlz
]Nl

HMt — VL(O1)

Step 4: Bounding \/?;. For ¥, it satisfies that:

(©r-1)II7

Oy =
T=1

t
<> warr (IVE(O )|, + L0710 — 011 ly)?
T=1

<Zw2t7 (\Vﬁ(et Dl +nL (ZO‘S>>

S=T
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Then by (4) and the definition of wa -,

t 2
. 1-
S S (=
= IVE©1) |1 + 2nL | VE©,-1)]. \/ Mzwzmt—T

2 2 H1 2
L <1_M>Z wo 1 (t —7)2.

=1

By Cauchy-Schwarz inequality, it follows that:

t
. 1-—
b0 < [VE(© 1)+ 20L [VE@,) |, o/ T2 J > wasrlt =)
T=1
L2 _
L (1—M2> (sztTt T) )

T=1

<[ Ivee ). +nL,/ szmtf

=(IVL(©-1)|l, + ar)?,

where
ag =1 Lom szmt—T
1 —pe
Since
e (122 (1=2) (S )
< 2L2< #1> (Z T 2)
<N HaT
— K2 T=1
1—pn ((p2(l+p2)
<n’L? ( ) ( = a’. 7
=1 ) (1 —p2)? @)
Hence,
Vor < VL), + a. (8)
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Step 5: Relating oy||VL(O:—1)||« to ||VL(O:—1)||«. Combining (6) and (8) gives:

o) |21 1vE©ial,
C\f _ frd
t t—1) |14 N, ﬁ—/ﬁé
(Iv£@©1-1ll, = |41 - ve(@1)| ) 192l
> F
- IVL©r1)|l, +€e//1— b +a
V(O 1|, VL],
TIVEO ), + ¢/ T - +a
IVL©, 1]l [IVE(©;ll, < - a
=IVL©, I, + ¢/(1— ib) INEO©, )l + ¢/(1 — i) +a
VL IVE©1 .,
“IVEO ), + /(=)

V(O] [ VEO-1]l, [T
> —a—nL
=IVE© )], + /(1 — 1) AT T 0= )2
(Y A L e TR
S IC R V1= (1= )2

where € := ¢/(1 — u2), 7 := min{m, n} and the constant a is given in (7). Define ¢¢(x) :=
x >0, it then follows from (5) and (6) that:

[ -seier],

) _ HMt — VE©)||

= ve©],

2

T+€ for

Ge([IVL(Or-1]l,.)

el
[M]=

“
Il
—

T M| || VL(O;_1 | -
1 H t”” 1l 1=
<WVr | = - +a+nL
(T; Vo +e/(1—pb) L—p2 (1 —p1)?
T

A2 [T—m - 77L<1—m> L—pn
<Vr|l =+ 2 HVE@_ M +a+nLy/
f(nT T 1—u2; (O1-1) = My 1= po TNT = (1= )2

T

A 2 [1-m - nL<1—u1> - m
<vr|l =+ 2 HVEG), | + 1 +a+nLy/
f(nT T 1—u2; (1) = M|+ 5\ T TNT = (1= )2

A 1— 2nL L(1- 1— )1+ 1— L
- +< m) 77 u12+n< “1>+nL\/“2( m)(2 u2)+\/ il

nT  \l—p2) (L—pm)* 2 \1-p (1 — p2) 1—po (1 =)
A\/r
where

1— 2 1/1- T— )1+ 1—
Cu3_< M1> 1 2+< M1>+\/M2( Ml)(2 M2)+\/ o :
L—p2) (T=p)? 2 \1—p2 (1 — p2) 1—po (1= )

is a constant that depends on p; and ps.
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Step 6: Deriving the convergence rate. By Lemma 8,

T T

1

TZHW(@HH*_ que IVE©1ll,) + = Zwe (IVE©;_1]I,)
t=1

T l T
Z (IVLOll,) + —=4| DO e (IVL©i1],)

°T \/T =
_A AT
< nT +17L0uf+ez\/nT+nLCM\/?.

In particular, if choosing n = O (T_%>, w1 =0(1), up =O6(1), and € = (’)(T_%), then:

T T
1 1 _1
= 2 IVE©)I, < 2 Y IVE©)]L < 0 (T73)
t=1 t=1

for large T' > 0. The proof is thus completed. |

Appendix C. Proof of Theorem 4

This section contains the detailed proof of Theorem 4 for the convergence of NAMO in the stochastic
setting.

Proof

Step 1: A uniform upper bound on stepsize For each ¢t > 0 and 7 < ¢, define:

1—1q 1—pe 4
Wit =7 _Zt P and wagr = 1 _Zt e
1 2

It satisfies that Zizl Wigr = Zizl warr = 1. Let M, = My/(1 — pd) and 9 := v /(1 — pb),
then:

L1 -
My = ~ t Gr = Zwl,t,T T
1—pf

T=1
and

t t
. 1—=p _
b= P TNGE = wa s 1G-17

1

T=1

Define:

A Vihe Vit a7

Since the Frobenius norm of a matrix coincides with the Euclidean norm of its vectorization, by

Lemma 7,
L=
ap < E =4/ i 9
'= U L —po ©)
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Step 2: Expected descent and an average bound on «||M||,. Let B[] := E[-|©;_1]
denote the conditional expectation given the previous iterates O, --- ,0;_1, and write F; := M; —
VL(O;—1). Then by (Zhang et al., 2025, Lemma B.1),

E¢ [£(0:) — L(O¢-1)]
n*L 2
<E; [— <V£(@t71), noztOt}] + TEt [Ozt}

B (9000 0)] < o] ] +
|) + e o
. g LT

L

<~ By [noy |38 | +Ex now |1B]] + P57 [oF]

J-m [

< (Et [770% HVﬁ(@t—l) — M,

Rearranging the terms gives:

B, [ [ 5] ] < B0 [£(O0-1) ~ £(00)) + B fo | Bl + %Et 2]

Then by the law of total expectation and (9),

1 A1 ZT nL ZT
9 2
t=1 t=1 t=1
T
A1 T—m nL(1 — )
<— 4+ = E||F —_—. 10

Step 3: Bounding the distance between bias-corrected momentum and true gradient.
For each t, it satisfies:

E, =M, - E {Mt} +E [Mt} ~VL(O1)

=3 wisr (Gr = VL(O; 1)) + > wisr (VL(Or 1) — VL(Or1))

=1 T=1
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Hence, by (9),

t 2

E[IE}] <B | |3 wier (G = VL©-)) (VE(O,-1) — VE(©O,-1))
T=1 F ;
11\ (<= 20-m) @
— t—T1 9
S(l_lut> (;/h )b—l-Zth,T |VL(O,-1) — VLO1)|I;
1_/1’1 2 1—/,L%t 0’2 1— 1 PR
< o 2 6. 6
(1—/13) <1—u% y T\ Z 107-1 = O3
1 1 1+/Lt 0'2 1 1 t—1 2
— 1 _ 2,2 t—1
< — L
_<1—,uﬁ> (1—1—#1) b +<1_ t> n Z/ﬁ <Zas>
L=\ [ (144l o2 122
< o -
_<1—uﬁ> <1+u1 bt ZM 7)
- [ 1+u§> o2 (l—m) 12,2
< o
_(1—M’i> _<1+u1 b U Z“
_ t 2
:<1 ut1) (1+u1)0+< M1(1+u1) 2>L2772]
L—pi/) [\1+p/) b (1= p2) (1 — pg)
<<1_“1) ‘LQJF (14 p1) LPn?
“\l—ph) b (=) (1= )1 — )

Then by Lemma 9, it follows that:

N 2 I 1 o?(1—p1) | pa(1 4 pa) L2
T;E [HEtHF] - (T; 1 _/J‘ﬁ) < b (- —m))

po oL 1—pf o?(1—p1)  pa(l+ 1) L%n?
§<1+(1—M1)T Tln/ﬂl <1—M1)>< b +(1—M1)(1—M2)>'

By Cauchy-Schwarz inequality and Jensen’s inequality,

!
| A

Z [1E:,]

NIl

T
SE[IE2]
t=1

A _
S\/1+( mo 1 1n<1 H1><U\/T1 1) JrL\/ rpa(1+ p) )

l—p)T Tl 1—m (1= p2) (1 — p1)
(11)
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Step 4: Bounding E[\/?;]. For 9;, by Minkowski inequality and Jensen’s inequality,

t
E (V] =E || 3 war G112
T=1

t
SE Zw2,t,7 HV‘C(@T—I) - G’THE—*

+E NZU}MTVC — 1)?]

g% E[IVL(©:1)l,] N;www (©r-1) — V£(®t1)i]

<7 T E(IVE@-1)l ] +nLE JZ w(Z%)Q

(%)55+E[\|vc<@u>||p1+nL e~ Zt:uéT(t—T)z

M2 \ 7=

<G +EIVLOI] + k1= Zu (t—1

<7 FEIVE©)|, ]+ 1:5 iw

<7 FE(IVEO) ) + nL\/ ey

<7 +EIVE©)], )+ \/57713\/ = S;)_(f v )
Hence,

E @t+\/1€_7%]SE[HVE(@t_l)H]—Fat, (12)

where

._ 9 (1— ) €
“*‘m*ﬂm\/u—ua)(l—m“ T

Then by Lemma 10,

T 5T
g th1 (1—p2)? T'ln pp

&\H

( L L= +e> (1 21n(1+m)) . (13)
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Step 5: Relating E [at HMtH } to E[||VL(O¢-1)],]. By Cauchy-Schwarz inequality,
F

where ¢, := €/4/1 — pb. Combining the above with (12) gives:

( [HMt D2 (ENVLOe-1)ll] ~ElllEe )
[ HMH } = BIIVE@)ll,] T ar - E[IIVE(l@t—l)IIFHat '

Rearranging the terms gives:
E(IVE©) 1)~ (2E [N ,] +E [a |15 |)ENVE@©-Il -0k [ar |38 [+ENIEN,P <
Then solving for E [||VL(©:-1)|| ] gives:

E[[[VL(©r-1)ll ]

25,1+ [ i) /@0 o 0] ) s o] 20

- 2
; Ty A [ 3] )+ BN + a0 o ]| ]

<E[|Ed],) + 5E |oc |3
<B 015, + B [ac |54 ] + /@08 +a)B oo 1] ]

Step 6: Deriving the convergence rate. By Cauchy-Schwarz inequality,

Nl
B

E([[VL(©r-1)ll]

i
I

1 « . 1 & 1 & .
E(IE,) + 7 Y E o |z ] + J 7O (BIE,] m)J = S [ac |,

IA
el
B

J

I
I
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Combining the above with (10) and (13) gives:
T

> EIVEO©r)],]

A nL(1 — i
ENEN + 7+ 500y 1_@ + /1o 121@ (1 E].]
— 77L —
BB + 00| o+ e+ ZE I + )
A pL(l—p) 1 [T
BB+ + G s +T\/1_M2;Ewau*1

T _ 21n(1 1—ur
ZE[HEt|F1+jg+(ﬂnL “’“)+e> 2 VL o)
t=1

Tln pg

S| =
~
I
—_

IA
N[ =
E

W
Il
—

_l’_
Nl =
M=

I
I

IA
N[ =
E

o~
Il
—

+
el

T
A1 1T—m nL(1l — )

E .
o7 T\ 1 > E[|E.] +

In particular, for large 7' > 0, if choosing n = (’)(ng), 11— = @(Tfé), 1—pg = G)(T*%)7
0<p <pz <1, and e = (’)(Tfé), then, by (11),

T
Y BB <0 (1),
t=1

and it follows that:

S

Z IVL(©:-1)] ] <O (T—i I ﬁb‘iT—%>’

where b is the batch size. The proof is thus completed. |

Appendix D. Proof of Theorem 5

This section contains the detailed proof of Theorem 5 for the convergence of NAMO-D in the
deterministic setting.

Proof

Step 1: A uniform upper bound on stepsize. For each ¢t > 0 and 7 < ¢, define:

1- H1 ¢t 1— M2 ¢
= d = o
wlvtzT 1 _ /.Lﬁ /J'l an w27t77 1 _ /.L% /‘62
It satisfies that 21}21 Wity = Zt Jwosr = 1. Foreach j =1,--- ,nand t > 0, let Mt] denote
the j-th column of M;, and v75 denote the j-th element of v;. Write Mt = _1“t My, vy = ﬁvt,
1 2
and

- 1-
D, := diag (min {max {dt,cdtl} , dt1}> ,
c
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where d; and d; are given in Algorithm 2. Then:

t t
N .
M= N ) L(0,m1) = 3w VE(O,-1),
1- M1 =1 T=1
and
t
f Z 1)) © No(VE® Z’thr 1)) ® No(VL(Or_1)).
Mo =
By Lemma 7,
[ _ g
! .
D V. 14
=Rl = (14)
t
Write:
dimax 1= max [Dy];;, and dymin == min [Dy] ;. (15)
J J
Then the condition number of Dy is given by:
d max . 1
K (Dy) = —2mex §m1n{l{t,2}, (16)
t,min c

where ¢ € (0,1] is the fixed clamping hyperparameter, x; := r (diag(d;)) denotes the condition
number of diag (d;) .

Step 2: Descent inequality and averaging. By (Zhang et al., 2025, Lemma B.1),
L(Oy) — L(O;1)
L
—(VL(O1-1),n0:Dy) + 5772 1D:l3

- L
<~ niumin IVEO 1), + 2ndimas [VE@©-1) — W]+ S D3

_ - L
= — mmax{s; !, i IVE©u1)1|. + 2ndimax || VE©,1) = N8| + S0 I1Di]3.

Rearranging the terms gives:

VL(O—1) —

Z

T
1 A
T - <7 max
T ;dt,max IVE®e-Dll <77 Zdt

A 2 1—
< . MH .
—nTc? + Tc? 1—/,L2 ZHV£ Or-1) ! 202 (1—,ug> (17)
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Step 3: Bounding ||M; — VL(O;_1)|«. The difference between the scaled momentum M; and
the gradient VL£(©;_1) can be bounded by:

|91 = ve(©r-)|| < iww IVL(©7-1) = VL(Or-1)]l,
=1

¢
< Zwl,t,rL 1©r—1 — Os—1]|5

=1

t t—1
< Zwl,t,TL ZnOst
=1 S=T 2

t t—1
< Z wl,t,TnL (Z ds,max) .
=1 S=T

Then by (4) and the definition of w1 -,

t

1—
LS weenL (=) [

HMt —VL(O,_1)

T=1

‘ 1—/1, /1—/1,
—r 1 1

:E nl}(t—T ,U,t
p—t ) 1 1—(1,3 1—/1,2

1—q 1—M1
<nLi— Zwl
- M1

[1—pr
<nL . 18
=N T = (U= )2 1e)

Step 4: Bounding \/Z 1 Vt For v, it satisfies that:
n ) t
> =D wo IVE(O©, )7
j=1 r=1

t
<D wrer (IVL(Oeall + L0721 = Opiy)?

=1
t—1 2
<Zw2t7 (HVE(@L‘ IHF +77L (st max))
=1 S=T

Then by (4) and the definition of wo -,

2
A 1—
S <Zwm(\vc<et (=) =2
J=1
= IVE© I + 2L [ VL@ 1), /12 Zwm t—7)
@ t
212 1 2
+n’L <1_ );wzw(t—r).
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By Cauchy-Schwarz inequality, it follows that:

n t

i 1—
D ¥ <IVE@)l + 2L VL@ /1= J D warlt =)
=1 =1

= ([IVL(©Or-1)ll +ap)?,

where
1 _
at =Ly | 1Z;\IZWQ¢7T t—17)2
Since:
L—p 1 — o g
e =1 (1—#2 1— b ;M =)
1 M1 >
<22 ( ) T2
<’ (T, ;MQ
L=\ [ p2(1 + p2)
< 2L2< ) ( = a’. 19
=1 1 —po (1 —p2)? (19)
Hence,
T < IVEO1)|, + ar < | VLO1-1)]| - + a. (20)
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Step 5: Lower-bounding d; max||VL(©:-1)||+. Combining (18) and (20) gives:

dtmax [ VE(Or-1) .

V|| IVE(©1-1],
> A
\/ 2=t Vi e/ /1 — b
>(rvz:<@t_1||F— 1y = VE©1)|) IVE©1-1].
- IVEO1)l, +ne/v/T— i +a
VL(O:_1]? .
> MEOal: |31, - vz
IVL(©r-1) |l + ne/y/1 — py +a
VL(© R
N IVL(© 1] < a t >_“Mt_vc(@t_1)\\
INC@ DIl +ne/ VT 5\ VL@ D)l +ne//T— i +a
IVL(O-1]7 ~
> —a— ||M; — VL(O;-1)
IVL(O©—1)|| + ne/y/1 — pib H ! ¢ H
IVL(©:1ll2 a1l - m

>

TIVEO1), + ne//T— 1=y (1= )2
IVL(©; 1|2 \/ﬁ 1

> —a—nL

V@D, +ne NI (= )

where € := ¢/y/1 — 2 and a is given in (19).

2

Step 6: Upper-bounding the gradient norm and deriving rate. Now define ¢,¢(z) := praer 3
it then follows from (17) and (18) that:

S

2 (1 —p1)?

2 -] 212
77T02 T02 1—,u2ZV 1) ! +202 1 — o
+a+nL/ — M M1
1 — 2 1—M1
[1—m HEG MH L—m
77T02 T02 1-— QZV i-1) ! +202 1— po
L—m M1
+a+nLy/
NI = )2

< A L (l=m 2nLju +ﬂ 1—m
—nTc? 1—p2/) (1—p1)2c®2  2¢2 \1— po

1-— 1+ 1-— L
Jr77L\/M2( Ml)(2 M2)+\/ p1om M12

(1= p2) 1—p2 (1= )
A nLC,

- nTc? 2’
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where
O <1—M1> 211 +1<1—u1>+62\/u2(1—m)(1+u2)+\/1—u1 fi2
P\l =) —m)? 2 \1—p (1= p2)? 1— po (1 — )2

is a constant that depends on p; and ps. Then by Lemma 8,

T

1

= IVE@© -, < Zme IVE©-1ll,) + (né) szwz»m (IVL(©1-1]],)
t=1

(né)?

Tg e (IVL(O¢-1ll ) + f Z%e IVE@ L)
A nLC’M 1A nLCy,
< —_— .
—nTc? + c? + (né)> nTc? c?

In particular, if choosing n = (’)(T_%), 1—pw =06(1), 1 —pu =06(1),0 < pu < p <1,
€= (’)(T_%nfl), and ¢ = (1), then:

1 o 1
Y IvE@©e ) <0 (173)

t=1

for large T' > 0. The proof is thus completed. |

Appendix E. Proof of Theorem 6

This section contains the detailed proof of Theorem 6 for the convergence of NAMO-D in the
stochastic setting.

Proof

Step 1: A uniform upper bound on stepsize. For each ¢t > 0 and 7 < ¢, define:

Wi = l_l’tl#t T and Wo gy 1= ﬂut o
sby l_IU/ﬁ 1 sby 1 Mz 2

It satisfies that ' w1, = St way, = 1. Foreach j = 1,--- ;nand ¢ > 0, let M/ denote

the j-th column of M;, and vi denote the j-th element of v;. Write M; := ﬁMt, Vi =
1

and

1
1-#5 Vt,

_ 1-
D, .= diag (min {max {dt,cdtl} , dt1}> ,
c

where ¢ € (0,1] is the fixed clamping hyperparameter, d; and d; are given in Algorithm 2.

Then: . .
— M1 -7
— 1 Zﬂi G, = Zwl,t,TG‘m
M1 = T=1
and L .
A - M2 —r
Vi = 1 7 /Jag Nc( Z'IUQ,t,T @N( )
M2 T=1
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By Lemma 7,
=) _
— M1 .
Dy < < [Tt v (21)
7 — M2
t
Write:
dimax = max [Dy];;, and dymin == min [Dy] ;. (22)
J J
Then the condition number of Dy is given by:
d 1
K (Dy) = —2nex §min{l{t,2}, (23)
t,min c
where k; := k (diag(d¢)) denotes the condition number of diag(d;).
Step 2: Expected descent inequality and averaging. Let E;[-] := E[-|©;_1] denote the
conditional expectation given the previous iterates g, - - ,©;_1, and write E; := M; — VL(O¢_1).
Then, by Lemma 11,
By [£(©¢) — L(O¢-1)]
n*L 2
<E, [ (VE(©i-1),n0:D1)] + 7 [ Di]3]
: : L )
=E, [— <VE(@t,1) — Mt,nOtDt>:| — E, [77 <MtaOtDt>:| + TEt [”DtHQ]
~ ~ 772L 2
<\ B [ndtama |[VE©r1) = M| | = Bt [ndtauin ||| | | + 5B [ ]
y L 2
< —-E; {ndt,min MtHJ + Ky [Udt,max HEtH*] + TEt [dt7max] )
where dimax and d¢ min are defined in (22). Rearranging the terms gives:
. L
By [dtanin || V01| ] < B 1£(00-1) = £(00)] + B [drmae |1 Bell] + 5 B [ ] -
Then by the law of total expectation and (21),
T T T
1 . A1 nL
= S E [y || V5]| | <24 2 S Eldrmae | Bl + 22 S E[d
T; t7 t « —nT—i_T; [ t7 a. H tH*]—i_2T§ [ t,max]
T
A 1 T—m nL(l — p)
< 4= E[|El,] + —n—F 24
Ty L R (24)

Step 3: Bounding the distance between bias-corrected momentum and true gradient.
For each t, it satisfies:

E, =M, - E {Mt} +E [Mt} —VL(O1)

=3 wisr (Gr = VL(O; 1)) + > wisr (VL(Or 1) — VL(Or1))

T=1 =1
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Hence, by (21),

t 2

E (1B ] <E | |3 wiar (G- - VE©-) (VE(©,1) — VE(©,1))
T=1 F ;
1 M1 2 ! 2( y\ o
— t—T1 9
S(l_lut> (;/h )b—l-Zth,T IVL(O,_1) — VL(O_1) |7
I— 2 1—u%t o? 1— 1 P
< o 2106
<1—M’i> <1—M% p T\1z ] Z 1071 — ©11f3
1 1 1+/Lt 0'2 1 1 t—1 2
— 1 _ 2,2 t—1
< o I b,
_<1—ﬂﬁ> <1+u1> b +<1— t> K Z/h (Z! H2>
1—u\ | 1+ ub\ o2 122
< o (‘-
_<1—uﬁ> <1+u1 bt ZM 7)
L) | 1+u§> o’ (l—m) 12,2
< 7
_(1—M’i> _<1+u1 b U Z“
— t 2
:<1 Mtl) (1+“1>0+< M1(1~|—M1) 2>L2n2:|
L—pf) I\ ) b7 N =) (1= )
<<1_“1) ‘LQJF p1(1 + 1) LPn?
“\l—ph) b (=) (1= )1 — )

Then by Lemma 9, it follows that:

1 & 1. 1 o2(1 - 14 ) L2n2
T;E[||Et\|i]<<Tzl_ >< A=) | m(+m) ")

t=1 '“'i b (1= pa)(1 = p2)
po Lo (g o*(1—p1) (L4 )Ly’
§<1+(1—M1)T Tln/ﬂl <1—M1)> < b +(1—M1)(1—M2)>'

By Cauchy-Schwarz inequality and Jensen’s inequality,

!
| A

Z [1E:,]

NIl

T
SE[IE2]
t=1

A _
S\/1+( mo 1 1n<1 H1><U\/T1 1) JrL\/ rpa(1+ p) )

l—p)T Tl 1—m (1= p2) (1 — p1)
(25)
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Minkowski inequality and Jensen’s inequality,

E{ zn:v{

n t
t. 7 GJT
w27 s

j=17=1

t
=k N > waer Grl7
T=1

IA
=

%\q

IN

Sils
+

IN

Sls
+

IN

Sls
+

Hence,

E
j=1

t :\/5+\/§77L\/(1

where

Then by Lemma 10,

T

%Zatﬁ

t=1

Slo

g
+

Sis
+

gl
+

+E

t
J Z w7 [[VL(Or-1) ||12w

T=1

t
ZwQ,t,T IVL(Or-1) — GTH?P

EIVE©e)lls) N S wne [VEO >va<@t1>i]

”M“

(z D, |2>

t

> uh

=1

Zu

E{IVL(Or-1)| ] +nLE $

L —

T(t_T)Q
1—ph

E[[VL(Oe1) ] +nL

1—
1—ph

t—7'2

E[[VL(Or1)l ] +nL
1—m
1 — uh

(1
§

E[||[VL(O:-1)]|,] + x/inL\/

E[[VL(Oe-1) 5] +nL

o0
Zu572
T=1
— p1)p2(1 + po)

— ph) (1 — po)?

(1—m)
(1= ph)(1 = p2)3

E([[VL(©r-1)ll¢] +77L\/

Vi + E[|VL(Or1)|] + as,

ne
— [ <
\/lu'é] -

ne

+ .
V1 — i

(1—m)
— p5) (1 = p2)?

2nL
* (\fn Tn po

2In(1 + ,/1,@))

|

For each j, let G% denote the j-th column of G,. By

(26)
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Step 5: Lower-bounding E [dt’max Mt

} and relating to E[|VL(0,_1)|,] . By Cauchy-
F
Schwarz inequality,

(e )] 1) = | (JS+)
ooy 5

2

‘ At L

<E = E fo{ + ney

> i Vi ne j=1

ZT'Z=1 MgH ~ n .
<E - L M| | E | ]S94 e

D1 Vit e =

- n .
<E _dt,max M; F] E Zlffg +ne |,
]:

where ¢, := €/4/1 — pb. Combining the above with (26) gives:

(E [ DQ (B (IVLO-1)llz) — B[l Eell )
MtH } T E[[VL(Oi-1)|l,] + a = E[HVﬁ(l@tfl)Hp] + at '

E [d e

Rearranging the terms gives:
E[IVEO-) )= (2B 1l ) + E |doma

Then solving for E [||VL(©:-1)]|] gives
E([IVL(©r-1)ll¢]

31| ]) ENVE©w-)l| = [de o

M| |+ B <

2K [HEtHF] + E [dt,max Mt”]j + \/(2E [HEtHF] + E |:dt,max Mt
<

2
}) + 4K [dt,max
F

| | -4,

- 2
SE01E ]+ 3 [dems [V ]S [ [ 5] ]+ EED + 00 B [
]+ \/ (E[I1Ell,) + ar) E |dyma || |

J

Step 6: Deriving the convergence rate By Cauchy-Schwarz inequality and (23), it then follows
that:

T T
1 1 1
£ SENVE@ )] <7 Y BB + min s, 2}21@ (e
t=1 t:l
T T
1 1 . 1
J ; |Et|| +at)\l Tmln{/itacQ};E [dt,max

M, M, M,

.

E (1B ] +E |dsma || 3F: i,

E(1Zel,] +E [doman i,

M| ]+ \ OB+ ) [deman

Mt

M,

J
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Combining the above with (24) and (27) gives

T
1
TZE[HVE(@tfl)HF]
t=1
T T
1 A nLbl-—m) 1 [1-m
<— El[|E — E||E
-T Z [ Eell.]+ nT'c? + 2¢2(1 — pg) * T2\ 1 — s ; L2l

T
A L [1—m nL(1 — p)

{*
I
—

T
1
+ T ;( I:H t”F] + at) 77TC2 + TC2 1 _ /JQ pot
T T
1 A nL(1— ) I 1-m
<— E||F — El||E
<7 BB+ s+ o * T 1_@; [122ll,]
2In(1 + /1 — u)
1—

Tn 175

i
—_
kS
+
S
a
~

T
S E[IE ) + 7T (\@”L 1= m)?

t=1

T
A 1 /1= nL(1 —p
‘Al == == E||E — .
\J 77T02 + T2\ 1= Lo tZ1 [H tH*] + 202(1 _ M2)

In particular, for large 7' > 0, if choosing n = O(T71), 1 — pu; = O(
l), and ¢ = O(1), then, by (25),

e=0(T"z
Z Bl <0 (T71),

+
Nl =

N

S

and it follows that:

Z (IVE@©-)I) < O (T7F + Vab™iT75),

where b is the batch size. The proof is thus completed
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