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Abstract

Multiple operator learning concerns learning operator families {G[a] : U — V},ew indexed by an oper-
ator descriptor o. Training data are collected hierarchically by sampling operator instances «, then input
functions u per instance, and finally evaluation points x per input, yielding noisy observations of G[a][u](x).
While recent work has developed expressive multi-task and multiple operator learning architectures and
approximation-theoretic scaling laws, quantitative statistical generalization guarantees remain limited. We
provide a covering-number-based generalization analysis for separable models, focusing on the Multiple
Neural Operator (MNO) architecture: we first derive explicit metric-entropy bounds for hypothesis classes
given by linear combinations of products of deep ReLU subnetworks, and then combine these complexity
bounds with approximation guarantees for MNO to obtain an explicit approximation-estimation tradeoff
for the expected test error on new (unseen) triples (v, u, ). The resulting bound makes the dependence on
the hierarchical sampling budgets (14, 7, 7 ) transparent and yields an explicit learning-rate statement in
the operator-sampling budget n,, providing a sample-complexity characterization for generalization across
operator instances. The structure and architecture can also be viewed as a general purpose solver or an
example of a “small” PDE foundation model, where the triples are one form of multi-modality.

Keywords and phrases. Deep Neural Networks, Generalization Bounds, Neural Scaling Laws, Operator
Learning, Multi-Operator Learning, Multi-Task Problems.
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1 Introduction

Operator learning seeks to approximate maps between function spaces, typically of the form u +— G[u], where
the input v is a function and the output is another function (see [35,/49] and references therein). In many
applications, however, the object of interest is not a single operator but a family of related operators indexed
by a parameter. This motivates the recent multiple operator learning problem (see [61}/62,/64] and references
therein), which we formalize as learning a map

G:W — {Gla]: U = V}sew,

where W, U,V are function spaces, @ € W encodes the operator instance, and for each «, the corresponding
operator G'|r] maps inputs u € U to outputs in V. We highlight three prototypical settings in which multiple
operator learning is either intrinsic to the problem formulation or would benefits from this formulation. We
refer to Section [2.1] for a detailed description of each example class.

1. Parameterized integral operators. A basic example is a family of integral operators

() Glolul(z) = / Koz, y)u(y) dy

where the kernel K, depends on a parametric function «. The problem is inherently a multi-operator
learning task, as each parameter « induces a different (related) operator.



2. Solution operators of parameterized PDEs. Many simulations or forward problems in the physical sci-
ences are naturally expressed through PDE solution operators: for each parameter o encoding, for in-
stance, coefficients, boundary data, geometry, or even the governing equation, the map G[a] takes an
input u (e.g. a forcing term, initial condition, or source) to the corresponding solution G[a/][u].

3. Operator families indexed by symbolic or textual descriptions. More broadly, the “operator index” «
can encode a task specification: a symbolic form, a natural-language prompt, or a discrete task label.
This viewpoint connects multiple operator learning to PDE foundation models [45,|61]], where a shared
representation is trained across many operator instances and queried on new tasks by conditioning on an
explicit operator description. In such regimes, the ability to generalize in « is important since one aims
to predict accurate operators that are not seen during training.

Neural networks are a particularly well-suited approximation class for multiple operator learning because
they combine high expressive power with architectural flexibility. Deep networks can capture nonlinear depen-
dence on both the operator index « and the input function u, and they can be instantiated in forms that encode
relevant inductive biases. At the same time, choosing an effective architecture is subtle: the network must allo-
cate capacity between encoding how the operator varies with o and representing the action u — G[a][u], while
also coping with discretization and the effective dimensionality of W x U x €y,. A number of principled archi-
tectures have been proposed recently to address these challenges. Among them, the Multiple Neural Operator
(MNO) architecture introduced in [64]] achieves strong empirical performance across diverse operator families
and is accompanied by expressivity guarantees and explicit scaling laws, providing both practical effectiveness
and theoretical guidance for design.

Beyond approximation capabilities, it is important to understand how such architectures generalize when
trained from finite data. Generalization bounds quantify how accurately a learned predictor will perform on
unseen inputs drawn from the same data-generating process. They typically decompose into an approximation
term, capturing the best achievable error within the chosen hypothesis class F, and an estimation term, which
depends on the statistical complexity of that class together with the available sample size. In particular, when
complexity is controlled via covering numbers (we write N (n, F, || -||) for the n-covering number of a function
class F with respect to a norm || - ||), the resulting estimation term involves the metric entropy log N (1, F, || -||)
at scale 7, combined with sample-size factors (e.g. 1/y/n or 1/n), reflecting how generalization improves as
more data are collected. To the best of our knowledge, this work provides the first generalization bound of this
kind for multiple operator learning or multi-task neural operators.

In our setting, the generalization error concerns how a learned model achieves small expected error on
new, unseen triples (o, u,x) ~ po X iy, X iz, thereby controlling transfer across operator instances, input
functions, and evaluation points simultaneously. We obtain such a bound for the MNO architecture by com-
bining an approximation term (controlling the best-in-class approximation error ¢ through the results in [64]])
with covering-number complexity control of the induced e-dependent hypothesis class, yielding a transparent
approximation—estimation tradeoff that links target accuracy, architectural complexity, and the sampling bud-
gets (ng, Ny, ) (numbers of sampled operators, inputs per operator, and evaluation points, respectively). In
addition, the bound formalizes two practical benefits of the multiple operator learning viewpoint: (i) amorti-
zation across operator instances, since a single conditional model can share representations across an operator
family rather than training one model per «; and (ii) hierarchical sampling guidance, since the explicit de-
pendence on (nq, ny,n,) clarifies how accuracy improves when increasing operator variability, inputs per
operator, or evaluation resolution.

1.1 Contributions

Our main contributions are as follows:

1. We derive metric entropy bounds for function classes given by linear combinations of products of
three deep ReLU subnetworks, which is precisely the separable structure underlying MNO. In particular,
Proposition [3.1] provides an estimate as a function of the architectural parameters of each subnetwork
class: depth L;, width p;, sparsity budget K;, and parameter magnitude x;, as well as the product-
structure multiplicities P, H, N.



2. Under Lipschitz regularity of the map (G, we prove an explicit scaling law for the expected gen-
eralization error of the MNO architecture; see Theorem The bound is stated for test triples
(a,u, @) ~ po X py X p and makes explicit the dependence on the hierarchical sampling budgets
(na,ny, Ny ), on a prescribed target accuracy € > 0 (achieved by an explicit e-dependent choice of the
MNO hypothesis class), and on a covering scale 7 > 0 through the metric entropy log (). Specifi-
cally, it takes the schematic form:

Eq, vz [test error] < 24+ . — log(N(n)) + log(N(n)) + 1 log(N(n))

NNy Ny NNy Ty N

3. As a consequence of the scaling law, we derive an explicit sample-complexity rate in the operator-
sampling budget n,; see Corollary [3.8] In particular, by selecting ¢ = £(nq) and = 7(n4) to balance
the approximation and estimation terms in Theorem 3.3] we obtain the rate

loglog(na) \ ¥/
E|test = —_—
est error] = O ( <log log log(na) ’

with constants independent of n, 1y, .

This perspective is closely connected to recent PDE foundation models, where a single conditional archi-
tecture is trained across a broad family of PDEs and queried via an explicit operator descriptor. Our results
provide indirect theoretical support for such approaches by establishing generalization guarantees and sample-
complexity bounds for separable deep architectures that can themselves be approximated by PDE foundation
models [45,61].

1.2 Informal Statement of the Main Results

For ease of presentation, we state an informal version of the main results (Theorem and Corollary [3.§)),
highlighting the dependence of the expected test error on the operator sampling budget and on the complexity
of the induced hypothesis class; all assumptions and precise results are specified in the formal statements in
Section 3

Theorem 1.1 (Generalization error for MNO). Let G : W +— {G[a] : U — W }aew be a Lipschitz multiple
operator map from the function space W into Lipschitz operators from U to V. Assume that we observe
sampled noisy data:

yeij = Glo][ue)(zeij) + Coijs 1<l0<ng, 1 <i<n,, 1 <5 <ng,

where (y;; denotes observation noise. For every € > 0, there exists a MNO:

P
> Opiet Lp () b (u) 7o (),

p=1k=1 (=1
trained on {yy;; }, whose expected test error on unseen triples (o, u, x) satisfies:

]. Y
@) <€2 b i v log(na)> )

N

Here 0y € R, 6; > 0, dy denotes the dimension of the domain of functions in W and the ReLU subnetworks
ly, by, and T, can be chosen with the following architectural scalings:

# networks width depth sparsity parameter magnitude
lp P<e= W O(1) < egmdw < e dw <e—s W
—e—d —d —d —e—dw
b H<es O(1) See W See W Se®
0 N <e—s " o(1) < emdw < emdw e



log log(na)
log log log(na)

of (loslog(na) 2w
log log log(ny) '

1.3 Related Works and Literature Review

_ 1
Moreover, choosing € < ( ) w yields the generalization bound:

Neural operator architectures Operator learning aim to approximate maps that take functions as inputs and
return functions as outputs [4}[11}27,/40./42,/54,/58./73]]. Neural networks have proven effective for learning
such mappings in a range of scientific and engineering settings [20122123//31}/72]]. A common design pattern in
neural operator models is to split the processing of functional and spatial inputs across interacting subnetworks
and recombine them via additive or bilinear/tensor-style contractions [13}|14]]; DeepONet [48]] is a canonical
example, with a branch network that encodes the input function and a trunk network that produces a coordinate-
dependent learned output basis. This “separable expansion” viewpoint connects operator networks to low-
rank approximation ideas, where complex mappings are expressed as sums of simpler, lower-dimensional
factors [52]; neural operators can be viewed as nonlinear, data-adaptive analogues of such decompositions.
In the multiple-operator learning setting, MNO [[64]] adopts an analogous separable structure by separating
operator identity (task/parameter) from input-function dependence through interacting subnetworks, enabling
shared representations across a family of operators. Many other designs have emerged, including Fourier
Neural Operators [42]] (motivated by spectral representations), Green’s function-based approaches such as Deep
Green Networks [6L/18], and graph-based variants (including multipole constructions) that exploit sparsity and
multiscale structure to improve efficiency [2,/41]. For additional architectures and broader perspectives, see the
surveys and references in [[19}[35].

Multi-task and multiple operator learning Motivations for learning families of operators are twofold. In
some settings, the underlying problem is naturally specified as a collection of related operators (e.g., indexed
by physical parameters, geometries, or boundary conditions). In others, jointly learning multiple operators is a
strategy for improving data efficiency and generalization by sharing structure across tasks. A growing body of
recent work proposes multi-operator learning frameworks along these lines [3[8,[24129,/46//47./53,611j64-69./71]].
Notably, [47,61] demonstrate that multi-operator models can transfer to tasks beyond those encountered during
training.

At a high level, there are two common formulations. One may (i) train separate operator models indepen-
dently, one per task/operator instance, or (ii) treat the target as a parameterized operator family {G|[«]}, where
a discrete or continuous descriptor v encodes the operator identity. The first approach does not condition on
any explicit operator descriptor and therefore can struggle when the operator family varies substantially; in
particular, it offers limited leverage for generalization to unseen operators. The second approach augments
operator learning with an explicit operator encoding [45,47.|55,61,/64,|66[, incorporating side information
such as the governing equation, symbolic representation, textual description, or task label alongside the input
functions. In this way, the second approach focuses on multi-task learning and general solvers. Providing this
additional context typically strengthens transfer and has emerged as a key ingredient in recent PDE founda-
tion model works. Conditioning on operator information enables zero-shot generalization to new PDE tasks, as
demonstrated in [61]], and such approaches have shown promising performance on out-of-distribution problems
without expensive retraining.

Theoretical analyses of approximation and statistical generalization A central theoretical requirement in
operator learning is expressivity, where universal approximation results ensure that a given architecture can
approximate broad classes of operators to arbitrary accuracy. Early foundational work developing operator
network constructions and proving universal approximation for mappings between spaces of scalar-valued
functions was established in [[13,|14]. Subsequent analyses extended these guarantees to widely used archi-
tectures, including DeepONet [37}/44], the Fourier Neural Operator [32], and PCA-Net [4], among others.
Further developments related to operator expressivity, discretization effects, and architectural refinements in-
clude [9}10,126}28},33}/70,/72].



Beyond approximation-theoretic guarantees, scaling laws aim to quantify how error depends on data size,
model capacity, and computational budget. Establishing a theoretical foundation for such laws provides a route
to principled generalization estimates and predicts how performance should improve as resources increase
[30]. Empirically, [15]] studies cost—accuracy trade-offs across neural operator architectures, highlighting how
network size and sampling budgets affect approximation error. On the theoretical side, [44] derives scaling
laws and complexity estimates for deep ReLU networks and DeepONet. Related analyses for DeepONet and
variants appear in [[17,25,36-38501511591/60]]. Generalization error bounds for DeepONet and related models
are developed in [39,43,44]], while sample-complexity results are established in [1}[21}34]. For multi-task and
multiple operator learning, empirical evidence can be found in [[29,/62]]. Universal approximation results and
expressivity scaling laws for MNO are derived in [[64]]; in this work, we establish generalization error estimates
for MNO.

The remainder of the paper is structured as follows. In Section [2} we extensively formalize the multi-task
and multiple operator learning setting and the MNO architecture, and collect the mathematical background
needed for our analysis. In Section[3] we present our main theoretical results. In Section[d] we provide detailed
proofs. Finally, in Section[5] we conclude with a summary of our contributions and discuss directions for future
work.

2 Background

This section is organized into three parts. We begin with a collection of illustrative examples that motivate the
multiple operator learning viewpoint and clarify the distinct roles of the parametric function (operator descrip-
tor), the input function, and the evaluation variable. In this context, we also recall the MNO architecture, which
makes this separation explicit by modeling the dependencies on «, u, and x through distinct components. Next,
we summarize the scaling-law results for the MNO architecture that underpin the approximation component
of our generalization analysis. Finally, we recall the covering-number estimates for the neural network classes
used in our construction, which provide the complexity bounds needed for the estimation part of the proof.

2.1 Multi-Task Problems, Multiple Operator Learning, and the MNO Architecture

We start by introducing a general and flexible network class used in all of our subsequent constructions.

Definition 2.1 (Feedforward ReLU network class). Let g : R® — R be a feedforward ReLU network defined
as
q(x) =Wr-ReLU (Wr_y---ReLUWiz +b1) +--- +br—1) + bz,

where W are weight matrices, by are bias vectors, and ReLU(a) = max{a, 0} is applied element-wise.
We define the class of such feedforward networks with ReLU activations:

each qi, : R™ — R has the above form with
L layers, width bounded by p,
laklle < R, [Welloo,co < 5, [lbelloc < &,

S (IWello + llbello) < K

fNN(dldeaLyp)KaﬁvR): [q17q25"'7qd2]T€Rd2

where

b

* llglluee = supgeq fa(e)

* [[Welloo,co = max; j [[Welij

>

>

* |lbelloc = max; [[bel;
* || - ||lo denotes the number of nonzero elements.

This network class consists of vector-valued functions with input dimension di, output dimension da, depth L,
width at most p, at most K nonzero parameters, all bounded in magnitude by k, and uniformly bounded output
norm by R.



We recall our goal of approximating a multiple-operator map G : W — {Gla]| : U — V},ew, where
W, U,V are function spaces (with underlying domains Qyy, Q7, 2y, respectively). The MNO architecture
introduced in [64] provides an effective and structurally aligned model class for this problem.

Definition 2.2 (MNO Architecture). For fixed positive integers P, H (p), 1 <p < P, we define a MNO as

P H®
MNO[a][ul(z) = > Y (@) by (u)mpi (@)
p=1 k=1
foraec W, ue U, and x € Qy, where l,, by, and Ty, are neural networks in suitable classes Fxn, and o,
u denote discretizations of o and u, respectively.

It is shown in [[64, Remark 3.20] that MNO is a special case of the more general fully separable architecture
P H N

ZZZQPM lp(a) bk(u) Tg(:ﬁ'), Hpkg € R.

p=1k=1 (=1
Our analysis is formulated for this fully separable class, since it is more convenient for approximation and
covering-number estimates. The resulting bounds transfer to MNO by a standard re-indexing (equivalently, a
rearrangement of subnetworks).

We next revisit the three representative classes of examples from the introduction, now in a form that

makes their connection to the MNO architecture explicit. Collectively, these examples illustrate the following
recurring themes:

* Distinct roles of the inputs. The operator descriptor «, the input function u, and the evaluation variable x
play fundamentally different roles: « specifies the operator instance (task), u is the operand acted upon
by that operator, and x is the query location at which the output is evaluated.

* Shared structure and computational efficiency. Many operator families exhibit reusable structure across
a. Learning these families jointly allows one to represent common components once and reuse them
across parameter regimes, amortizing training and reducing redundant approximation effort compared to
training separate models per operator.

* Generalization across operator instances. The objective in multiple operator learning is not merely to fit
finitely many operators, but to learn a map «a — G/« that generalizes to new (possibly unseen) o € W,
enabling transfer to new coefficients, boundary conditions, or related tasks without retraining.

* Breadth of applications. The same multiple operator learning viewpoint arises across diverse settings,
including parameterized kernel operators, PDE solution operators, and task-conditioned operator fami-
lies.

These principles directly motivate the MNO architecture. MNO is built to respect the separation of roles of a,
u, and z through a separable structure, in which shared subnetworks /, b, and 7 encode the dependence on the
operator descriptor, the input function, and the evaluation variable, respectively. In particular, generalization
across o € W is a natural requirement in this formulation, since « enters the model as an explicit input and
the learned predictor is defined for any admissible v within the specified domain.

Parametrized integral operators

Example 2.3 (Homogeneous kernels with parameter-dependent interaction radius). Assume that Qy = Qy
and let v : Qy — (0, 00) represent a spatially varying interaction length scale. Consider kernels of the form

oten) = o o)

where p : [0,00) — R is a prescribed radial profile. The associated operator is
1 [z —y
Glaltue) = [ —ao( ) ut o
oy (x)? 7\ a(z)
Such parameterized kernel operators are a standard building block in nonlocal models (e.g. [63]), and, under
appropriate scalings of the kernel profile p, they can be used to approximate local differential operators [/7].




Example 2.4 (Variable-order fractional kernel operators). Another important class of examples is provided by
variable-order fractional kernels arising in nonlocal models and fractional calculus [16]]. Assume Qy = Qy,
and let o : Qy — (0, 1) be a spatially varying order function. Define

Cd,a(x)

Ko(z,y) = 7= y[#r2e@)

where ¢; o(,) denotes a normalization constant depending on the spatial dimension d and the local fractional
order a(x). The associated operator is

Cd, oz
GmmmmziéUm_y@g%wmwdy

This example makes the role separation in multiple operator learning particularly transparent. Specifically,
the functions « and u play fundamentally different roles, and therefore representing the operator as G|« ul,
thereby treating (v, u) as a single concatenated input in a classical operator-learning formulation may obscure
their structural distinction. The function « determines the kernel K, and thereby defines the integration rule
itself (namely how points interact, the weighting structure, and the relevant length scales). Changing o mod-
ifies the action under consideration and thus characterizes the task. In contrast, the function u represents the
data being processed; it is the input integrated against the kernel, analogous to a signal or state on which the
operator acts. If u varies while o remains fixed, the rule and therefore the task remains unchanged, and only the
input within that task is varied. MNO and related multi-operator learning architectures directly mimic this hier-
archical structure by explicitly separating these inputs, which models their respective roles in a mathematically
consistent fashion.

Solution operator of parametrized PDEs

Example 2.5 (Green-kernel representation of a parameterized PDE solution operator). For broad classes of
well-posed linear boundary-value problems, the solution operator admits the integral-kernel representation ()
where K, is the Green’s kernel associated with the parameterized differential operator.

For example, consider the boundary value problem:

—v"(x) = u(z), 0<z<a, v(0) =0, v(a) =0,

where a > 0 and u : (0,a) — R is a given source term. For every u € L2(0,a), classical elliptic regularity
theory implies the existence of a unique weak solution:

v € H(0,a) NH%(0,a).
We denote the corresponding solution operator by:

Gla) : L* — H{(0,a) N H?(0, a)

2

. . d . . .
which is the inverse of — g2 on H} (0, a). The solution admits the Green representation
x

wm=amwwozﬂﬂnuwmwm% 0<z<a,

where the Dirichlet Green’s kernel is given by

l)z(a—y), 0<z<y<a,

Ko(z,y) = (a—y) y
alyla—z), 0<y<z<a.

Equivalently, for 0 < z,y < a, this can be written through ReLUs:

r+y ReLU(x—y)+ReLU(y—z) lxy
2 2 a ™’

Ka(x7 y) =



where ReLU(z) = max{0, z}. Extending the integral to the interval [0, 1] using the Heaviside function H, we
obtain:

1
Glal[u] (z) = /0 H(a — y) Ka(z,y) uly) dy
1

1
_ / (D (a,) 7D (2, y) uly) dy + / () (@, )7 (2, y) uly) dy,
0 0

where the functions are separated into:

(Do) = Hia—y),  ay) =T

and
z+y ReLU(z —y) +ReLU(y — z)

2 2 ’
This representation for G[a][u] shows that the operator is in fact a finite sum of separable kernel compo-

nents. Letting o : Qy — R be the constant function a, a Monte Carlo quadrature with sampling nodes
Y; ~ Unif (0, 1) yields:

W (z,y) = @ (z,y) = zy.

2 N
GlaJ[ul(z) = > > 0P)(a, ;) bi(u) 7P (2, Y5),
p=1 i=1
where
H(a-Y)) H(a-Y;)
1) ) — (2) AN _
g (a7 YL) N 9 g (a7 YL) NO{ ) bl(u) u(}/Z)J
T(l)(x, Y;) = x —; Y; ReLU(z — Y;) —QFReLU(Yi — x)’ e (2.Y7) = 2V,

The Monte Carlo approximation therefore yields the same structural form as the MNO ansatz, i.e., a finite
sum of separable (low-rank) components where the nodes Y; can be can be absorbed into the network param-
eters. The functions /() encode the dependence on the operator parameter «, the coefficients b; encode the
dependence on the input function u through point evaluations, and the functions () encode the dependence
on the output variable x. In this sense, the Green’s solution provides an explicit, kernel-based realization
of the separable operator structure. Similar decompositions arise for other linear PDE through their Green’s
formulations.

Example 2.6 (Nonlinear PDE solution operator with a shared semigroup structure). For nonlinear PDEs, the
solution map u +— G|a][u] is typically nonlinear and therefore cannot, in general, be represented by a single
kernel acting linearly on u. We illustrate the idea of multi-operator approximations using a parameterized
family of equations. Let v = (o, v) be the model parameters, where

oce€{0,1} and v >0,
and consider the PDE
Oz + 0202 =V 02, 2(0,2) = u(x), x € R.

When o = 0, this reduces to the linear heat equation; when o = 1, it is the viscous Burgers equation. We
denote the corresponding solution operator by

u — Gla]lu).
The linear heat equation setting occurs when oo = (0, ), and the solution is given by the heat semigroup:
Stul(e) 1= [ Tultz =) ulw) dy.

where




Thus, the heat operator is given by: G|[(0,v)|[u] = Sy [u]. For the Burgers’ case (¢ = 1), if « = (1, v), the

Cole-Hopf transformation
1 x
o) =exp (5 [ st ac)

reduces the equation to the heat equation

¢ = v 0129,

and hence,

ott.) = [ Tt 9) e~ [Tt de)

G[(1,v)][u](z) = —2v 0, log &(t, x),

Transforming back yields

or equivalently,
_ 1 -y Ttz —y) El(y) dy
t gluto—y Ei(y)dy

B(y) = exp<—;y [ e ds) |

In both cases, the same linear heat semigroup S} [u](x) appears as a common sub-operator. The main
difference between the two PDEs’ solution operator lies only in nonlinear input/output transformations. Define

Pa,y[u]z{“’ 7= 7;,y[¢]={¢’ 7

G, v)][u] ()

where

EY, o=1, —2v0;loggp, o=1.
Then both solution operators admit the unified representation
Gla]l = Tsp 0 5{ 0 Ps o, a=(o,v).

If generating the solutions to the two PDEs are modeled by independent by neural networks, as in the single
operator learning case, one constructs

NN(O,V) ~ Sty, NN(l,V) ~ 7-171, e} Szj o Pl,u-

In this case, the heat semigroup S} must effectively be learned twice. If C(S}) denotes the approximation
complexity (e.g., rank, width, or parameter count) required to represent S¢, then the total complexity scales
like:

2 C(S:tj) + Cnonlinear-

By contrast, in a simultaneous (multi-operator) setting, the family:
u—Gla]u],  a=(ov),

is learned jointly. The common operator S} is approximated once, while only the lower-complexity transfor-
mations P, , and 7, depend on the equation type. The resulting complexity scales as

C(Sty) + Cnonlineara

which is significantly smaller whenever the representation of the heat semigroup dominates the approximation
cost. Thus, simultaneous operator learning leverages the shared linear propagator indexed by v, whereas
disjoint learning redundantly approximates the same semigroup structure for each equation type.



Operator families indexed by symbolic or textual descriptions

Example 2.7 (PROSE architecture). The family of networks defined by the PROSE architecture [45/47]] learns
nonlinear operators G|a][u](x) using a multimodal Transformer framework. The objective is to approximate
an operator where « denotes auxiliary (e.g., symbolic, text, or parametric) information and u denotes a function
represented through sampled observations.

In PROSE, the inputs o and u are first mapped into a shared latent space via separate MLP encoders,
a = P4(a), © = ®y(u), where @, and @, are learned nonlinear embeddings. The encoded tokens are then
concatenated to form S = [&, @] € R?*9, A self-attention layer integrates information across modalities:

(W) (SWi)T
Vi

Y = SelfAttention(S) = softmax (,S’I/V‘(/‘(”))7

where W(S)7 WI((S), W‘(/S) are learned projection matrices and the softmax is applied row-wise. This step pro-

duces fused latent representations Y € R?*% . The PROSE framework resembles an operator since the output
function can be evaluate at query location x as follows. The query embedding & = ®,(x), is used in a cross-
attention mechanism with keys and values derived from the processed inputs Y':

EWSHY W)
Van

CrossAttention(Z,Y) = softmax (YW‘(/C) )

The resulting output is mapped through decoder ¥ (e.g., a simple MLP) to produce the scalar (or vector-valued)
operator evaluation,
Gla][u](x) = ¥ (CrossAttention(z,Y)) .

While the above description uses a single-head, in practice [4547] a multi-head formulation is used. This gen-
eralizes the single-head formulation by introducing head-indexed projection matrices { W p,, Wi, Wy, h}thl’
computing attention independently across heads, and aggregating the resulting representations via concatena-
tion followed by a learned output projection. Mathematically,

MultiHead(S) = Concat (head;(S), ..., heady (S))Wo,

where for each head h,

(SWan)(SWip)"
Vi

and Wy denotes the output projection matrix. These architectures illustrate that generalization across operator
instances « is naturally incorporated by treating « as an explicit input modality.

heady,(S) = softmax < ) (SWvh),

2.2 Scaling Laws for Multiple Operator Learning

In this section, we review the approximation-theoretic results underlying the MINO architecture, which provide
the approximation term in Theorem [3.5) and motivate the e-dependent instantiation of the network hypothesis
class used throughout the proof of the latter. Specifically, we begin by recalling [[64, Theorem 3.16], which
establishes scaling laws for the expressivity of a general multiple operator architecture; the corresponding
scaling laws for MNO follow as a special case.

Theorem 2.8 (Multiple Operator Scaling Laws). Let dyy, dy, dy > 0 be integers,
Yw, YU, W, Bw, Bu,Bv, Lw, Lu, Ly, Lg,Lg >0  and  rg,mg > 1

and assume that W (dw ,vyw, Lw, Bw), U(du,~vu, Lu, Bu) and V(dv, vy, Lv, By) satisfy Assumption [g]
Let G be a map such that

G:{a:Qw —R||a|lte <Bw}—G where

10



G = {Gla]|Gla] : {u: Qu > R Jullie < Bu} > V and
|Gla]u] = Gla]fusl oy < Lallur = uzlroqay) }
Furthermore, assume that G satisfies

|G (1) = G(a2) Lo (fup >R | [ufo <Butx0v) < Lallon — azllire @)

foray,as € {a: Qw — R |laf|Le < Bw}

There exists constants C' depending on vy, Ly, Cs depending on Lg,dy,vu,rg, Ly, C' depending on
Bu,Lg,du,vu,rg, Cc¢ depending on Lg, dw,vyw,ra, Lw and C" depending on Bw, La, dw ,yw,ra such
that the following holds. For any € > 0,

o let N = 2"w +QC\/%(C”M)”CW e~ (ew 1) and consider the network class
F1 = Fnn(dy, 1, Ly, p1, K1, k1, Ry) with parameters scaling as
Ly = O (dy log dy + 3 (ne,, + 1) log(e ™) + di log(2"w T (C" /iy, )" ) + d, log(2))
p1=0(1),
K1 = O (di logdy + di(ney, + 1)log(e™!) + di log(2™w TH(C" /gy, )"w ) + di log(2))
Ky = O(d?/‘//2+16_(dv+1)(ncw—‘r1) [2ncw+2(0//m)ncw](dV‘H)), Ry =1

where the constants hidden in O depend on vy and Ly;

o let {vg}é\f:d 1 C Qy be a uniform grid with spacing 2~y /N along each dimension;

055(1+dv)(1+"cw)

dy +ncy, +2(C\/E)dv (C”M)new
cover of Qs for some ne,,;

* letd = and let {c,, )i, C Qu be points so that {Bs(cm)} b, is a

« let H = 2vED0ew 2007 e (CV/dy )W (C" fligy )ew (VAN e=(@Av ) (4new ) and consider the

network class Fo = FNN(Ney , 1, Lo, p2, Ko, k2, Ro) with parameters scaling as

Ly = (’)(ngU log ne, + ngU(dV 4+ 1) (neyy, + 1) log(e™) + ngU log(24VTH(C/dy )W)
12, (dy + 1) log(2"w (€ \fiigy )" ) + 2, log(2)),  p2 = O(L),

Ky = (’)(an log ne, + an(dv + 1) (ney + 1) log(e™) + an log(24TLH(C/dy )W)
+ 1y (dy + 1) log(2"w H(C" /gy, )" W) + ng,, log(2)),

Ko = @(nzéu/2+1E,(dv+1)(ncU+1)(nCW+1)[de+2(c [y )V e +1 [2dv+1(c /dy )

Ry =1

} (dv+1)(ney +1)
where the constants hidden in O depend on By, Lg, di, Yu, g,
s let ( = Cee and let {ym}?nci‘/l C Qw be points so that {B¢(ym,) :;2/1 is a cover of Qyy for some ne,, ;

o let P = 20" /ey et and consider the network class F3 = FNN(ney, 1, L3, p3, K3, k3, R3) with
parameters scaling as

K;=0 (n%w log 1y, +n2,, log(e™!) + ngw log(2)) ,

n, 241 — —
K3 = O(ncvcvw/ Qnew +1g e —1) Ry =1

where the constants hidden in O depend on By, Lg, dw, yw, TqG-
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Then, there exists networks {Tg}N [ C Fi, networks {bk}H U C Fo, networks {lp}§:1 C Fs, functions
{uk}H U c{u: Qu — R |jullu= < By} and functions {ozp}pzl CH{a: Qw — R||a||lue < Bw} such
that

P"ew H"™eu N9v

2) Sup sup sup Glo|[uk] (ve)lp(a) by () (x)| < €,
aeW uelU mEQV

=

~
Il
-

p:l k=1

where o = (a(y1), @(y2), .., oz(yncw))—r is a discretization of o and u = (u(c1),u(c2), ..., u(chU))T is a
discretization of u.

Next, for a function f : R — R and a constant a > 0, we define the clipping operator that constrains the
range of f to the interval [—a, a]:

Chpa(f) = min{max(fv —(I), CL}-
This truncation can be implemented exactly by a two—layer ReLU network. One explicit realization is
Clip,(f) = —ReLU (=ReLU(f + a) + 2a) + a,

which expresses the clipping operation using only affine maps and ReLU activations. In particular, such a
network is in the class Fnn(1, 1,2, 1,6, 2a, a).

The next result incorporates the clipping operation into the general multiple operator architecture and shows
that the resulting clipped network class admits analogous expressivity guarantees and scaling laws.

Corollary 2.9 (Clipped network scaling laws). Assume the same setting as in Theorem[2.8] Let NN[ol[u](x)
be the network such that @2)) holds for €/2. Then,

3) Sup sup sup ‘G [u](x) — Clipg,, (NN[e][u] (:c))‘ <e.
aeW uelU zeQy

In view of Corollary [2.9] clipping can be incorporated without loss of approximation power (up to ad-
justment of the target accuracy). Accordingly, we henceforth take our hypothesis class to consist of clipped
multiple operator networks. This boundedness property is a technical ingredient in the generalization analysis
used in the proof of Theorem [3.5] We formalize the resulting model class in the following definition.

Definition 2.10 (Clipped multiple operator network class). Let F; for 1 < i < 3 be network classes defined in
Deﬁnztton Fora,I >0, P,H,N € N and fixed sampling points {ys}s V C Qw and {es}o we define
Clo (I, F1, Fa, F3,{ys}, {cs}, P, H, N), the set of a-clipped multiple operator networks, as

s=1’

Cla(I,fl,FQ,F3,{y5},{CS},P,H,N)
P H N

= Clip, [ DD Oprelp(@)bp(w) () | | Opre € [~1,1), 7 € Fu, by € Fa, I € T
p=1k=1¢=1

where o = (a(y1), a(y2), ..., a(yncw))T is a discretization of o and u = (u(cy),u(c2), ..., u(chU))T is a
discretization of u.

Remark 2.11 (Scaling laws for clipped multiple operator network classes). For 1 < i < 3, let ;(¢) denote the
network classes in Theorem [2.8] such that (2)) holds for €. Corollary [2.9]implies that there exists a network in

Clsy, (Bv, Fi(e/2), Fa(e/2), Fa(e/2). {ys}, {es}, Prew , H"v ,N)

such that (3) holds for €. Indeed, the network in Corollary is clipped at 3y, and has coefficients 0,1, =
Gloyp|[uk](ve) which satisfy |G[ay,|[ug](ve)| < By by assumption on G.

12



2.3 Covering Number of Neural Networks

In this section, we discuss covering numbers of the neural network classes defined in Definition [2.1

Definition 2.12 (Covering Number). Let (X, d) be a metric space and let 1 > 0. A finite subset C C X is
called a 0-cover of X if for every x € X, there exists ¢ € C such that

d(z,c) <.
The covering number of X at scale 0 with respect to the metric d is defined as
N(n,X,d) :=min{|C| : C C X isan-coverof X} .
The next result is similar to [[12, Lemma 7], [[57, Lemma 3.2] or extensions in [[56, Theorem 2.1].

Proposition 2.13 (Covering number of feedforward ReLU network class). Let Fyn(d1, 1, L, p, K, k, R) be the
network class defined in Definition and suppose that k > 1. Let d(q1, q2) denote the maximum parameter
discrepancy for qi1,q2 € Fnn(dr, 1, L, p, K, k, R), that is

_ (1) (2 (1) _ (@)
d(q1,q2) = glzangmax{HWZ = Wy los,000 1p 7 — b7 [ }-
Then, the following identities hold:
1. Forany q € Fnn(di, 1, L, p, K, k, R), the L>-norm of the output is bounded as follows:

) lglltee < &%+ 1)F Hpllzfe + 1);

2. Foranyqi,q2 € Fnn(di, 1, L, p, K, K, R), the L°°-norm of the difference between the outputs is bounded
as follows:

(5) g1 — golliee < LeX o+ DI 0z |lue + 1)d(q1, ¢2);

3. The covering number of Fxn(dy, 1, L, p, K, k, R) is bounded as follows:

2 L L-1 K
N (1. P L Ko ). o) < (P57 ) (| e ) )

3 Main Results

We start by introducing the standing assumptions on the underlying spaces utilized in the main results.

S. The space U(dy, vu, Ly, Bv) is a function set such that

(a) any function u € U is defined on Qp; := [—yu, y0]%;
(b) for all functions u € U and x,y € (g, we have

lu(z) —u(y)| < Lylz — yl;

(c) for all functions u € U, we have ||ul|~ < Sy.

In the remainder of this section, we state our main results and discuss their interpretation. We conclude with a
brief proof sketch highlighting the key ideas and the role of the intermediate technical lemmas.

13



3.1 Covering Numbers of Product Neural Network Classes

Our first result concerns the covering number of the clipped multiple operator network class from Defini-
tion [2.10] Since this class serves as the hypothesis class in Theorem [3.5] the estimation terms in the gener-
alization bound involve log N (1), Cla, || - || oo (wxt/x0,)) and therefore require an explicit covering-number
estimate.

Proposition 3.1 (Covering number of the clipped multiple operator network class). Let
Cla(I7~/—"17-F2>]:3a {yS}a {05}7 Pv Ha N)

be the clipped multiple operator class defined in Definition[2.10\where, for each NN in that class, we assume
the following input domains: NN : W x U x Qy — R. Let

FUQQ}CRJQ::(L@i:j»)({ijJ+l>K.

Then, with h = 2n/T where

T=P-H-N-|IRyR3Lik™  (py + 1)\~ (py] ]| e + 1)

+ IR R3Loky> ' (p2 + 1) (po||uf L + 1)

+ IR Ry L3k ' (ps + 1)53 7 (ps]|at/je + 1) + RiR2R3

)

we obtain the following upper bound on the covering number:

N (0, Cla(I, Fu, Fo, F3,{ys}, {cs}, P,H,N), || - Lo (wxvxay))
< [(|2I/h] 4+ 1) F(L3, p3, K3, k3, h)F (Lo, pa, Ko, k2, h) F(L1, p1, K1, k1, h)]7H Y

If, in addition, for dy,dy,dy > 0 integers and ~yw,~Yu, v, Bw, Bu, Bv, Lw, Ly, Ly > 0, the spaces
W (dw,yw, Lw, Bw), U(dv,vu, Lu, Bu) and V (dv, v, Ly, By) satisfy Assumption[S.| then we can pick

T=P-H-N-|IRR3LisH (p1 + )" (pryw + 1)
+ IR1R3L2:‘<&§2_1(p2 + 1)L2_1(p25U + 1)

+ IR RoLsk® ' (p3 + 1)% (psfw + 1) + RiRaRs |

In particular, the covering number is bounded uniformly in « € W, uw € U and x € Qy.

We note that Proposition [3.1| yields a covering-number bound that depends explicitly on all architectural
parameters of the component network classes F1, Fa, F3 constituting the hypothesis class, including their
depths L;, widths p;, sparsity budgets K, parameter magnitudes «;, and output bounds R;, as well as the
multiplicities P, H, N and coefficient magnitude I of the separable expansion.

3.2 Generalization Bounds

We now formalize the data-generating and sampling procedure used throughout the paper. In the multiple
operator setting the training data are naturally collected in a hierarchical manner: we first sample operator
instances «, then sample input functions » conditional on each «, and finally sample evaluation points x at
which noisy observations of G|«][u] are recorded. The following definition makes this hierarchical training-
set structure precise.

We recall that X ~ subG(c?), i.e. X is a mean O sub-Gaussian random variable with variance proxy o? if
E(e*Y) < eA*0*)/2 1n particular, if X ~ subG(0?), then aX ~ subG(a20?).
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Definition 3.2 (Training set). Let G : W — {G[a] : U — V'} be a map. Let ji, be a probability measure
on W, py, a probability measure on U, and 1, a probability measure on Qy. Given fixed sampling points
{ys}o% € Qw and {cs} .8 C Qu, we define the training set:

SG,{ys},{cs} = {Ote, {uh', {($Zij7w€ij)}?i1}j:1}

Na

/=1
where

id

© oy~ g and oy = (ag(yl), .. ,ozg(yncw)) € Rew ;
id

® Uy; e o, and Uyp; = (Ugi(cl), . ,ugi(chU)) € R"u s

iid
* Tyij ~ pa drawn from Qy;

o weij = Gloyl[ue|(zeij) + Cijr where (i are i.i.d. sub-Gaussian noise variables with mean 0 and
variance proxy o>.

All random variables are assumed independent across all indices. This structure is illustrated schematically in
Figurell]

Parametric function Sampled parametric function

{ 01 } { (). e<yncw>>]

Input function Sampled input function

L ugi ™ i } {Wz' = (wi(cr), - - ,wz'(cncU))}
\ Output function

we; = Glov][ug] }
Evaluation points

iid
Leig ~ Kz

Noise Noisy output samples
L Ceij % subG(o?) J 'Lwéij = Glag][ug](weij) + Cﬁij}

Figure 1: Schematic structure of the training dataset Sg 1y}, {c.} defined in Definition for multiple operator learning.

supG(c?) denotes a sub-Gaussian distribution with variance proxy o2. Blue arrows indicate discretization steps; black

arrows represent the flow of data.

Next, we define the trained operator given a dataset S, (y,},{c,}- In particular, the latter is a neural network
chosen from the class Cl, (I, F1, F2, F3, {ys}, {cs}) and obtained by minimizing a L2 empirical loss over the
training set.

Definition 3.3 (Trained operator). Let F; for 1 < i < 3 be network classes defined in Definition Let
G: W — {G|a] : U — V} be amap. Let i, be a probability measure on W, 1, a probability measure on
U, and p, a probability measure on Q. Given fixed sampling points {ys} W C Qw and {cs}gji C Qu,
let Sg (y,},{c.} be the training set defined in Definition |3.2] n For a,I > 0, the trained a-clipped operator
G, 1,717, 75,5 is defined as

Na Ny Nz

G171 72 Fs,8 = argmin ——— > ) > (NNow][wei (i) — weij)”
NNGCla(17]:11]:27-7:37{115}7{05} nanunz (=1 i=1 j=1

where Cly (I, F1, Fa, Fs, {ys}, {cs}) is defined in Definition 2.10}
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Subsequently, we introduce the expected generalization error of the learned operator. The following quan-
tity measures the expected performance of G, 1, 7, 7, 75,5 by averaging over the randomness in the training set
S and over unseen test inputs (a, u, z). It quantifies how well a model trained on one realization of the dataset
generalizes to unseen data.

Definition 3.4 (Expected generalization error). Let F; for 1 < i < 3 be network classes defined in Definition
Let G : W — {Gla] : U — V'} be a map. Let i, be a probability measure on W, p,, a probability
measure on U, and i, a probability measure on Qy,. Let {yS}Z;Vf C Qw and {cs}:;l{ C Qu be fixed sampling
points. We define the expected generalization error as

L3 (Gt slallul(e) — Glolul(e)?

ESG,{ys},{Cs} EO‘N“O‘ EUN““ E{:ﬁj};}i1wl$§m$
Jj=1

test sampling

empirical approximation of the squared L2 (u; ) error

where Eg, (vs} {es) denotes the expectation over the full training dataset Sg y,.},{c,} defined in Definition
(i.e. over all i.i.d. draws), Gu 1 F, 7., 75,5 IS the a-clipped trained operator defined in Definition o =
(a(y1); a(y2), s (Yn,,, )T is a discretization of o and u = (u(cy), u(cz), ..., u(en,,, )T is a discretization

of u.

We now state our main scaling law bound for the expected generalization error. Fix a target approximation
accuracy € > 0, and instantiate the multiple operator network hypothesis class

Clo(I, Fi, Fa, F3, {ys}, {cs}, P"ew , H"v NU)

using the e-dependent architectural scalings prescribed by the approximation theory (so that the class contains
an e-accurate approximant to ). Let > 0 denote the covering scale used to control the complexity of this
class via log N (1, Cla, || - || oo(wxx0y))- The following theorem combines these ingredients to yield an
explicit approximation—estimation tradeoff linking target accuracy, architecture size, and the sampling budgets

(nOH n’LH nac)
Theorem 3.5 (Scaling laws for the expected generalization error). Let dyy, dyr, dy > 0 be integers,
Yw, Y, W, Bw, Bu, Bv, Lw, Lu, Ly, Lg,Lg >0 and  rg,mg > 1

and assume that W (dw ,yw, Lw, Bw), U(dv,vu, Lu, Bu) and V (dv,~vv, Ly, Bv) satisfy Assumption [S.]
Let G be a map such that

G:{a: Qw = Rl|a|pe < Bw}—G where
G = {Gla]Gla] : {u: Qu = R Jullis < fu} = V and
|Gla]w] - Glalluallls(ay) < Lallur — uallirs oy }
Furthermore, assume that G satisfies

G (1) = G(a2) oo (fup >R | [ufo <Butx0v) < Lallon — azllire @)

forar,as € {a: Qw — R |la|Le < Bw}. There exists constants C depending on ~yy, Ly, Cs depending
on Lg,dy,vu,rg, Ly, C' depending on Sy, Lg,dy,vu,rg, C¢ depending on L, dw,yw,ra, Lw and C”
depending on By, Lag, dw,yw, TG such that the following holds. For any € > 0,

o let N = 227w H3C\/dy (C" fligy )"w e~ "ew 1) and consider the network class
F1 = Fnn(dy, 1, Ly, p1, K1, k1, Ry) with parameters scaling as

Ly = O (d} logdy + d3(ne,, + 1)log(e™) + di log(2"w T H(C" /nicyy, )W), p1 = O(1),
Ky = O (dp logdy + di (ney, +1)log(e™!) + di log(2™w TH(C" /gy, )"w))
Ky = 0(2(dv+1)(ncw+1)d§l/v/2+1€7(dv+1)(ncw+1) [2ncw+2(0//m)ncw](dv+1))? Ry =1

where the constants hidden in O depend on vy and Ly ;
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Ce1+dV) (I +ncy, )
p2dv inew B3 dvew (C/dy )V (CV | iy )" oW
is a cover of Qi for some N, ;

e letd =

and let {c; } <Y, C Qur be points so that {Bs(cyn) ol

m=1

o let H = 23F2new H3dv+2dvney, OF o (C\/dy )W (C" \figy )"ew (v D e=(dval)(4new) gud consider
the network class Fo = FNN(ney,, 1, Lo, p2, Ko, k2, Ra) with parameters scaling as
Ly = (’)(ngU log ne, + ngU(dV + 1) (neyy + 1) log(e™) + an log(2W+H(C/dy )™
ng, (dy + 1)log(2"w TH(C" /gy, ) W), p2 = O(1),
Ky = (’)(an log ne, + an(dv +1)(ney, + 1) log(e™) + ngU log(2WVTL(C/dy) )
n2 (dv +1) log(Z”CW"'l(C"‘/nCW)"CW))’
Ko = O( ”CU/2+1[ /2] (dy+1) nCU+1)(nCW+1)[2dV+2 C /7 dV nCU+1 |:2dv+1 o /7 ](dv-i-l)(ncU-l—l))
Ry=1

)

where the constants hidden in O depend on By, Lg, di, Yu, g,
o let( = Cee/2 and let {ym} W C Qu be points so that {Bc(ym)}nmci"l is a cover of Quy for some n,, ;

o let P = 40" /ioy et and consider the network class F3 = FNN(Ney, 1, L3, p3, K3, k3, R3) with
parameters scaling as

L3 =0 (n2, log(ne, ) +nd, log(e™")), ps=0(1), Kz=0 (nZ, logne, +n2, loge™")),

n 2+1 —
Kg = O(nc;vW/ 2”“W+1 Neyy — 12”“W+1) R3 -1

where the constants hidden in O depend on By, Lg, dw, Yw, TqG-

Let a = By, I > By, Na, Ny, Nz € N, Lo a probability measure on W, i, a probability measure on U, and
Lz a probability measure on Qyy. Consider the clipped network class

Cla(L, F1, F2, Fs, {ys}, {es}, Prow , H" v ,NU).
Forn > 0, the expected generalization error is bounded as follows:

Ny

1
ESc,(us1, (o oo Buspn Bigjyns o | — > (Gap.7.5.5 sl 0] (z5) — Glo][u](z)))?

n
T =1

< 46 + n(8c + 6)

8on — —
i W\/ log (A (1, Cla(1, F1, Fo, Fa, {ys}, {es}, Prew , H'w NOW), || - [ Loownxany))) +10g(2)
1602 . :
o (1og (/\/ (n, Clo(I, F1, Fa, Fa, {ys}, {cs}, Pew  Huv NU) || - HLoo(WxUXQV)» +1og(2))
11232 i N
Ty, 08 (N (77/(45\/),@@([,}"1,]-"2,]-'3, {ys}t, {cs}, Prew, H" v NV), || - HLOO(WxeQv)>)

where o« = (a(y1), a(y2), ... a(yncw))T is a discretization of o and u = (u(c1),u(c2), ..., u(c,%U))T is a
discretization of u.

In Theorem [3.5] the scaling laws depend on the best-in-class approximation error of the hypothesis class
Clo(I, F1, Fo, F3,{ys}, {cs}, Pew , H™uv  N%), denoted by e, where the architectural parameters of the
component network classes F; are instantiated as e-dependent choices. The next corollary controls the resulting
metric entropy of this e-dependent hypothesis class explicitly as a function of ¢.

Corollary 3.6 (Metric entropy bound under e-dependent MNO scaling). Assume the same setting as in Theo-
rem[3.5 Then,

log (A (1, Clall, Fu, Fa, Fa, {ysh, {es, PPow, H'0 N, |- sty ))
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oyt
§6_618 52 w (1+log(77_1))

where 8, = dy (1 + dy) (1 + dTW) +dy DS 4 (dy + 1) and 5y = dy(1 + dy) (1 + dTW)

Remark 3.7 (Effective parameter scaling induced by the e-dependent MNO construction). The e-dependence
of the metric entropy term in Corollary [3.6]is driven by the growth in (i) the number of subnetworks in the
separable expansion and (ii) the admissible parameter magnitudes. In particular, it depends on the product-
structure multiplicities through

max{N dv  Hmeu | Prew } and on the parameter bounds through r{nax , K-
ie{1,2,3

As shown in [64, Remark 3.17], this growth is equivalent to the scaling of the total number of non-zero param-
eters N4 required by the resulting MNO-type architecture: specifically, we have

dyy
)

Ny S eme ™ g

for constants 71, v2 > 0 depending only dw, dy, dy .

Theorem [3.5]yields a family of bounds parameterized by the approximation accuracy € and covering scale
7; using Corollary in the next result, we select ¢ = £(n,) and n = n(n,) to balance the approximation
and estimation terms and thereby extract a single explicit learning rate as a function of the number of operator
samples ng,.

Corollary 3.8 (Generalization rate in the number of sampled operators n,). Assume the same setting as in
Theorem[3.5] If we pick

1
d log1 o Tdw _
€= < W 0808 Ma) 08(1a) ) v and n= 4ﬁvna1

255 log log log(ng)
with 69 = dy (1 + dy) (1 + dTW>, then the expected generalization error scales as follows:

Nz

1
Sy ey B B By e | 23 (Gar.7 . slelul(e) = Glolful(e)?

i=1
loglog(ny) ~dw
_ o (2°808\"a)
logloglog(ny)

where the constants hidden in O are independent of Ny, Ny, Ny

3.3 Proof Sketch

We briefly summarize the main ideas behind the proofs of Theorem [3.5] and Corollaries [3.6] [3.8] The argu-
ments follow the standard approximation—estimation paradigm, but the multiple operator setting (hierarchical
sampling and data-dependent predictors) requires a careful organization of the stochastic terms.

Notation and risk decomposition. We recall that the learned operator network @5 = G, 1,71, Fs,Fs,5 de-
pends on the (random) training sample S := Sg ¢, 1 (c,}- For any candidate operator F (e.g. a network in our
hypothesis class), define the population and empirical risks

R(F) := Eampio Bunp By [(F[O‘] [u](z) — Gla] [U](@)z}?

Rs(F) = nanlunm > ( Flag[ueil(zeij) — Glad[u](2e;) )2-

(=1 i=1 j=1
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With this notation, the expected generalization error is
To = EsR(Gs).
Adding and subtracting the expected empirical risk of the learned predictor yields the decomposition

Ty = 2EsRs(Gs) + (ESR(GS) - 2Es7€s(és))
=:T1 + 15,

which matches (the factor 2 is a bookkeeping constant).

Step 1: Control of 7 (approximation + stochastic cross-term) Theterm 7] = 2E57€5 (é 5) is an expected
training-error quantity. Using the observation model w = G[a][u](x) 4 ¢ from Definition we expand the
square and split 7} into (i) an approximation component and (ii) a noise-driven cross-term; see (81)—(89).
The approximation component is controlled by the expressivity result for the clipped class: by Corollary [2.9]
(together with Remark there exists a network NN € Cl, (I, Fy, Fa, F3, {ys}, {cs}, P"ew , Hu N
such that sup,, ,, , | NN[a][u](2) — G[a][u](z)| < ¢, yielding a contribution of order ? in (9T). The remaining
cross-term involves (CATY s —G)( and cannot be averaged out directly because G s depends on .S (and hence on ().
We control this term by discretizing the relevant function class by an n-net and applying a moment generating
function estimate together with a union bound, producing an estimation contribution involving log NV () and
the sample sizes (nq, 1y, ny); see Lernma This is the origin of the additive 7 term (net discretization) and
the metric-entropy terms in the bound (92)) for 77.

Step 2: Control of 7> (generalization gap via symmetrization and discretization) The term 7, = ESR(G s)—
21[557%5(@5) is the generalization-gap contribution associated with the data-dependent predictor. To control

it, we introduce an independent ghost sample S’ (symmetrization), which rewrites population quantities as
expectations of independent empirical averages and reduces the problem to bounding a supremum of a sym-
metrized (shifted) process over a shifted clipped class; see (48)—(53). We then discretize this shifted class

by an n-net (constructed in Lemma [4.2)), reducing the supremum to a maximum over finitely many functions
plus an additive discretization error of order 7; see (54)—(57). Finally, we bound the resulting maximum by a
moment generating function estimate and a union bound over the finite cover, producing a term proportional to
log NV (n) with explicit sample-size factors; see (69)—(79).

Step 3: Covering numbers and corollaries The proof of Theorem [3.5]is complete once the bounds for T}
and 75 from Steps 1-2 are combined, yielding the stated scaling-law estimate in terms of the metric entropy
log N'(n). To obtain explicit consequences, we then invoke Proposition 3.1/ to bound log N (n) for the clipped
hypothesis class, and subsequently choose the free parameters 7 and € as functions of the sampling budgets to
optimize/simplify the bound. This yields Corollary (metric entropy as a function of €) and Corollary
(an explicit generalization rate after balancing € and 7 in terms of n,).

4 Proofs

In this section, we present detailed proofs of our results.

4.1 Proofs of the Background Results
4.1.1 Scaling laws for clipped networks
Proof of Corollary[2.9) We note that

E := sup sup sup |Gla][u](x) — Clipg, (NN[a][u](x))]
aeW uel zeQy

< sup sup sup |Gle][u](z) — NN[o][u](z)]
aeW uelU zeQy
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+ sup sup sup |NN[a][u(z) — Clipg,, (NNla][u] (2))|
aceW uwel zeQy

(6) < e+ sup sup sup |NN[a][u](x) — Clipg, (NN[a][u](x))]
aeW uel zeQy
5
= —-4T
5 + 11
where we used (2) for (6).

For a fixed « € W, u € U and x € Qy, if | NN[a|[u](z)| < By, then T} = 0 by definition and £ < £/2.
Else, we first suppose that NN[a][u] (x) > By . This implies that Clipg , (NN[a][u](x)) = By and therefore,

NNfe][u](z) —

) < NN[Oé] [u](z) — Gla][u](x)

< [ NNe][u](z) — Glo][u](x)]
®) <
where we used the fact that G[a][u](z) < By by Assumption [S] for (7) and @) for (8). Similarly, if
NNla][u](x) < — Py, then Clipg, (NN[a] [u](z)) = =By and

= —Bv —NN[a ][ ()
©) S Gla][u](x) — NN[o][u](z)

< [NN[o][ul(z) - Gle][u](z)]
(10) <z

where we used the fact that G[a][u](z) > — Sy by Assumption[S]for (9) and (@) for (T0). Combining (8), (T0)
and (6), we conclude that E < e.
O

4.1.2 Covering numbers for neural network classes

The following argument follows a standard discretization approach: we first establish uniform L bounds
on network outputs and on output differences in terms of the architectural parameters, and then quantize the
admissible parameter set to construct an explicit p-net and count its cardinality.

Proof of Proposition[2.13] 1. We start by establishing a bound for the L>°-norm of the output of
q S FNN(dlv 17 L7p7 K7 R, R)7

i.e. we provide a value of R as a function of all the other parameters. Specifically, we proceed by
induction on the network depth to show that

lglltee < &*(p+ 1)* (pllflre + 1)
when L = k.
We recall the following bound for A € R™*™ and z € R"™:

n

an Az = max | > [Alyfal;| < nlleflo 1 A4]x

Base case: L =1 The network we consider is ¢(z) = W1ReLU(z) + b;. Then, we have:
lallLee < IWiReLU(z)[ee + [161loo

(12) < plIWilloo,c0[ReLU(2)|Lee =+ [161]loc

(13) < pkllz|lLe + K

where we used (II)) and the fact that the width of network (and hence the dimensions of the matrix ;)
is bounded by p for (I2)) as well as the facts that max{||W1|cc,00, |01/l } < & and ReLU(z) < z for

(13).
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Induction step: L = k + 1 Suppose that ||q||L~ < &¥(p + 1) 1(p||z|L~ + 1) for L = k. For
L =k + 1, we write ¢(z) = Wr11ReLU(G(x)) + br+1 where ¢ is a feedforward ReLU network of
depth k. We estimate as follows:

(14) lgllLee < plIWrt1llool[ReLU(G(2))[lLee + [[bL+1 o0

(15) < pllg(z)|lLe + &

(16) < prrf(p+ DM (pllze +1) + &

(17) <p" T+ D llefue + 1) + £ o+ DF T plleflue + 1)

= 1" (p + D (pllzfLe + 1)
where we used and the fact that the width of the network is bounded by p for (14)), the facts that
max{[|Willoo,cor [[b1lloc} < &

and ReLU(z) < « for (13), the induction hypothesis for (I6)) and the assumption that x > 1 for (I7).

. Next, we proceed by induction on the network depth to bound the L.°°-norm of the difference between
the output of two networks q1, ¢2 € Fnn(d1, 1, L, p, K, k, R). Specifically, we prove that

lqr — q2lluee < ks""p+ D (pllz|lLe + 1)d(q1, ¢2)

when L = k.

Base case: L = 1 The networks we consider are ¢i(z) = Wl(l)ReLU(:r) + bgl) and ¢2(z) =
W ReLU(z) + b{”). We have

lar — ol < (W = W)ReLU(@) || + 65 = 5110
(18) <pW =W ol + d(ar, 2)
< d(qr, @) (plll|Lee) + 1)

where we used (1)), the fact that the width of the two network is bounded by p and that ReLU(z) < =
for (18).

Induction step: L = k+1 Suppose that ||q; — g2||L < kx*1(p+ 1) (p||z|/Le + 1)d(q1, g2) for
L = k. For L = k + 1, we write ¢g;(z) = WéﬁlReLU(}i(m) + b(led where ¢; is a feedforward ReLU
network of depth k. We estimate as follows:

a1 — q2|ree

< WY ReLU(G1 (2)) — W2 ReLU (i () — W) | ReLU(Ga(x)) + Wi ReLU (G () |1,
+ 1651 = b5 oo

(19)

< pIWEY = Wiialloosolda (@)L + PIW S, [loo,00[RELU(G1 (2)) — ReLU(Ga(x)) | + d(q1, g2)
(20)

< pd(qr, @2)&"* (0 + 1)F (ol + 1) + prllds () — Go(@) e + dlar, a2)

(21)

< pd(qr, @2)r" (p + 1 (ol + 1) + phat(p + V¥ (pllz i + Dd(ar, a2) + d(ar, a2)
< pd(qr, @2)s* (p + 1)F (plla = + 1) + pha®(p + D (pllzfre + Dd(a1, a2)

(22)

+ (k + 1)d(q1, g2)5* (p + 1)F (plll|ueo + 1)
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(23)
= (k+1)r"(p+ 1)*@llz]= + 1)d(g1, g2)

where we used (I1)) and the fact that the width of the two network is bounded by p for (19), (@) and the
fact that ReLU is 1-Lipschitz for (20), the induction hypothesis for (21), the fact that £ > 1 for (22)) and
the identity (k + 1)(p+ 1) = pk + k + p + 1 for 23).

3. Finally, we derive an upper bound on the covering number of Fyn(dy, 1, L, p, K, k, R). For any q €
Fnn(di, 1, L, p, K, k, R), the weight matrices and biases satisfy maxj<¢<r, {[|W¢||oo,005 [|belloc} < K,
so each parameter lies in the interval [—k, K].

For a fixed h > 0, we discretize the latter interval into 2« /h subintervals of length h, yielding |2r/h|+1
grid points. Then, for any parameter value ¢ € [—k, k], there exists a grid point ¢* such that |¢ — ¢*| <
h/2.

Now, given any ¢ € Fnn(d1, 1, L, p, K, k, R), let ¢* denote the network where each nonzero parameter
of q is replaced by its nearest grid point. By construction, this implies that d(q, ¢*) < h/2, and it follows
from (B) that

* - _ h
lg =" lue < L&+ D)F 7 (pllzfie +1) 5

2n

T T )L Tl 1) we conclude that the set of networks of the form

Thus, setting h =
Wi -ReLU (Wp_1---ReLUW1iz +b1) 4+ -+ +br—1) + by,
i.e. a feedforward ReL.U network with L layers and width p, whose nonzero parameters are constrained

to grid points forms a n-cover of Fxn(d1, 1, L, p, K, k, R) in the L°°-norm.

It remains to estimate the number of such networks. Since each ¢ € Fnn(d1, 1, L, p, K, k, R) has at
most K nonzero parameters, it suffices to consider networks with parameters restricted to grid points
and at most K nonzero parameters.

The total number of parameters of a feedforward ReLLU network with L layers and width p, is at most
L(p? + p), where p? corresponds to weights and p to biases per layer. Therefore, the number of possible

sparsity patterns is bounded by
L(p* +p)
K Y

and for each such pattern, there are |2+/h | + 1 choices per nonzero coordinate. Hence, the total number
of distinct networks is at most

(L(pQK +p>> (ﬁf J . 1)K _ (L(pQK +p>) wa D pllefi + 1) J . 1)5
n

4.2 Proof of the Main Results

4.2.1 Covering numbers for product network classes

The proof follows the same discretization strategy as Proposition [2.13] now applied to the separable multiple
operator architecture, which is a linear combination of products of three subnetworks. In particular, in addition
to quantizing the parameters of the subnetworks [,,, by, and 7o, we must also quantize the coefficient array
{0pke} C [—1,1] that weights the separable expansion.

Proof of Proposition[3.1] Let

P H N
NNi[a]fu](z) := Clip, [ > > > Opnelp()br(w)7e()

p=1k=1 /(=1
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and

P H N
NNala][u](z) := Clip, (ZZZ kel (@ %Ax))

p=1k=1 /(=1

be two neural networks in
Cla(Iaflaf%Ffiv {ys}a {Cs},P, H: N)

We proceed as in Proposition [2.13]and start by estimating as follows:

NNy o] [u](z) — NNg[a][u](@)[|Lee (w xvx0y)

+||bk(u)_6k(u)”L°°(U)'”7~'E(33)||L°°(QV)} + [l (er) = Ip(@) e (w) 1 i () e (¢ )HLoo(UxQV>>

+ 1Ot — Opiel - 1115(00) i (W) Fe () |00 (w0 x 20)

I(Rza {RQHW(JU) — Te(@) Lo () + 110k (1) — Bk(u)HLOO(U)Rl}

IRsR3Lyky" ' (p1 + D)5 Hpy|l|uee + 1)d(7e, )

+ IR R3Lory> ' (p2 + )22  (po|uf| e + 1)d(by, by,)
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27

+ IR\ RoLsks® ™' (ps + 1)5 7 (psl el + 1)d(ly, 1) + R1R2 R3]0 — Opiel

where we used the fact that the clipping operator Clip is 1-Lipschitz for (24), Definitions 2.1)and [2.10|for (23]
as well as Proposition for (26).

By the definition of Cl, (I, F1, F2, F3,{ys}, {cs}, P, H, N'), we have 6, épkg € [—I, I] and each param-
eter of I, by, and 7/ is contained in [—k3, k3], [—K2, k2| and [—k1, k1], respectively. For a fixed h > 0, we
discretize the latter intervals into 21 /h, 2k1 /h, 2k2/h and 2k3/h subintervals of length h, yielding |21 /h|+1,
|2k1/h| + 1, [252/h] + 1 and |2k3/h] 4 1 grid points. Then, for any coefficient ), or parameter value c of
lp, by, and 7y, there exists grid points % or ¢* such that |6, — 6*| < h/2or |c — c*| < h/2.

Now, for any NN € Cl, (I, Fi, Fa, F3,{ys},{cs}, P, H, N), let NN* denote its grid-constrained approxi-
mation. Specifically,

P H N
NN*[a]ful(z) = Clip, | 3577 0205 ()b (w)r (=)

p=1 k=1 ¢=1

where 9 xe 1s the nearest grid point to k¢ and [, by, and 7; are the grid-constrained versions of [, by, and
T, obtamed by replacing each nonzero parameter Wlth its nearest grid point. By construction, this implies that
Opke — Oprel < h/2, d(ly, 1;) < h/2, d(by, b)) < h/2and d(7g,7;) < h/2. Inserting this into (27), this yields

P p

| NN[a][u](x) — NN*[a][u] () ||[Lee (wxUx0y)
P-H-N-h

< - - -

- 2

+ IR R3Loky®  (p2 + 1) (palulje + 1)

IRy R3Lykt* ™ (p1 + 1)M 7 (py || |0 + 1)

(28) + IR Ry L3kt (ps + 1)X5 7 (ps]|f|r + 1) + R1Ra R

h
= =T
2

By picking h = %7 we conclude that the set of the networks of the form

P H N
Clipg [ > 0 Oprelp(c)br ()7 ()

p=1k=1 (=1
whose nonzero coefficients and parameters are constrained to grid points form a n-cover of
Cla(Ia Fly f27f37 {ys}a {CS}7 P7 H7 N)

For each tuple (p, k, ¢), since I, by and 7¢ have at most K3, K5 and K nonzero parameters, it suffices
to consider networks restricted to grid points and at most K3, Ko and K nonzero parameters. As argued in
Proposition 2.13] for each tuple (p, k, £), there therefore are

* F(Ls,ps, K3, k3, h) possible grid-constrained networks [,
* F(La,p2, Ko, ko, h) possible grid-constrained networks b}
* and F'(L1,p1, K1, k1, h) possible grid-constrained networks 7.

Furthermore, there are |21 /h| + 1 choices for 6 ke and thus, for each tuple (p, k, £), this yield a total of

(L2I/hJ + 1) F(L37p3aK37’€37h)F(L27p27K27/€25h)F(LlapluKhh)

24



grid-constrained networks. Since for each of the P - H - N tuples (p, k, ), the associated grid-constrained
networks can be selected independently, we conclude that

N(n7 Cla(Iafla]:Qaf?n {ys}, {CS}7P7 Ha N)v || ! HLOO(WXUXQV))
< [(|21/h| + 1) F(Ls,ps, K3, k3, h)F(La, p2, K2, 2, ) F (L1, p1, K1, k1, )] HY

For the second claim of the Proposition, we continue from (28) and estimate it using Assumption [S}
INN[a][u](2) — NN*[a] [u] (2)[| o (wx0 <y )
P-H-N-h
P
- 2
+ IR Ry Lars ' (pa + 1)~ (po|utf| e +1)

IRy R3Liky (o1 + D) pr |2 + 1)

+ IR Ry L3k (p3 + 1)1~ (p3|| ||~ + 1) + R1RaR3

P-H-N-h
< -
- 2
+ TRy R3Laky2 H(pa + 1) 2 Y pofy + 1)

IRy R3Lykt* ™ (py + 1) Y (pryy + 1)

+ IR RoL3k® ' (p3 + 1) X (p3Bw + 1) + R1RoR3

The rest of the proof is analogous to the first part.

4.2.2 Generalization bounds

We start this section with several intermediate results used in the proof of Theorem Specifically, the next
result bounds a quantity appearing in the estimation of the expected training-error.

Lemma 4.1 (Noise-error cross term bound). Assume the same setting as in Theorem[3.5] Then,

1 Na Mu N
ESG,{yS},{cS} o Z Z Z (Ga,ffhfz,f:aﬁ[af] [uﬁi](xfij) — Gloy] [U&Km@l])) Ceij
QU 1 4=1 j=1
g
_ )2

SNet (77 * \/ESG,{ys},{cS} [Emp(Ga,r 71,7, 7.5 = G) ])

X \/log (N (n, Cla(I, F1, Fo, Fs, {ys} {cs}, P H, N || - (e (wxuxay))) + 10g(2)
where Emp(NN)? = ——— 37/, 570 5707 ) NN[ow] [ug] [z
Proof. Let

N( 7Cla(1a]:17]:27F37{y5}5{65}5P7H7N)7H’IILOO(WXUXQV))

Cvr = {NN;}_)

be the 7-covering constructed in the proof of Proposition [3.1] We have that
Ga,],}—l,]‘—z,}—g,s € Cla(I7 flv f27 ‘F37 {y8}7 {08}7 PnCW ’ HnCU ’ NdV)
and there therefore exists G}, | r, 7, 7, ¢ € Cvr such that

(29) 1Ga1.71.70. 75,5 — Ga 1 71,507 8 ILe(wxuxay) <0
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Step 1: Decomposition We first decompose our quantity of interest as follows:

1 Ng Ny Nz

YD (GCarr morssladue(@e;) — Glod[ue) (2ei;)) Cuig

(=1 i=1 j=1

11 = Esg 1y 4000 NN T

Na Ny Nz

= Ese. oo | nnm ——> D (Garrmrmslodo (@) — Ghy r 7 Fy sladua (@) G
T =1 i=1 j=1

Nag Ny Nz

T ESq 140y 1e0) 771 nn S (Garm mors slad el (we;) — Glad [ue)(24i) Ceig
T =1 i=1 j=1

(30)
=T + T3.

We first upper bound 75 as follows:

1 Na Moy Nz
T3 < Esg oy ions < a,1,F1,Fa, 3,5 10| [Wei] (i)
Naltulte |, 57 j=1
3D —Gz,j,]:l,}‘%]:g,s[ae][uh Wzg C&g) ]
Na Mu N
<E5@{ys}{c5}[<n g > ( a,1F1, Fa, Fs,S 0wl [uei] (24ij)
W p=1 =1 j=1
2 Na Mu Ny
= G sedulen) ) (o 353555
a'tu’tx
(=1 i=1 j=1
Na MNu Nz
(33) S °ES6 4401 0001 [n T ZC&J]
T =1 i=1 j=1

(34) < o’

where we used Jensen’s inequality for (31]), Cauchy-Schwarz on the inner sum for (32)), for and
Definition [3.2] for (34).

Step 2: Moment generating function estimation We now turn to the estimation of 73. In particular, we
want to express the latter through moments of sub-Gaussian random variables. We first recall the squared
empirical evaluation of a network

Na Ny Ng

nanunx Z Z Z NN Oﬁg uél xfzg] .

(=1 i=1 j=1

Emp(NN)?

With an abuse of notation, for our map G, we also write

Na Ny Ng

Emp(G Z ZG@@ Up; :U&]] )
nanunxe 1 i=1 j=1

Then,

Emp(GG 1 7 7. 75,5 — G)

*
= Emp(Ga LF.FFs, s — Gal, 7 7 Fs 8 + Gal 7y 7o Fas — G)

Na Nu Ng

2
S (Cirr mors sladwa[weg) = Gar 7 5o 7y sl [we [265])

{=1 i=1 j=1

NNy Ny

26



1/2

2 Na Nu Ng
o YO (Garrmo s slodllual[wes) — Gloul [ug) [245))
QU 1 =1 j=1

35) < [20° + 2Bmp(Gas pyryrys — G2
(36) <V2n+Emp(Gorr7rs — Q)

where we used for (35)). Next, we define

Rk = \/mEmp NN* ézl ; jzl NNk ae ’U/[z [xfw} G[Oé[] [Uh”l;f”]) CKU
for1 <k <N (n,Cla(I, F1, Fa, F3,{ys} {cs}, P, H,N), || - [[Loc(wxux0y)) and note that,
020 71 (NN el [uel[ee;) — Gladl[un] ;)
37z | {ow, {ue, {xeij}}} ~ subG ( Emp(NN; —G)2nanars
~ subG(o?)

where we used Definition [3.2]and [/5 p.24] for (37). We estimate as follows:

*
T Emp(Ga,I,f1,-7'—27]'—3vs — G)
3 = TSc {ys} {es} NaNyNg

D0 2 D05 (GZ,I,]-'l,]-'g,]—"g,S[af] [uei)(zeij) — Glou] [Wz’](%‘j)) Cei
X
Emp(GZ,I,fl,}—z,fg,s - G)

n+Emp(Go 1.7 775 — G)
NS
DSy 2 25 (GZ,I,E Fa.Fs,slol[uei] (i) — Glo] [Wi](x“j)) Cei
X
\/WEHIP(GZJ,]:L}-%]:&S - G)
n+Emp(Ga 17 77,5 — G)

VaTy Mg

n+Emp(Go 1,7, 72, 75,8 — G))Q} \/ ESc yertes) {mgx |Z;3@

S \/iESGv{ys

}if{est

(38)

< V2Esg ey [ max ’Z’f’]

2
(39 < \/m\/ESG,{yS},{CS} {(

= \/m\/ Setyet (oo 17+ EMP(Go 1 7, 75 75,5 — G)?]
a'ltu’tr

\/ {ae,{uh,{%}}}[ {Cuig} [maX!zk\ | {W:{Wza{wm}}}H

2
N (7 VB, 00,c0y B2 Gt 72 775 — G
altu'tx

\/ Efap fue {2 1)} [ {Ceis} [maX!zk\ | {az,{wm{xm}}}ﬂ

2
@) == (74 Vs 1010y [ED(Cor 77 7,5 = G)2)) VE (o fun e 11 (T4
where we used for (38)), Cauchy-Schwarz for (39), we split the expectation

(40)

X

IN

(41)

X

ESG7{U8}1{CS} = E{ae,{uei,{(umKeu)}j}i}z - E{ae,{uei,{wm}j}i}[{ﬁeij}eij

using the law of iterated expectations Ex y[f(X,Y)] = Ey[Ex[f(X,Y) | Y]] for @0) and the inequality
Va2 4+ b < a+ /b for @).

27



Our aim is now show that 7 < C for C > 0 independent of all other random variables. This will follow
from standard bounds on moment generating functions of the sub-Gaussian variables zj, | {cv, {ue, {2ej}}}-
For 2/0? <t < 4/0?, we proceed as follows:

1
T, = n log (exp (E{Caj} {mkaxﬂzla | {av, {we, {:rgzj}}}]))

1 2
43) < n log (E{Ch'j} [m}gx e'®x | {ov, {ue, {mel]}}}:|>

N(nvcla(IvFl7~F27]:37{y5}7{05}7P7H7N)7||'HLOO(WXUXQV))

1
< log [ Eg,,) > e | {ap, {uei, {zei;}}}
k=1
1
< ; (N (77701 I F17f27f37{y8} {CS} P, H, N) H ’ ||L°°(W><U><QV)))
1 Z
@)+ log (Eqy [ [ {ae fun {211} )
1 1
(45) < Elog( (77:01 I 1, Fa, Fs, {ys} {Cs} P H, N) H : HL°°(W><U><QV))) + Elog@)

where we used Jensen’s inequality for (43), the fact that z, is identically distributed for all £ by (37) for (@4)
and the following equivalence from [5, p. 26] for (@3): X ~ subG(v) if and only if E [etX 1 < 2 for all
2/v <t < 4/v. Picking t = 4/02, we obtain that

0.2

2
g
Ty < 7 log (N (1, Clall, P, Fo Fa, {ysh fesh, P, H™0 N, |- e w v ) ) + - 108(2)

which is non-random, since uniformin« € W, u € U and = € )y by the second claim of Proposition
Therefore, substituting the latter expression in ({#2) yields:

o
T3 < N (71 + \/ESG,{yS},{CS} [Emp(Ga,1.7,,72.55,5 — G)Z])
a'tu'te

\/log (1, Cla(I, F1, Fa, F3,{ys}, {cs}, Pew , H"v ,NW) || - ||Loc(wxuxay)) ) + 10g(2).

Continuing from (30) and using (34), we conclude that

Ty < no + (n + \/ ESq (o1 1eey EMP(Ga,1, 71, 72,75, — GP])

g
N e
\/log (1, Cla(I, Fr, Fo, F3, {ys}, {cs}, Pew , H"v , NW), || - oo qwxvxy))) +10g(2). O

We next establish the covering number of a shifted network class used for bounding the generalization-gap.

Lemma 4.2 (Covering number of the shifted clipped multiple operator class). Let
Cla(l7f17f2>]:3a {yS}a {Cs}a Pv Ha N)

be the clipped multiple operator class defined in Definition where, for each NN in that class, we assume
the following input domains: NN : W x U x Qy +— R. Let G : W +— {G|a] : U — V'} be a map such that
|GllLee(wxUxay) < a and define the shifted clipped multiple operator class

SCl, (I, Fi, Fa, F3,{ys},{cs}, P, H,N)
— {(5Nfalful(z) - Glalful(@)? | NN € CL(I. Fi. Fo. Fa, (e} e}, PN

Then,

{(NN’: - G)2 -I/C\/:(?/(‘La)’chl([v]:l’]:27]:37{y8}7{cs}7P’H7N)7”'||L°°(W><U><QV))
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is a n-cover of SClo (I, Fi, Fa, F3,{ys},{cs}, P, H, N) where

N (n/(40),Cla(I,F1,F2,F3,{ys }{cs 1 PLHN), || |lLoo (w xuxy))

{NN; Y=t
is the n/(4a)-covering constructed in the proof of Proposition In particular, we also have that

N(m SCla(Lflva?}—éa {y8}7{08}ﬂpv H, N)7 H ’ ”L°°(W><U><QV))
< N(77/(4‘1)7Cla(I’}—lvf%}—i%{ys}>{cs}>Pa H, N)7 H ’ ||L°°(W><U><QV))
and
[NNG = G lliee(wxuxay) < 4a°
forall1 <k <N (n/(4a),Clo(I, Fi, Fo, F3,{ys}, {cs}, P H,N), || - lLes(w xvxay))-

Proof. Let g = (NN —G)2and § = (NN — G)2 be two networks in SCl, (I, F1, Fa, Fs, {ys}, {cs}, P, H, N).
Then, we have:

46 - - H(NN ~NN) (NN+NN - 2G>H
(46) g = gllLee(wxuxay) + Lo (W xU xSy
< HNN —NNH HNN+NN - 2G’
Loo (W xU xQy) Lo (WxUxQy)
47) < 4aHNN —ﬁﬁ”
Loo(WxUXQy)

where we used the identity (b — c)? —(d—c)®> = (b—d)(b+ d— 2c) for {@#6) as well as the facts that
NN, NN € Cl, (I, Fi, Fa, F3,{ys},{cs}, P, H, N) and HGHLoo (WxUxqy) < afor @.
Let {NN]:;}]C (TI/ (4a),Cla(1,F1,F2,F3,{ys}.{es },P,H,N),||- ||L°°(W><U><QV))

the proof of Proposmon@ Equation (#7) implies that

be the 7/(4a)-covering constructed in

{(NN]: - G)2 '2/;(;7/(4a)70111(17}—17]:27-F3v{yS}v{cS}7P7H7N)7”'”L°°(W><U><QV))

forms a n-covering of SCl, (I, F1, F2, F3,{ys},{cs}, P, H, N). In particular, by the construction in Proposi-
tion 3.1} we know that || NN, [|ec(w xvxqy,) < @ for all k and therefore,

INNG = G)Plluse (wxuxay) < 4a. O
Lemma 4.3 (Bound on generalization gap/estimation part). Assume the same setting as in Theorem[3.3] Then,

Na

1
ES6,tye ooy Barvtia Bunpun By s on e > (Ga1.71 555l [u)(z5) — Glal[u)(z))?
j=1

Na Nu Nz

Y22 (Garrmmsloduel(zag) — Glod[uel (weiz))*

1
= 2BSG fyap.e) n
/=1 i=1 j=1

allyMy

112432
<6+ TV log (N (1, SClu(L, Fi, o, Fo (s} e}, Pow ™0 N), |- e s ) )
where SCly (I, F1, Fa, F3,{ys}, {cs}, Phew , H"ev | NV is defined in Lemma

Proof. For ease of notation, we define

gla]lu][2] = (G778l (@) — Gla][u](2))*.
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Step 1: Symmetrization We estimate as follows:

1 &
T = Bsg 1y, qe0y Barmpta Bunp, By AT rTzZ(Ga,f,fl,fz,fs,s[a][U](wj)*G[a][U](:L‘j))Q
j=1

Na Nu Nz

= 2E56 (40140} M Z Z Z a,l 1, Fo, Fa.5 0] (Uil (24i5) — Gloy) [Uéi](wij))Q

/=1 i=1 j=1
1 &
= B,y ey Bt Bt By e iene | = D glollul(ay)
j=1
Na Nu
_2ESG,{yS},{CS} Ny Ty ZZZQ ] [we] (weij)
(=1 i=1 j=

1 <.
:2ESG,{ys},{CS} EaNua Euwuu {2;}" @ EZQ[O{][U](CE}

Na Nu Nz 1 ) e
nanunx Z Z Z‘g Olﬁ uél xel]) QEQNHQ E'U/\‘Hu {x }"1 ~L ®na: ni Zg[a] [u] (l']) ]

(=1 i=1 j=1 T =1

< 2ES6 (o eny | B k

a~flo

1 X
v Bz gne |1, 2 dlollul(es)
]:

(48)

a Ny

< n.
ncxnun Z Z Z 9 O‘E WZ Wt]) ganm Europn E{%‘};ﬁlwu 77 Z: ]

n,
T =1 i=1 j=1

where we used the fact that

Ga, 1.7 For,sled[u](z) € Clo(1, Fy, Fo, Fs, {ys}, {cs}, Pw , H"v N)
and Assumption[S]on V' imply that
(49) g[0][u] (@)oo < v xay) < 487,

thus §%/(48%) < 3 - §/(46) < g. for @S).
Let S” be an independent copy of S. We introduce the latter to symmetrize @8)). In particular,

Na Nu Ng Na MNu 1 Ng
Eg = - alad] w1 (s
G Hyshiest | ngNyNg ; ; ]21 g aé u& ’:Ufl] Ny ; ; SG Hyshdest | ny ; g[aé] [uh] (xh])
1 &
(50) = Earpia Bunpey By yre om0 | — > glalful (z)
o

where we used Definition [3.2]for (50). Inserting (50) in (8], we obtain

Na Ny Ny

T < 2ESG,{yS},{c5} ESG fwshies) | namyig Z Z Zg Oé@ Uh xh])

(=1 =1 j=1
Na Nu Ng 1 Na Nu Nz
E 5 5 QOM UEZ wZ’LJ) 72E E § E g a[ uZz xh)
 Nanun. 56 qyshdes) | ngngn J
albulbe 79 51 j=1 86y s albulbe 79 1 j=1
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1 = o ! ! /
< 286 14y 00 [ Sup <E5'c:,{ys},{cS} NNy ZZ Zg[ad lual)(@ei;)

9€8Cl (=1 i=1 j=1
(51)
g O‘E U& :17&]) 72E . g O‘E ufz :EZ’L])
nanunmf 1 =1 j=1 8BV G{yS}{S} nanunmé 1i=1 j=1
Na MNu Ny
- 2ESG’{ys}v{Cs} [gselél()jl <ESG {ys}{es} nanunm Zl z; z:l g ae uel xél]) g[ad [UE’J (x&]>
=17
1 i Na Ny Nz
— —5Eg 9* [ [ug;) ()
(52)
1 I Na Ny Ng 1
s 3355 el )]
2 G {ys},{cs} 7 i
1635, Y NaNula T— o
Na MNu Ny i
= Q]ESG,{ys}v{Cs} [gsel’é%l <E G (vs}{cs} Nyl ;Zl Zlg Oée U& .’1}'&‘]) g[ag] [ng} (mflj)
=17 ]
1 1 Na Ny Ng T
—E
1662 SG Ays},{cs}> SG {ys} {cs} NaNyNa ; Zzl ;g OZK u[@](xfl]) + g [af] [ufl](xélj) )
Na Ny Nz
= 2ES6 (4o fee) Lse%%l <E St (ot len} [nanunx ZZI z; Z;g oty [up;] 37&]) gl [ugi (wei)
i=1j
1 Na MNu Ny
—E
16ﬁ2 56 {ys}des}SG, {ys} fos} NNyl ; ZZ; ]z;g o] u&](az&]) +9 [0‘4] [wei] (ei5) ] )]
1 Na Ny Nz
< 2Es¢ (o et 9SG, {ysti{es} [geslél ( ZZ <nu T lelg ap][ug;] a:&]) glove][ue](weis)
: 1= ]
(53)

1 Ny Nz 2
O S e o | o D D IO ) + 9Pl )

i=1 j=1

where we used the facts that Gu 1 7, 7, 7 s[a][u](z) € Cl (I, F1, Fo, Fs, {ys}, {cs}, Pew , H"v NV)
and SC1 = SCl, (I, F1, Fo, F3, {ys}, {cs}, Pew , H"uv  N%) is the shifted clipped multiple operator net-
work class defined in Lemrna in (51), the fact that S” be an independent copy of S for (52)) and Jensen’s
inequality for (53).

Step 2: Moment generating function estimation Let

N (n,SCla(I,F1,F2,F3 {ys}{cs },P"eW H"U ,NV),||- ||L°°(W><U><QV))
Cvr = {95},

be the n-cover of SCI constructed in Lemma Then, for every g € SCI, there exists g* € Cvr such that
19 — g*[|Lee(wxxy) < 1. Using this, we estimate as follows:

glog)fug]) (x4;5) — glae [wei] (zei;) = glad][wp][20:;] — g™ [ [we) (x0:;) + g7 [l [ug] (20:5) — g™ [ce] [wes] (zeis)
+ 9" [eve] [wes] (weij) — gleve] [wes] (weij)
< 2[lg = g% [lLee (wxuxay) + 9"l [ug] (x4:5) — 9" [ve] [wei] (24i5)
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(54) < 20+ g*[og) [ug ) (20;5) — 9" [l [uei] (zeiz)

and
92 [ [ugs] (2:5) + 9% lov] [uei) (zeig)
9 [l [up) (i) — (9%)? [l uil (2iy) + g2 [uail (zeiy) — (97)? ) [wei) (zeig)

+ (97 [eve) [wea) (eig) + (7)) (i) (25)

> (9" [wai (zeig) + (%) [eg) [uly) (275)

— lglag][ug)(27:;) — 9" [eqlfug;] (i) - 1glod] () (2:5) + g™ [ [ups] (7))
(55) — lglad][weil(zeij) — g% [ewl[wes](zaij)| - |glee] [weil (zeiz) + g% (o] [wes] (zaij)|

> (9"l [uail (weig) + (9%) [0l fug) (055) — 20 (|19l wxvxay) + 197 Lo (wxvxay))
(56) > (9"l [uail (weig) + (9%)?[af)[ug) (x0;;) — 16055

where we used the inequality (a — b)(a +b) + |a — b] - |a + b| = a®> — b* + |a — b - |a + b] > 0 twice for (53)
as well as (49) and Lemma[4.2]for (56). Inserting (54) and (56) into (53), we continue estimating as follows:

3n + sup (;Z( ii:g O‘E ufz x&]) g*[af][uﬁ](l‘ﬁj)

<
i = QESGv{ys}x{Cs}’S/G,{ys},{cs} geSCl

i=1 j=1
1 e )2
1682 ESe (vet(ee) S5 1o ton) —— ;]21 2lag)luf) («5) + (9%)* [ [ (20i5) ))]
1 ny Ny
=60+ 255 1) 100155 00 o) [m]‘?x (n Z ( ;;Qk g [ug;) (€0;5) — gilee] [wes] (zeiz)
1 1 )2
T T3 BSG () (e S (o fen) o ;; i) [l fut) (hi;) + (970)?[cve) [wei] (z4i5) ))]
(57)
=: 61 + Th.
For ease of notation, we write Eg g/ for ESG,{ys},{cs}vSé,{ys},{CS} and define
Ny ng
ri(ag, L bty Ay by 2 s s {un by {wes i 27) = — 221 gilod][up] (@) — gilo][ue) (ze;))
i=1j
=Tk
and note that, since S and S’ are identical copies,
(58) Eg ' [rie] = 0.
For fixed k and ¢, we also define
29 = giladluia) (wl) — gl [ua) (i),

Dot Dy ZM By (58)), we have

Var(re) = Eg,s/[ri]

such that ry =

unac

Ny Nz Ny Ng

=Ess (nyng 2ZZZZZM Z(M)

i=1 j=1 s=1 g=1

1 (kt) 1 (kL) r(k0)
=Eg g Z;; + Eg,sr Zij 4
(nunax)Q (l j;s q) ( J > (nun$)2 (’L j)zyé%s q) ’ !
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k0)\ 2 1 ke) (ke
=Es.s Z (ij V] +Essr | > 20925
(nung)? = (nuna)® ;S50

(59) 4 ES,S’ 2 Z Z(kf)Z (ko)
(nung) vy
For j # g, we estimate as follows:

Es,s [Z.(w fo@] = Es,5 [ (gklod][upi (2hi) — gilael[uel(zeij)) (grlod) (i) (2hig) — gkloel [ueil (zeiq)) ]

— AT /
o Eag,aziri\?ua,ugi,uziiguu []Eafeijvxzijvwiq@/giqi’i‘(}um [ (g;: [aé] [uéi](xh'j) - glt [Oég] [U&] (-'L'ﬁij))

x (gklod ) (2hig) — grlov][ueil(2eiq)) | ae,aéjwz’,u’ei”

= Eaz7a‘/€iri\(/1#a7u£i,u2iiri\c/i“u [Exfijvleji’if’iﬂx [ (g;; [Oé}] [ulél] ("'EA/@Z]) - g;; [Oé[] [uEZ] (lej)) ‘ Oég’ alﬁ? uéi? u;l]
(60)

XE e 1, [ (g lad] [up) (wiq) — gkleel[ueil(weiq)) | e, 0, uas, uz] ]

ig¥yiq T
(61)
- 27

B 8t | B | G100 ) — gl o) | s

(62)
2

S Eaéyazigguayuéi»uhi'i\?/‘u Efbéiﬁxziji'i\?uz L (gz [QZ] [uzl} (xg’l]) a g;:‘ [ae] [uel] (xezj)) ’ o OZZ’ i u21:|

(63)

= Egg [(Zi(jke)ﬂ

where we used the conditional independence of zy;;, :U;Z.j and x4, ), , for (60), the fact that xy;;, $’£ij and
Zyig, Ty, are identically distributed for (61) and Jensen’s inequality for (62). Similarly, for i # s, we have

74
ES,S/ |:Z’L(] )Z§§€)i| = E ,iid

Qg agNIJ'a uh:uh Ugs, u[S H,u,a?g” ’$Zz] »Llsqs x,gsq T

E i [ (g lod] [up) (wi5) — giclael[ued)(eiz))

X (gklod s (whsg) — gkleel [ues] (zesq)) | ae»@%”

AT R Y] * ] B '
N ae’azi}\c‘l#‘a [ Ueis ufz’ueslufs MuyzZ” 71'213 712811113[5(] id/J'ﬂ') [ (gk [ag] [UEZ] (;Uelj) - gk [Oég] [UK’L] (xéz‘])) | aﬁ’ ae]

(64)
ettt sy g g S [ (9i 10l ut] (hsg) — giladl[ues)(@esq)) | e, a%] ]
(65)
_ .

=E . E " T Ml Wt ) — o ) - /

OthOé[ r\c},u'a u[z7u£17ui57u€s ,U'u Teig, -7327,] Iisqvmlsq duw L (gk [ae] [uel](x&j) gk [OM] [Uhl] (xhj)) ’ OM’ az:|
(66)

AT / 2 /

< Eaz,aéﬁg#a ]Euu,uzivuzs,uésid#u,xeij7$2ijv$qu’zlzsqi’i\?l‘I L (g’: [0%] [UZi](xzij) B gZ [ad [uel](x&j)) ‘ o a€:|
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(67)
=Egg {(fo@ﬂ

L : / / / /
where we used the conditional independence of wg;, uy;, Ts;j, Ty, j and wpg, Uy, Tpsq, Tyg q for (64)), the fact that
Wpiy Wy, Teijs Ty ; and ugg, Uy, Tlsgs T , are identically distributed for (63) and Jensen’s inequality for (66).

Inserting (63)) and into (59)), we obtain:

Ny Nz Nu N

Var(rye) < Eg s (un2)? ZZZZ ( )

i=1 j=1 s=1g=1

_ wie 209’

]- o / / / *
(68) <%Ess | —— > > (giloflluiil(wlyy)? + gilonlun] (2)?)
W =1 j=1

Our aim is now to estimate 75 through the moment generating function of .. To this purpose, first re-write

T5 in (57):

1 & 1
(69) Tr < QESG,{yS},{cS}7S'G’{ys},{cs} [m]?X <na Z (Tkﬁ 325\/ Var(hcé)) )]

(=1

where we used for (69). Then, we proceed as follows for some ¢ > 0:

1 & 1
t1s/2
T2/ < exp (tIESG (e lesb 56y fon) [m}gx <na Ez: (T‘ke 325‘/ Var(rké)) )])
=1
1 & 1
(70) < B () 00150 000 (o) [exp (t max (na > (W 326VVar(W)> >> ]
/=

1

t
= Zk:ESG,{yS},{CS},S’G’{ys},{%} [eXp (n > <W 32BVVM<W))>

@ =1
- t t 1
(71) = %:el_llEscy{ys}{gs}75/0’{%},{63} [exp (nO[rkg)} X exp < 32BVVar(rkg)>
=: Z H T3 exp < 32;2 Var(rk.g)>
k (=1

where we used Jensen’s inequality for (70), independence between S and S’ as well as Definition [3.2] for (7).
The T35 term is the moment generating function we want to estimate for some A > 0 (and fixed £):

t
Es s [GXP (nruﬂ =Eg s
(63

[ A28
(72) S ES,S’ 1—|—)\T‘ke+)\ T‘MZiM

AS S
1+ Arpg +Z T“]

2332

[ 28 2 8 s—2
(73) S }ES7SI 1 + )\Tké + >\2ka Z 2(3@]

8A
(74) =Egg |1+ Mpe + TM ( 6‘/) ]
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where used the fact that s! > 2 - 372 for s > 2 for (which is simply shown through induction) and the
fact that

Hrk(a27u2iawléija0‘@7uéiaxfij)|’L°°((W><U><QV)><(W><U><QV)) < 2HQZHL°°(W><U><QV) < 86\2/

by Lemmafor (73). We pick A < 3/(83%) and continue from (74):

)\ZT,%K 1
ES S’ | exp )\’l“kg < ES S’ 1+ )\TM + T a2
, ) 2 1— 8)\[3‘/
3
(75) =1+ 37A2Var(r )
TV
3\2
(76) S exp ((HW%VELT(TM)>

where we used (58) for (75)) and the inequality 1 + = < e for z > 0 for (76). In order to insert (76)) into (7)),
we need to ensure that

o3
Na 85‘2/
or, equivalently,
3ng,
77) t< —.
8%

For such ¢, using (76)), we continue from (71)) to obtain

. 2
3 (E) t
_ 1685 n,32/32

Na

2
t
3 () t o,
6 — 16t43, na32ﬁ‘2/ -

Na

(78) etT2/2 < Z Hexp Var(rxe)

k=1 6

Now, we pick ¢ such that

or, equivalently,
3ng,

t=——-.
5632

Since 3/8 > 3/56, we note that this choice of ¢ is compatible with the requirement (77). From (78)), we deduce
that et72/2 < Zk =N (777 SCla(Ia F1, Fa, Fa, {ys}a {03}7 Plew , H"v, Ndv)? H ’ ||L°°(W><U><QV)) where
SClu(I, F1, Fa, F3,{ys}, {cs}, P"w , H"v NV is defined in Lemma In turn, this yields

2
T < S log (N (1, SCL (1, Fo, o, Fo, {ys} Lo}, Pow H™0 LN, |- e w v )

11232
i log
3ng

Substituting (79) in (57) yields the claim of the lemma.

79 = (N (777SCla(I,]:1,~7:2,-7:3,{ys}, {cs}, Prew  H™ 0 N%) || - HLOO(W><U><QV)>> :

O]

Proof of Theorem[3.5] We start by decomposing the expected generalization error into a bias and a variance
term. Specifically, we write:

LS Gar i 7y sl () — Glo[u] ()2

.
T =1

TO = ESG,{yS},{CS}EaNIJ‘a EU’VNU E{IJ};LEINM;S)W.I
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Na Nu Ng

= 6. e0) | e ——> > (Gorrrrs sl (weg) — Gladu) (ze;))

(=1 i=1 j=1

Nag Ny Ng

+To — 2E5G,{y5},{cs} Nl Z Z Z (GaJ,}LJ’zf:&,S[a@] [u&'](xh’j) — Gloy] [Wi](xéij»z
A R — j=1

80) =:T17+Ts.

Step 1: Bound on 77 We start by bounding the 7} term which corresponds to the expected empirical risk, that
is the average squared error of the learned operator evaluated on the training inputs, measured against the noise-
free outputs. For ease of notation, we will write Cl, (I, F1, Fo, F3, {ys}, {cs}, P"ew , H"v N%) = Cl. We
estimate as follows:

81)

Na Nu Nz

Z Z Z 071,-7:17-7'—2,.7'—375[(12] [u&](x&]) Weij + C&j)

(=1 1=1 j=1

Ty = 2B (4,0 et

Na Nu Ng

Z Z Z a,l .7'—1,]:2,]'—3,5[a£] [uﬁz](‘rﬂm) wéz])

¢=1 i=1 j=1

- 2ESG,{ys},{cS} Nl T

Na Ny Nz

Z Z Z a,l,F1 ,fz,fs,s[aﬁ] [u&](xém) wﬁzg) C&]

(=1 i=1 j=1

+ 4ESG,{yS},{cS} eyl

Na Nu Nz

+ 2B (e ea) NaTiuTle PIPIPIASF

/=1 i=1 j=1

(82)

Na Ny Nz

= 2]ESG (ve}.es) NNeCl e ; Zzljzl NN Olg lléz -ij) w&])

Na Ny Ny

1
+4ESG{US} {cs} NaNun ZZE a,l,Fy ]—‘27]-‘375[0%][1151](16&]) w&])@z] + 273
W p=1 i=1 j=1
(83)
Na Ny Na
<2 Juin Es —— > 3 (NN[a][ug] (@) — Glal [ue] (weis) — Ceiy)?
= “NNeal Pedwshiest | nonung e AT RN g
i=1 j=

Na Ny Ny

+4Es,, Awshies) | ot Z Z Z a,l,Fi ]"277:375[046] [uh](xhj) wéz]) Ceij | +2T13
(=1 =1 j=1

Na Ny Ng

=2 i Bse fy.e0) N NN > > > (NNlauJugi](zeij) — Glow][us)(@eij))’

NNeCl i
Na Ny Ng

— 4 B e | oo 2 2 2 (NNladual(@ey) — Glad[ual(za;)) Ges
=1 i=1 j=1

(Ga,1.70 7,75 51l [we](20ij) — Glow[wel (weij) — Ceij) Coij | + 4T3
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1 Na Ny Nz

— M . .. — . .. 2
=2 NII{IHG%IESG,{%},{CS} D Z; 2:1 (NNlew][ug](weij) — Glew[uei](zeif))
=1 1=1 j=
1 Na MNu Ny
o0 [y D 2 32 Ol o) — Gl )
=1 =1 j=

(85)

+4ES6 () feor e —— 3 (Garr Forsloul [l (we;) — Glodlus](xe;)) Cuij

(=1 =1 j=1

where we used the definition of wy;; for (8T), Definition [3.3] for (82), Jensen’s inequality and the definition
of wy;; for (83) as well as the definition of wy;; for (84). We continue by noting that NN{ay][u;](z¢;) is
independent of (y;; by Definition @ since, for a generic NN € Cl, NN is not trained (this is in contrast
with the trained operator G r, 7, 7;,5 € Cl which certainly depends on wy;; and thus (z;;). Analogously,
Gloy)[ue) (i) is also independent of (y;; by Deﬁnition Therefore, we have:

Na Ny Nz

B ES6 .0 | oo ;;; (NN[av][ugi] (zei;) — Glow[ueil (2ei5)) Ceis

Na Ny Ng

STSTS Esy gy [Nl [ue) (za5) — Glal[ue) (26i))] Esg .y ooy [Ceid]

¢=1 i=1 j=1

(86) = min
NNECI 7oy My

@& =0

where we used the above-noted independence in (86)) and the fact that ES¢ (et .(es) [Ceij] = 0 by Definition
for (87). Inserting in (85)), we obtain:

Na Ny Ng

. 2
I < 2N1£é%lE Glwshdes} | oo ZZZ NN[ev][ui](zeij) — Glaul [ (2eij))
=1 i=1 j=1

Na Ny Nz

1
+4Es6 3 e T Y D (Ganrmorsslodul () — Glad [ue) (2e;)) Ceij
U p—1 =1 j=1
Na Ny 1 Ny
=2 E — Y (NN 1(2ei) — 1(2ei))?
Nlli\llé%l Tt ; ; SG {ys} {cs} e ; ( [aé] [u&](x&j) G[Oég] [UZZ](szJ))

Na Ny Ng

+4ESq yiten m SN (Garrrorsslodd vl (ze) — Glodl[ua] (ze)) Caig

(=1 i=1 j=1
Na MNu 1 Ny 2
88 =2 III\IIé%l p— ; ;ana U hy {z yre " ]Z:; (NN[a][u](z;) — Gla][u](z;))

Na Ny Ng

F4ESG (e tes) 711 - Y DD (Ganrmorsslodu(e;) — Glad [ue) (2e;)) Ceij

=1 i=1 j=1
1 & )
= QNI}Qé% Eonpio Burp, E fa Yz ™ | Z} (NN[a][u](z;) — Gla][u](x;))
]:

Na Nu Ng

+AESG (s tens —ZZZ G171, 7o, sloul 0] (wais) — Glae[ue) (weiz)) Coig
R R alulle |\ 75— 1j=1

B9 =T4+1T5
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iid iid iid .. .
where we used the facts that ay ~ Lhou> Ugi ~ Hy and Ty ~ 2 by Definition for (88)). For Ty, we estimate
as follows:

©0) Ty < 2 sup sup sup | NN[a][u](z) — Gla][u](z)
aceW uwel zeQy
On < 22

where NN € Clin (90) is the network such that (3] holds — the latter exists by Corollary 2.9/ and Remark [2.T1]
Combining (91) with Lemma[4.1] (and using the notation from the latter) for 75, we obtain that

= ESG,{yS},{CS} [Emp(Ga,L}—l,f%fS,S - G)Q]

4o
2 = _ 2
<92 o+t (1B 0 ) BD(Got 77 75 — G)))

X \/log (N (77, Cla(Iaflv‘F??f?n{y5}7{CS}vpncwanchNdV)v H : ”LOO(WXUXQV))) +10g(2)'

As in the proof of [44, Theorem 2], the latter can be equivalently written as p? < ¢ + 2b p with

p= \/ESG,{%;,{CS} [Emp(Go,1,7,7,7,5 — G)?],

=22+ dno
don - -
i \/W\/log (N (n, Cla(T, Fu, Fa, Fs, {ysh, {es}, Prew, H v, NV, || - [|Loew xuxay)) ) + log(2)
and
20
"= WV log (N (1, Cla(1, F1, Fo, Fa, {ys}, {es}, Prew , Hw, NV, || - [ wuxay))) + 108(2).

Rearranging terms yields (p — b)? < ¢ + b2, which implies p < v/c + b2 + b. Consequently, we obtain the
bound p? < b% + ¢+ b? + 2bve + b2 < 2% + ¢+ b? + ¢ + b? = 2¢ + 4b? (where the last inequality follows
from 2pg < p? + ¢?) or, equivalently,

Ty < 4e% + 8no

8o
e\ log (N (1, Cla(l, F1, P Fo sk ), P Y0 N9, |- ey ) + Tog(2)
92)
1602 . .
297 (o (A (1, ClaC0, 71, 2, iy i eah, PP HP0 N, - ey ) ) + 1o8(2))

Step 2: Bound on 75 By Lemma[4.3] we obtain that

11252
«

so combining the latter with and (92) yields:

Tp < 6n+ log (N (n’ SCla(Iaflvf%f&{ys}7{CS}vpncwanchNdv)v H ’ ”L°°(W><U><Qv))) ’

Ty < 4 + 8no

8on - -
e\ log (N (1, Clall, F1, P B sk ), P Y0 N9, |- ey ) + Hos(2)

1602 . :
+ P <log (N <77; Cla(I, F1, Fo, Fa, {ys}, {cs}, Pw , H"v NW) || - HLOO(WXUXQV)>> —i—log(?))
11232 . o
+ 677 + 3n lOg (N (777 SCIG(IaJT"l)J—:QwFé) {y8}7 {CS}>P cW’H CU,N ), || : ||L°°(W><U><Qv)>>

< 4e% + n(80 + 6)
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8on - -
o8 (N (1. Clall, 71 P B s ead, P 0 N9, |- ey ) + Hos(2)

1602 . .
P (1og (N (n, Clo(I, Fy, Fa, Fa, {ys}, {cs}, PMew  H"v NU), |- HLM(WUXQV))) +1og(2))
93)
11232 y )
+ =V log (W (1/(48v), Cla(L, Fi, Fo. Fa. {ys} {es} PP, H™0 N, |- e xuxon) ))

where SCl, (I, F1, F2, F3, {ys}, {cs }, Pew , H"v | N%V) is defined in Lemrna and we used the latter for
©3).
O

Proof of Corollary We start by estimating:

F(L,p,K,H,h):( pﬂ))q J )K

04 <aet e (%)

©95) < (Lp2;<T>K
~ n

where we used the inequality ( ) < n* for (94) and the definition of A in Proposmonnfor (93). We continue
as follows:

log (N (1, Cla(l, Fu, Fa, Fy, (s}, {esh, P, H'0 N, | [ qwsrcay ) ))
(96) < P"ew H"u N [log (3I/h) + K3log (Lsp3rsT) + Ko log (Lop3roT) + Kilog (L1pisiT)]

T Ly T LorksT LymaT
o7 S Plew Heu NV [log (> + K3log ( 3k3 > 1 Ky log ( 2K2 > + K, log ( 1K1 >]
n n n n

where we used Proposition 3.1 and @3 for (96)) as well as the fact that p; = O(1) for 1 < i < 3 by Theorem

B.5]for (7).

We now compute the asymptotic scaling of the all the above constants as a function of €. In particular, we
have

Ny SETI
e Ly =< K3 < (1+ dW)E_QdW log(e~1);
* for k3, we first consider the logarithm:
log(ks) < (nCTW + 1) log(ney ) + (1 + 1y, ) log(e™h)
< (1 + d;/v) =W log(e 1)

which yields k3 < e (Hd?W);
 for P"ew, we first consider the logarithm:
log(P™w) < nTW 108 (g ) + Neyy log(e ™)
< <1 + d;V> e W log(e™!)

_e—d dw
which yields P"ew < e ° W),
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_e—d L
Wy () (1495 i 64, Remark 3.17))

Ney S €

_9e—dw dw
Ly =Ky <e F du (1+dy) (1+445)

3.17));

—dw log(e Y (1 +dy)(1 + dy) <1 + dTV") (as in [64, Remark

* for kg, we first consider the logarithm:

Ne _
log(kz) < (1+ “) log(ney,) + (dv +1)(ney +1)(neyy +1)log(=™)
< ”;u 10g(Neyy ) + My Mgy log(e71)
e dw d
Se € deU(1+dv)<1+ ‘2”) I:g—deU(l +dy) (1 + ;V> log(g—l) + e W log(g_l)}

- d
_ dde(1+dV)(1+TW>€—dw log(s_l) [dU(l +dy) <1 + d;/V> + 1:|

which yields ry < 6—5_57deU“+dV)(“%K)g—dw [do (1) (14437 ) +1]

,g*deU(Hdv)(lerTW

« grev <g )*dW [dU(1+dv)(1+d7W)+dww_5_(dv+1)]

(as in [64, Remark 3.17]);
e K1 <Ly Se W log(e 1)d? (1 + dTW)
* for k1, we first consider the logarithm:
log (k1) S (L+dy)(L+ 1y ) log(e ™) + (1 + dy) “2 log(ney )
< (T4 dy)e ™ log(e ™) + (1 + dv)dgs_dw log(e ™)
< () (1 S tog(e™)

which yields k1 < s_s_dw(1+dv)(1+d?w);

_e—d dw
o Niv < =W (FH) (i 64, Remark 3.17)).
Using the above-derived formulas, we continue from (97) to derive that
log (N (1, Cla(L, 1, Fa, Fy, {ys}, {es} P, H™ 0, N, |- ey ) )

LorsT
< ptew HMeu N [Kg log < 212 )} .
n

Taking logarithms on the latter, and relying on the formulas again, we have
log (log (A" (1, Cla(L, Fi, Fo. Fa. {ys} fes} Prow , H'0 N, |- e wxvcon) ) ) )

LokoT
< log(H™v) 4 log(K32) + log <log ( 2/;2 >)

from which we deduce that

log (A (1, Cla(L, F1, Fa, F, {ys}, {es} P, H 0, N, |- ey ) )
LQ:‘QQT)

(98) < H™ev log (

(99) < H™u log(LokaT) 4+ H™v log(n™1).
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We now consider 7" and use the asymptotic formulas to estimate as follows:

(100) T < Plew H'u N"u | Lig{" '+ Lowk? ™ 4 Lawis ™!
(101) < H™u Lok ™!
(102) < H'u gk?

where we use the fact that R; = 1 and p; = O(1) for 1 < i < 3 by Theorem [3.5|for (I00) and proceed in
analagous fashion to how we obtained (98) for (T0T) and (T02). Writing

—e~ W dy (14dy) <1+dTW> —dyy {

: du(1+dv) (1+dTW) +dw (dVQH) +(dv+1)] <. 5—515—525_’1‘/"

~° Y

H'v <¢g

90— dy d
Lo 5 c 2¢ deU(1+dv)<1+ ZV) —dw log(afl)(l +dU)(1 +dV) <1 + ;/V>

< §3e0ae W log(e™1)

and

- d
—e W dyy (14dy) (1+TW)

€ emiw [dU(1+dV)(1+dTW)+1] <. 5_5567665_dw

~* Y

) S €
from (T02), we obtain that

(53876457[1‘/[/ log(s~1)

T < 8—6187‘5257(1”/ <€—555565dW)

—d —d
< 6—616*525 W€—65636*(56+54)5 W log(e™1)

~

< 67515’5257%‘/ 765535’(56+54)57dw log(e™1)
~Y

and therefore

log(LakoT) < log(kaT)

—d —d —d
< log <8—51a525 W G503~ (6+34)e ™ W Jog(e 1) 55062 W)

(103) < ((516_625_dw + 55(535_(56+54)5_dw log(e_l) + 558_665_dw> log(e™1).
Equation (T03) shows that log(L2r2T") grows much more slowly than H™<v so, continuing from (99), we have

log (A (1, Clall, Fu, Fo, Fa, {ysh, {es, Prow, H™0 N, |- ety ))
by
56—518 ) w (1+10g(77—1)) )
O

Proof of Corollary[3.8] In the proof C' > 0 will denote a constant that can be arbitrarily large, is independent
of the 1, nqg, Ny, Ny, and that may change from line to line.
From Theorem 3.5 we want to express

462 + (80 + 6)

8on - -
e \log (N (1, Clall, F1, P B fush ), P Y0 N9, |- ey ) + Hog(2)

1607 (108 (V (0, Cl(L, 1, Fo, B, {ysh, ek, PPow BP0 N, |- e vy ) ) + 10g(2))

NNy Mg
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11232
_|_ i log
3ng,
=T

(A (m/(@Bv), Clall, P, Fo Fa, {ysh Aok Pow  H™0 NS, |- e v )

as a function of <. For ease of notation, we write
N(U) =N (77’ Cla(Iaflaf%]:&{yS}a {CS}’P'RCW’HTlchNdV)’ || ’ HLOO(WXUXQV)> ’

We estimate as follows:

1 2
T < 4e? + (80 +6) + mmg (n/(48v)) +10g(2) + == (log (N (n/ (48))) + log(2))
(104)
11232
+ B2 1oy (n/(450))
2
S 4e? + n(8c + 6) + m\/IOg (n/(4Bv))) + niiznm log (N (n/(48v)))
11232
AT log(N(n/(46v)))
< 4¢? + 77(80 + 6) + \/%5—(51/2)6—625—dw (1 n log(4ﬁvn_1))
(105)
’ —w 2 4
1670-5*515—525 (1 n log(4ﬁvn—1)) + %&\7615 2 (1 4 10g(4ﬂ\/7]71))

NNy Ny 3ng

where we used the fact that N'(n) < N(7) if 7 < n for (I04) and Corollary for (103). By picking
n = 4Byn, !, we ensure that the n-dependent terms are of comparable scale to the n_, !-terms and, continuing
from (105)), we obtain:

T < 4¢2 + 1% + #5—(51/2)?6257” log(4 )
~ Na niﬁ(nunx)lm

C —5pe— C oe—d
+ e W og(ng) + 705 Jog(ny)
TNy Ty
C — 57d
Sde2 4 =07 W og(ny,)
Na
(106) =Ty + Ts.

We now balance the last two terms 77 and T5. Our goal is to choose € = £(ny) so that the second term is
of (at most) the same order as the first. Motivated by the structure of the exponent, we pick

1
loglogn, \ @
(107) = <dWOg L ) "

209 log log log ng

We now compute the corresponding asymptotic scales. By definition (107]),

_1) - Ll dw loglog ng
285 log loglog ng,

log(e a o
1
T dw

1
(108) < — logloglogng.
dw

dw
<log 2, + log log log n, — logloglog log na)

We next analyze the intermediate exponential
4 —d 1
e % = exp | d2e” W log —
€
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(109) < exp [ 6 dw loglogn, logloglogng
269 logloglog ng dyw
1
= exp <2 log log na>
(110) — log(na)1/2

where we used (108) for (109). We can now estimate the complete exponential factor as follows:

—d
_§1e02¢ w
e 1

= exp <(51€_5257dw log %)
o1 1/2

(111) < exp | — log(ng) '/ logloglog n,
dw

where we used (110) for (TT1)) and thus

1
log (T3) < log(C') + log () + ;—1 10g(no[)1/2 logloglogng + loglog ng,.
w

(o7

On the other hand, with the choice (107)),

-2 d
log(T1) = log(4) + — |log W) 4 log log log n, — loglogloglog ng
dw 209
We note that lim,,, s log(T3) = —oo due to the log(n,!) term; we also have lim,,_ o log(T1) = —oc due

to the term — log log log n,,. This implies that T, goes to O much faster than 77, so 77 dominates in and,
using (107)), we conclude

_2
T <4 < dLV log log nq, dw
~ ~ \ 25, log log log ng ’

O]

Remark 4.4 (Exact error balancing). In principle, one could choose ¢ = £(n,,) by solving the implicit balanc-

. . . . . sy W .
ing relation 77 (¢) =< Ty(¢). However, since T»(¢) contains the nested exponential factor £ 91 2 , this
equation does not admit a tractable closed-form solution. We therefore select an explicit €(n,,) for which 75 is
asymptotically negligible (and hence 7} dominant), yielding an explicit rate.

5 Conclusion

In this work, we provided theoretical insights into statistical generalization for multiple operator learning,
where the goal is to learn an operator family {G[a] : U — V },ew from data collected hierarchically across
sampled operator instances, input functions, and evaluation points. To motivate and contextualize this setting,
we presented several representative examples in which the multi-operator viewpoint is intrinsic, including pa-
rameterized integral operators, parameterized PDE solution operators, and task-conditioned operator families.
For separable neural architectures, in particular the MNO model, we established an explicit generalization
bound that makes the dependence on the sampling budgets (74, 14, 1,;) and on the statistical complexity of the
induced hypothesis class transparent. The analysis combines two main ingredients: (i) an e-accurate approxi-
mation guarantee for MNO (with an explicit e-dependent architecture) from [64]], and (ii) a covering-number
estimate for the corresponding clipped separable network class, derived via a parameter-quantization argument.
Balancing the approximation scale ¢ with the covering scale 7 then yields an explicit learning-rate statement
in the operator-sampling budget n,,, highlighting how increased operator variability improves transfer to pre-
viously unseen operator instances.

Several extensions of the present theory are natural. First, our analysis treats the trained network as an
exact empirical-risk minimizer over the prescribed hypothesis class. In practice, training is approximate and
influenced by optimization dynamics, regularization, and early stopping; incorporating an explicit optimiza-
tion/suboptimality term, or deriving algorithm-dependent generalization guarantees, would sharpen the con-
nection between the theory and real training pipelines. Second, the rates obtained here rely on global L™
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covering-number control for clipped hypothesis classes, which is a large class. Improved bounds may be pos-
sible by using localized or data-dependent complexity measures, and by studying alternative architectures or
conditioning regimes that reduce the effective statistical complexity. In particular, it would be interesting to
extend the analysis beyond separable MNO-type classes to attention-based operator architectures, in which
the operator descriptor o and the input observations are encoded and combined in a shared latent represen-
tation. Finally, under our current global complexity control, the bound is asymptotically bottlenecked by the
nq-dependent term, meaning that operator diversity cannot be compensated for by oversampling (u, z) once
nq i1s fixed. This motivates investigating adaptive or active strategies for selecting operator instances « to
accelerate transfer to previously unseen operators under a constrained operator-sampling budget.
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