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Abstract

Differentiable optimization layers are tradition-
ally integrated in predict-then-optimize frame-
works where a neural model estimates parameters
that subsequently serve as fixed inputs to down-
stream decision-making optimization problems.
In this work, we introduce the concept of a “fair-
ness layer”: a differentiable optimization layer
appended to a model’s output layer that guaran-
tees a chosen notion of output parity is satisfied
when integrated into a neural network. Addition-
ally, we introduce an online primal-dual inference
algorithm that provides provable aggregate fair-
ness guarantees for streaming predictions with
arbitrarily small batch sizes, where traditional
per-batch constraints become overly restrictive.
Numerical experiments demonstrate the effective-
ness of the fairness layer and associated algo-
rithm, and theoretical analysis characterizes the
layer’s differentiability and stability properties
during model training and backpropagation. Our
code for these experiments is publicly available
on GitHub: https://github.com/dtr
oxell19/FairDL-ICML-2026.git and
our public Python package documentation can be
found online: https://dtroxell19.git
hub.io/fairness_training/.

1. Introduction
1.1. Motivation

Machine learning systems are increasingly being deployed
in high-stakes scenarios including loan applications, hiring,
court decisions, clinical diagnoses, and autonomous vehi-
cles (Galindo & Tamayo, 2000; Van den Broek et al., 2021;
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Berk, 2017; Bakator & Radosav, 2018; Gupta et al., 2021).
Consequently, the design and evaluation of “fair” models
has become a focal point of research globally. Addition-
ally, regulatory efforts have increased, such as the European
Union’s 2024 AI Act (European Parliament and Council of
the European Union, 2024) and US federal and municipal
bias audit laws (Official Website of the City of New York,
2023; United States EEOC Press Release, 2021). To meet
these demands, numerous fairness definitions have been
proposed and studied, with this work focusing on “group-
fairness” constraints that enforce equality of statistical mea-
sures across protected groups.

1.2. Background

Fairness in Deep Learning. Methods for mathemati-
cally incorporating group-fairness or individual-fairness
constraints into deep learning pipelines can be categorized
into three groups: pre-processing, in-processing, and post-
processing methods (Du et al., 2021).

Pre-processing methods modify or augment training data
prior to model learning. For example, diffusion models have
been employed to augment datasets with realistic medical
image scans from underrepresented groups, thus mitigat-
ing model bias (Ktena et al., 2024). In-processing meth-
ods attempt to ensure fairness during model training via
Lagrangian penalty terms in loss functions or adversarial
methods to prevent protected attribute encoding in latent
representations (for example Padala & Gujar, 2021; Delo-
belle et al., 2021). Post-processing methods directly modify
predictions made by a network after training. Examples
include projecting the original predictions onto a constraint
set or post-hoc algorithms reducing accuracy discrepancies
across subgroups (Wei et al., 2020; Kim et al., 2019).

Each approach has limitations: pre-processing can amplify
bias (Wang et al., 2018), in-processing fails to guarantee
constraint satisfaction due to surrogates or soft penalties,
and post-processing operates on fairness-unaware models
that may not generalize after constraint enforcement.

Differentiable Optimization Layers. A differentiable opti-
mization layer (often referred to as a “declarative node”) is a
neural network component whose forward pass is implicitly
defined as the solution to an optimization problem rather
than explicitly defined by a prescribed activation function
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Differentiable Fairness Layers

(Gould et al., 2021). Gradients can be computed via the im-
plicit function theorem and KKT conditions (Karush, 1939;
Kuhn & Tucker, 1951), and efficient implementations exist
via disciplined convex programming (Grant et al., 2006;
Agrawal et al., 2019).

End-to-End Modeling. Declarative nodes enable
optimization-based reasoning in “predict-then-optimize”
frameworks, where neural networks estimate parameters for
downstream optimization problems. End-to-end differentia-
bility allows learning decision variables directly from data,
with applications in optimal control, portfolio optimization,
and energy scheduling (Agrawal et al., 2020; Uysal et al.,
2024; Sun et al., 2023).

1.3. Goals for Advancement in Fair Deep Learning

We aim to introduce a new component for deep learning
architectures that satisfies the following goals: (G1) Verified
Fairness: strict compliance to a pre-specified level of fair-
ness; (G2) End-to-End Learning: maintains differentiability
through constraints and does not rely on post-hoc adjust-
ments after training; (G3) High Flexibility: compatible with
any architecture.

Existing methods satisfy only subsets of these goals (See
Appendix G for details): pre-processing (Rajabi & Garibay,
2021; Kamiran & Calders, 2012) and in-processing (Adel
et al., 2019; Delobelle et al., 2021; Padala & Gujar, 2021)
methods achieve (G2) and (G3) but not (G1). Post-
processing (Wei et al., 2020; Kim et al., 2019) can achieve
(G1) and (G3) but not (G2). To the best of our knowledge,
no prior work simultaneously achieves all three.

1.4. Contributions

1. We introduce the “fairness layer”: a flexible architec-
tural component guaranteeing fairness while maintain-
ing end-to-end trainability; to the author’s knowledge,
the first method satisfying (G1), (G2), and (G3) for
affine constraint sets.

2. We propose an online primal-dual inference algorithm
overcoming the fundamental challenge of enforcing
fairness with arbitrarily small batch sizes, providing
deterministic aggregate guarantees where per-batch
constraints are prohibitively restrictive.

3. We conduct experiments demonstrating improvements
over Lagrangian penalties and post-hoc projections.
We created the fairness training Python pack-
age for practitioners interested in the fairness layer.

4. We provide mathematical analysis of stability and dif-
ferentiability properties of the fairness layer that moti-
vate its practical utility.

2. The Fairness Layer
Rather than deploying differentiable optimization layers in
a typical predict-then-optimize framework, we propose a
differentiable “fairness layer” appended to the network’s
output layer. This fairness layer projects raw outputs onto a
fairness constraint set.

Let Dtrain = {(xi, yi)}ni=1 denote a training dataset with
labels yi ∈ R ∀i and inputs xi ∈ Rd ∀i. We use
X = [x1, . . . , xn]

⊤ ∈ Rn×d as shorthand notation for the
training dataset of inputs and xij to denote the j-th attribute
of observation i. Additionally, let fθ(x) : Rd 7→ R denote a
neural network such that fθ(x) = (fL ◦ fL−1 ◦ · · · ◦ f1)(x)
where the intermediate layers are defined as fl(h) =
a(W (l)h + b(l)), l = 1, . . . , L − 1 and a is some acti-
vation function applied elementwise. For a given input
batch X(b) with nb observations, denote the j-th feature
vector as X

(b)
:j and the batched output of the network as

z ≜ fθ(X
(b)) = [fθ(x1), . . . , fθ(xnb

)]⊤ ∈ Rnb . For given
constraint functions hineq : Rnb → Rq and heq : Rnb → Rv

and discrepancy function d̃ : Rnb × Rnb → R, we define
the general fairness layer as a function mapping z to

g(z) = argmin
ỹ∈Rb

{d̃(ỹ, z) : hineq(ỹ) ≤ 0, heq(ỹ) = 0}. (1)

In this work, we restrict to the case where d(ỹ, z) is convex
in ỹ and the constraint set is defined by linear equations and
linear inequalities hineq(ỹ) = Aỹ−m1 and heq(ỹ) = Bỹ−
m2 for some A ∈ Rq×nb ,m1 ∈ Rq and B ∈ Rv×nb ,m2 ∈
Rv. In principle, however, the definitions extend naturally
to more general cases. Regardless, the final batched output
of the network is denoted as:

ŷ = g(fθ(X
(b))) ∈ Rnb .

Thus the fairness layer maps a batch of raw predictions
to the closest possible batch of predictions satisfying the
desired constraints. Note that the choice of dissimilarity
function d̃(·, ·) is left to the modeler.

Additionally, the constraint set in (1) must be defined by
the modeler to reflect the desired fairness criteria in a given
environment. Please see Appendix A for a discussion on
differentiation through the fairness layer.

In the context of model fairness, we designate some of the
features j ∈ [d] of an input dataset as “protected attributes”,
which we will assume to be binary-valued, with 1 denot-
ing membership in the group of interest and 0 denoting
non-membership for a given observation. We use S ⊆ [d]
to denote the set of features corresponding to protected at-
tributes in the dataset. Importantly, each protected attribute
is considered independently; a single observation can belong
to multiple protected groups (one per feature) rather than a
single group defined jointly by all protected attributes.
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Many commonly used notions of fairness for both regression
and classification can be formulated as affine constraints
of the form given in (1). Specifically, we consider fairness
criteria that require the equality of expectations of relevant
quantities, conditioned on specified regions of the input or
output spaces:

1. Expected Conditional (or Demographic) Parity (Ritov
et al., 2017), or Mean (Conditional) Parity (Wei et al.,
2023) or Mean (Conditional) Difference (Calders et al.,
2013):

−ϵ ≤E[ỹ|X:j∗ = 0, X:j ∈ Rj ]

− E[ỹ|X:j∗ = 1, X:j ∈ Rj ] ≤ ϵ

∀ j∗ ∈ S and j ∈ [d] \ S,
(2)

where Rj specifies the considered range of the j-th
feature of the observation, and ϵ is a small tolerance
threshold. This notion of fairness ensures that, given
some input feature values are in similar ranges, the
average rating or prediction for two groups is similar.

2. Expected Equalized Residuals (Grari et al., 2020):

−ϵ ≤E[ỹ − y|X:j = 0]

− E[ỹ − y|X:j = 1] ≤ ϵ ∀j ∈ S.
(3)

This notion of fairness ensures that the model overes-
timates or underestimates each group’s outcome in a
similar fashion on average.

3. Expected Equalized Odds (Hardt et al., 2016):

−ε ≤E[ỹ|y ∈ Ii, X:j = 0]

− E[ỹ|y ∈ Ii, X:j = 1] ≤ ε

∀j ∈ S and ∀ i.
(4)

Here Ii represents a region of the output space. In
the case of binary classification, for instance, I0 =
{0} and I1 = {1}. This notion of fairness ensures
that individuals with similar target values are treated
similarly across groups.

As discussed in Section 3, the expectations can be approxi-
mated via sample means over minibatches. Note that in clas-
sification settings, many classical notions of fairness such as
demographic parity and equalized odds are computed using
hard model assignments, resulting in nonconvex formula-
tions (see Appendix B for details). In this work, we replace
the nonconvex entities with expectations, yielding convex
constraints. While these expectation-based constraints can
be used as tractable proxies for classical notions of fairness
in classification settings, we note that expectation-based con-
straints often align exactly with established desideratum in
regression, scoring, and continuous prediction settings, and

can also be applied to pre-thresholded classification logits.
Additionally, although this work emphasizes constraints for
fairness, the general fairness layer formulation (1) also natu-
rally accommodates other constraints not related to fairness
(see Appendix C for examples).

3. Algorithms and Minibatches
Ultimately, the goal is to obtain a model whose inference
predictions satisfy population-level constraints. In practice,
however, models are deployed with finite batch sizes. Be-
cause the output of the fairness layer g(·) is batch-dependent,
the choices of batch sizes for training btrain and inference
binfer have large implications in the fairness setting. Let
F(ŷb,i;X(b,i)) denote an affine statistic computed over the
predictions and features for group i ∈ {0, 1} within mini-
batch b (e.g., the sample mean prediction 1

nb,i

∑
j:xjk=i ŷj

for protected attribute k ∈ S). We use Fb,i as shorthand.
The fairness constraints enumerated in (2)–(4) can then be
expressed as bounds on the gap between group statistics:
|F0 −F1| ≤ ϵ. Define the weighted fairness violation as

wb(ŷb) := nb ·
(
|F0(ŷb;X

(b))−F1(ŷb;X
(b))| − ϵ

)
.

The following lemma details the conditions when enforcing
fairness per mini-batch results in fairness constraints being
satisfied across all samples in aggregate:

Lemma 3.1 (Aggregate Fairness Under Varying Group
Proportions). Given B batches of input data, let Fb,i =
F(ŷb,i;X(b,i)) denote an affine fairness statistic for group
i ∈ {0, 1} in batch b ∈ [B]. Let nb,i denote the number of
samples from group i in batch b.

Suppose each batch b satisfies the per-batch fairness con-
straint:

|Fb,0 −Fb,1| ≤ ϵ.

Let pb =
nb,0

nb,0+nb,1
denote the proportion of group 0 in batch

b, and let p̄ =
∑

b nb,0∑
b(nb,0+nb,1)

denote the overall proportion
of group 0 across all batches.

Define the aggregate fairness statistics:

F0 =

∑
b nb,0Fb,0∑

b nb,0
, F1 =

∑
b nb,1Fb,1∑

b nb,1
.

Then the aggregate fairness satisfies:

|F0 −F1| ≤ ϵ+∆p ·R
(
1

p̄
+

1

1− p̄

)
,

where:

• ∆p = maxb |pb − p̄| measures the maximum deviation
of batch group proportions from the overall proportion.

3
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• R = maxb,i |Fb,i| is the maximum absolute fairness
statistic value across all batches and groups.

The proof is given in Appendix H.1. In practice, stratified
sampling can enforce consistent group proportions across
minibatches, in which case the lemma guarantees satisfac-
tion of constraints with target tolerance ϵ. However, in
real-time or streaming prediction settings, maintaining con-
sistent group membership across batches may be infeasible.
While ∆p vanishes with large batch sizes, small inference
batches introduce challenges: even when constant group
proportions can be enforced, minibatch-level fairness con-
straints may overly restrict model expressivity. To address
these limitations, we propose an online primal-dual opti-
mization algorithm that permits individual minibatches to
violate fairness constraints while guaranteeing aggregate
fairness over time.

At each inference step in the small-batch inference regime,
predictions are obtained by solving a differentiable con-
strained optimization problem whose objective includes a
dynamically updated fairness penalty. Let t = 1, 2, . . . , T
index time such that, at time t, batch bt arrives for inference.
The model produces predictions fθ(X(bt)) = ŷbt ∈ R|bt|

where |bt| is used as shorthand notion to denote the size of
batch bt. We set binfer = maxt |bt|.

Given a target fairness level ϵ > 0, define the batch-level
fairness gap and violation, respectively, as:

vt(ŷbt) := |Fbt,0 −Fbt,1|,
ṽt(ŷbt) := vt(ŷbt)− ϵ.

We therefore define the weighted violation as follows:

wt(ŷbt) ≜ |bt| · ṽt(ŷbt).

Our objective is to satisfy the global fairness constraint

T∑
t=1

wt(ŷbt) ≤ 0 ⇔ 1∑T
t=1 |bt|

T∑
t=1

|bt|v(t) ≤ ϵ. (5)

Let bτ denote a threshold batch size above which stratified
sampling is feasible; that is, one can form mini-batches that
have at least one observation per protected group, and group
composition is constant across minibatches. In Section
5, bτ = 2000 and bτ = 256 are used, but this choice is
left to the modeler. Algorithm 1 enforces fairness as a
cumulative constraint across all inference batches. While
individual batches—particularly when binfer is small—may
violate fairness constraints, Theorem 3.2 guarantees that the
sample-weighted average violation converges to at most ϵ
as the number of inference batches grows. The following
theorem formalizes this guarantee:

Algorithm 1 Primal-Dual Constraint-Aware Inference for
Fairness

Input: Trained model fθ, fairness layer g, stream of
inference batches {X(bt)} ∀t ∈ [T ], fairness tolerance ϵ,
dual step size η, batch threshold bτ
Initialize: Dual variable λ← 0, dual update count t← 0
for each inference batch X(bt) of size binfer do

Compute raw predictions: ŷraw ← fθ(X
(bt))

if binfer < bτ then
Compute adaptive step size: ηt ← η/

√
t+ 1

Primal update (primal-dual projection):

ŷbt ← argmin
ŷ

[
∥ŷ − ŷraw∥2 + λ · binfer · v(ŷ)

]
(6)

Compute fairness violation:

vbt ← binfer ·
(
v(ŷbt)− ϵ

)
Dual update:

λ← max{0, λ+ ηtwb}

t← t+ 1
else

Hard constraint projection (per-batch fairness):

ŷbt ← argmin
ŷ
∥ŷ − ŷraw∥2 s.t. v(ŷ) ≤ ϵ (7)

end if
Output: Return predictions ŷbt for batch X(bt)

end for

Theorem 3.2 (Aggregate Fairness in Small-Batch Regime).
Let ℓt(ŷbt , ybt) denote a differentiable loss function convex
in ŷbt incurred at time t for all t, and assume there exists
a sequence {ỹbt}∞t=1 such that wt(ỹbt) ≤ 0 for all t. Then,
the sequence {ŷbt} produced by (6)–(7) satisfies

lim sup
T→∞

1∑T
t=1 |bt|

T∑
t=1

|bt|v(ŷbt) ≤ ϵ.

The proof is detailed in Appendix H.2. In practice, this
result implies that arbitrarily small batch sizes can be used
during inference while controlling the batch-size-weighted
time-average of fairness violations, provided sufficiently
many batches are processed. The bound is asymptotic, so
more inference batches yield a tighter approximation to the
target fairness level ϵ. When group proportions are stable
across batches, this time-average coincides with the pooled
aggregate fairness gap.
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4. Properties of the Fairness Layer
While some structural properties of differentiable convex
optimization layers have been established in other works
(e.g., Gould et al., 2021), our aim in this section is to present
results tailored to the context of fairness and the definition of
the fairness layer described in Section 2. By articulating the
correspondence between active constraint patterns, affine
regions, and the resulting backward pass, we aim to provide
an analysis that is both more transparent and more directly
interpretable in context of the fairness layer.

Theorem 4.1 (Differentiability of the fairness layer). Let
C ⊂ Rn be a nonempty, closed, convex set. Let h : Rn → R
be µ-strongly convex for some µ > 0. Define

g(z) := argmin
ỹ∈C

{
h(ỹ)− ⟨z, ỹ⟩

}
, z ∈ Rn.

Then for every z ∈ Rn, g is globally 1/µ-Lipschitz continu-
ous and differentiable almost everywhere.

Note that this objective function is a special case of the
general discrepancy function (1). However, this form still
encapsulates many common choices, such as the Euclidean
discrepancy function d̃(ỹ, z) = ∥ỹ − z∥22.

Theorem 4.1 details that the inclusion of the fairness com-
ponent in a neural network architecture will not disrupt
backpropagation as the gradients are well-defined since the
fairness component g(z) is differentiable almost everywhere.
However, despite being well defined, unstable or large gradi-
ents can cause gradient explosions or instability in training.
The following corollary states that for certain choices of h,
the inclusion of the fairness layer will certifiably not cause
exploding gradients during model training.

Corollary 4.2 (Gradient Stability for Fairness Layers). Let
g(z) be the fairness layer defined in Theorem 4.1:

g(z) := argmin
ỹ∈C

{h(ỹ)− ⟨z, ỹ⟩} ,

where we assume that h is µ-strongly convex. Then,
∥Dg(z)∥2 ≤ 1

µ almost everywhere, where Dg(z) denotes
the Jacobian matrix. Additionally, for any differentiable
upstream map f :

∥∇X(g ◦ f)(X)∥2 ≤
1

µ
∥∇Xf(X)∥2.

These results suggest that the differentiable optimization
layer is well-suited for model training in practical settings.

Theorem 4.3 (Structure of the Fairness Layer). Let g(z) be
the fairness layer from Theorem 4.1 with h(y) = 1

2∥y∥
2
2:

g(z) = argmin
y∈C

1

2
∥y − z∥22, (8)

where C = {y ∈ Rn : Ay ≤ b} with A ∈ Rm×n and
b ∈ Rm. For any z ∈ Rn, define the index set of active
constraints:

A(z) = {i ∈ {1, . . . ,m} : (Ag(z))i = bi},

and let AA ∈ R|A|×n denote a matrix constructed with
rows of A indexed by A(z). For any z ∈ Rn, let λ(z) ∈
Rm denote the vector of KKT multipliers satisfying the
optimality conditions:

g(z)− z+A⊤λ(z) = 0, λi(z) ≥ 0,

λi(z)(Ag(z)− b)i = 0.
(9)

Then:

1. Partition: The domain Rn can be partitioned into
finitely many polyhedral regions {RI}I⊆{1,...,m},

RI = {z ∈ Rn : A(z) = I and λi(z) > 0 ∀i ∈ I}

2. Local structure: On each polyhedral region RI , the
function g is affine:

g(z) = PIz + cI ,

where PI = I − A⊤
I (AIA

⊤
I )

+AI and cI =
A⊤

I (AIA
⊤
I )

+bI is a constant vector.

3. Measure zero boundaries: The boundary between any
two regions RI and RJ (I ̸= J ) has Lebesgue mea-
sure zero in Rn.

Property 3 from Theorem 4.3 verifies the efficacy of optimiz-
ers that stochastically sample batches: since the boundaries
have measure 0, the probability of an iterate landing on the
boundary is 0. Therefore, the optimizers do not get stuck
as they will not land exactly on a boundary. Note that at a
boundary between regions RI and RJ , the Jacobian ∇g(z)
changes discontinuously from PI to PJ . An optimizer
landing exactly on such boundaries would encounter an ill-
defined gradient (the subdifferential would be multi-valued),
potentially causing oscillations or failure to make progress.

Theorem 4.4 (Spectral Structure and Gradient Supression
of Fairness Layer Jacobian). Let g(z) and A(z) denote the
instantiation of the fairness layer and index set of active con-
straints as defined in Theorem 4.3. Then, by Theorem 4.1, g
is globally Lipschitz continuous with constant 1 and differen-
tiable almost everywhere. At points where g is differentiable,
the Jacobian Dg(z) ∈ Rn×n satisfies:

1. Binary spectrum: All eigenvalues of Dg(z) belong to
{0, 1}.

5
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2. Gradient suppression: The component of any gradient
normal to the active constraint surface is completely
suppressed. In the context of backpropagation, for any
gradient vector v ∈ Rn:

AA(Dg(z) · v) = 0.

Theorem 4.4 provides an interpretation of the gradients in-
duced by the fairness layer: any gradient in the “unfairness
direction” (i.e., directions normal to the active constraint
surface defined by span{aTi : i ∈ A(z)}) will be set exactly
to 0, while gradients in all other directions are unaffected.
This ensures that backpropagation never encourages the
model to move in directions that would violate active fair-
ness constraints, while allowing learning to proceed freely
in all feasible directions.

5. Numerical Experiments
We conduct numerical experiments across four distinct
dataset settings and fairness constraint formulations to eval-
uate the effectiveness of the fairness layer and proposed
inference algorithm. To highlight the versatility of the fair-
ness layer, we demonstrate its use in two distinct paradigms:
data modeling and predictive inference (Breiman, 2001).

A data modeling task assumes a parametric form for the joint
distribution of (x, y) and seeks to infer the parameter vector
governing this process. Rather than pure predictive accuracy,
the emphasis is on understanding structural relationships and
parameter interpretability. In contrast, the primary objective
in a predictive inference task is to construct a mapping
f : X → R that minimizes expected prediction error, and
the emphasis lies in generalization.

5.1. Models

While the specific fairness constraints and instantiations of
the fairness layer g(·) vary for each numerical experiment
setting, similar methods are employed for comparison across
all datasets:

The first method utilizes the differentiable optimization fair-
ness layer component g(z) described in Section 2. The
model is trained with Stochastic Gradient Descent (SGD),
and for predictive inference tasks, Algorithm 1 is employed.
In the subsequent sections, we call this method the “F-Layer”
method. The F-Layer method’s final output is defined as
ŷ = g(fθ(X)).

The “Projection” baseline trains a neural network using
standard SGD without fairness considerations, then projects
predictions onto the constraint set post-hoc during infer-
ence after training is complete. The “Penalty” and “Strict
Penalty” baselines minimize an augmented loss with con-

straint violation penalties:

Lpenalty =
1

N

N∑
i=1

ℓ(ŷi, yi) + λℓ̃C ,

where ℓ(ŷi, yi) is standard MSE or cross-entropy loss, ℓ̃C
measures constraint violation (typically quadratic or abso-
lute value penalty), and λ > 0 is a weighting hyperparam-
eter. The “Penalty” method uses cross-validation to select
the smallest λ satisfying fairness constraints, while “Strict
Penalty” uses λ≫ 0 to likely ensure constraint satisfaction
during inference.

5.2. Loan Default Prediction

This first experimental setting concerns loan default pre-
dictions for small businesses. Note for any given random
train, validation, and test split, the dataset sizes are relatively
small. Therefore, we repeat the entire experiment (includ-
ing λ selection for penalty models) 25 times, each with a
new, random dataset split to reduce the impact of any given
random data split on the reported results. See Appendix D
for dataset details.

5.2.1. CONSTRAINTS

In the loan default classification experiments, the fairness
layer is defined as follows:

g(z) = argmin
p
∥p− z∥22

s.t.
∣∣∣∣ 1

n−
∑

i xij

∑
{i : xij=0}

pi

− 1∑
i xij

∑
{i : xij=1}

pi

∣∣∣∣ ≤ 0.01 ∀j ∈ S.

(10)

Here z are the raw predicted logits from the model. In the
experiments, |S| = 2. The first protected attribute records
whether the business is in a rural or non-rural area, and
the second attribute denotes whether the business is newly
created or not. These constraints ensure that the model, on
average, does not discriminate against new business or busi-
nesses in rural areas. The F-Layer and Projection methods
employ the projection defined in (10), while Strict Penalty
minimizes an unconstrained, regularized version of the loss
function (see Appendix E).

5.2.2. RESULTS

First, we observe in Figures 1a, 1b, and 1c that the F-Layer
method yields modest but consistent improvements in AUC
over the Projection method; the mean percent improvement
offered by the F-Layer method is 1.46%. In the Precision-
Recall curve, however, we see regions where the F-Layer

6
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(a) (b) (c)

Figure 1. (a) ROC curves on the test set, averaged over 25 experiment repetitions with different, random train and test splits (with shaded
regions representing ±1 standard deviation); (b) Precision-Recall curves on the test set, averaged over 25 experiment repeats (with shaded
regions representing ±1 standard deviation); (c) Distribution of AUC and average precision on test set for all 25 experiment repetitions.

method largely outperforms the Projection method. We
also find that the Strict Penalty method exhibits degenerate
behavior; the model collapses to predicting a single class
for every observation. This results in an average reduction
of approximately 45% in AUC and 55% in average preci-
sion. Importantly, all 3 methods result in all constraints
being satisfied for every random data split. However, the
F-Layer method consistently outperforms other methods
when balancing precision and recall.

5.3. Employee Performance Data

Next, we explore the use-case of a company utilizing a
machine learning model to analyze employee performance
data. The model is tasked to predict the hourly wage of
each employee, and any large, negative residuals ri = yi −
ŷi are flagged to management, indicating the employee is
potentially underpaid and deserves a wage increase. See
Appendix D for dataset details.

5.3.1. CONSTRAINTS

We define the fairness layer as follows:

g(z) = argmin
p

∥p− z∥22

s.t.


∣∣ 1
n−

∑
i xij

∑
{i : xij=0} pi − yi

∣∣ ≤ 10−4 ∀j ∈ S∣∣ 1∑
i xij

∑
{i : xij=1} pi − yi

∣∣ ≤ 10−4 ∀j ∈ S
0 ≤ pi ≤ 1 ∀i.

(11)

Here yi is the ground truth target for sample i and z =
fθ(X

(b)) ∈ Rnb . See Appendix E for the corresponding
Penalty and Strict Penalty regularized loss formulations. We
use |S| = 5 protected attributes: the employee’s managerial
status (manager versus not a manager), age (at least 50
years old versus younger), gender (male versus female),
degree category (technical degree obtained versus other or

Table 1. Comparison of different methods for the data modeling
task of employee raise recommendation.

MODEL CONSTRAINTS MSE INDIVIDUALS
SATISFIED LOWERED

F-LAYER 10/10 0.0834 N/A
PROJECTION 10/10 0.0838 319
PENALTY (λ = 100) 10/10 0.0933 N/A
PENALTY (λ = 10) 9/10 0.0938 N/A
PENALTY (λ = 1) 1/10 0.0924 N/A
PENALTY (λ = .01) 1/10 0.0827 N/A

no degree), and marital status (married versus not married).

5.3.2. RESULTS

Since this is a data modeling task, we evaluate models on
three criteria: satisfying fairness constraints (11), achieving
reasonable error as wage prediction residuals are meaning-
less otherwise, and avoiding post-hoc adjustments to avoid
substantially altering original predictions to account for
fairness, thereby decreasing transparency and trust in the
modeling process.

Table 1 shows Penalty models with λ < 100 fail to satisfy
constraints. Among constraint-satisfying methods, F-Layer
and Projection achieve similar MSE (0.0834 vs 0.0838),
while Penalty (λ = 100) has 11.2% higher error. How-
ever, Projection modifies predictions post-hoc, lowering
wages for 319/1200 individuals (up to 5%), which reduces
transparency. The F-Layer method satisfies all constraints,
achieves lowest error, and incorporates fairness end-to-end
during training.

5.4. Classification with Image Inputs

To evaluate whether the fairness layer performs well with
large-scale datasets and complex model architectures, we
apply the method to two classification tasks with high-
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dimensional image inputs. The first task uses the CelebA
dataset (Liu et al., 2015), which contains over 200,000 im-
ages of faces, and the prediction task is to determine whether
a person is smiling. This setting is motivated by smile detec-
tion in smartphone cameras, where systematic differences
in prediction quality across demographic groups may lead
some users to receive consistently worse auto-captured pho-
tos. The second task uses the FairFace dataset (Kärkkäinen
& Joo, 2021), which contains over 100,000 face images
with demographic annotations. The prediction task is to
classify whether a person is over or under 30 years old.
This task is motivated by age-gated access systems, such
as content filtering or retail verification, where systematic
prediction differences across demographic groups may in-
correctly deny access to certain users.

For each dataset and fairness method, we train models across
five image architectures using GPU acceleration. The mod-
els include ViT-B/16 (Kolesnikov et al., 2021) (a vision
transformer with LoRA adapters (Hu et al., 2022)), Swin-
T (Liu et al., 2021) (a shifted-window hierarchical trans-
former), DenseNet-121 (Huang et al., 2016) (a densely con-
nected convolutional network), ResNet-18 (He et al., 2015)
(a residual convolutional network), and a convolutional neu-
ral network trained from scratch. These architectures span
both convolutional and transformer-based image models,
enabling evaluation of whether the fairness layer remains ef-
fective across substantially different feature representations
and optimization regimes.

5.4.1. CONSTRAINTS

In the CelebA dataset setting, we impose constraints requir-
ing the average predicted logits of whether the person is
smiling or not to be similar across race and gender groups,
while in the FairFace dataset setting, we impose constraints
requiring similar average predictions across intersectional
race and gender groups for the age prediction task.

For both experiments, the fairness layer is applied to the
scalar logit for the positive class and is defined as:

g(z) = argmin
p

∥p− z∥22

s.t.


∣∣∣∣ 1
nb−

∑
i xij

∑
{i : xij=0} pi

− 1∑
i xij

∑
{i : xij=1} pi

∣∣∣∣ ≤ ϵimg ∀j ∈ Simg.

(12)

Here Simg denotes the set of binary demographic group in-
dicators used in the image experiments, and ϵimg (1× 10−4

for FairFace and 1× 10−3 for CelebA) is the allowed toler-
ance in average predicted logits across groups. The F-Layer
and Projection methods employ the projection defined in
(12), while the Penalty and Strict Penalty baselines mini-

Table 2. Image classification results for each fairness method and
model architecture. All methods satisfied the imposed fairness
constraints. The F-Layer method consistently achieves the high-
est accuracy, followed by the Projection method. The Penalty
and Strict Penalty methods obtain similar accuracies as feasibility-
prioritized cross-validation selected penalty weights close to the
large values used in the Strict Penalty regime, causing both objec-
tives to heavily prioritize constraint satisfaction (as is necessary in
high-stakes regimes) over classification loss.

Backbone Method CelebA Acc. FairFace Acc.

Swin-T F-Layer 0.918 0.808
Projection 0.888 0.765
Penalty 0.501 0.551
Strict Penalty 0.501 0.551

ResNet-18 F-Layer 0.904 0.762
Projection 0.885 0.748
Penalty 0.500 0.550
Strict Penalty 0.501 0.550

ViT-B/16 F-Layer 0.906 0.775
Projection 0.876 0.754
Penalty 0.501 0.550
Strict Penalty 0.501 0.550

DenseNet-121 F-Layer 0.915 0.762
Projection 0.893 0.739
Penalty 0.501 0.551
Strict Penalty 0.501 0.551

CustomCNN F-Layer 0.814 0.673
Projection 0.809 0.670
Penalty 0.501 0.550
Strict Penalty 0.501 0.550

mize the corresponding regularized objectives described in
Appendix E.

5.4.2. RESULTS

Table 2 shows that the F-Layer method consistently im-
proves accuracy over all baselines. Relative gains over the
Projection method are typically 2–5%, while gains over La-
grangian methods are larger. See Appendix F for an ablation
study on experiment hyperparameters.

5.5. Synthetic Data Setting

5.5.1. CONSTRAINTS

In the synthetic regression experiments, we use:

g(z) = argmin
p

∥p− z∥22

s.t.



∣∣∣∣ 1
n−

∑
i xij

∑
{i : xij=0} pi

− 1∑
i xij

∑
{i : xij=1} pi

∣∣∣∣ ≤ 0.05

pi ≤ u ∀i, pi ≥ ℓ ∀i.

(13)
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(a) btrain = 2000, binfer = 2000 (b) btrain = 2000, binfer = 16 (c) btrain = 256, binfer = 16

Figure 2. Test loss percent differences relative to F-Layer across 32 datasets. Each boxplot shows {(L(j)
i − Fi)/Fi × 100}32i=1 where Fi

is F-Layer loss and L
(j)
i is baseline j loss. Penalty model excludes cases where fairness constraints were violated.

Figure 3. Test loss rankings across all 32 dataset scenarios.

to define the fairness layer. Here z = fθ(X
(b)) ∈ Rnb .

In other words, the constraint set ensures predictions stay
within some bounds and Mean Conditional Parity (2) is sat-
isfied within a small tolerance ϵ = 0.05. See Appendix E for
the corresponding Penalty and Strict Penalty formulations.

The F-Layer, Projection, Penalty, and Strict Penalty models
have the same architecture up to the final layer; all models
have 15 hidden layers with ReLU activation functions, and
layer normalization is performed per-layer.

5.5.2. RESULTS

All models are trained via SGD with btrain ∈ {256, 2000}
using SGD (η = 10−4, decay of 0.66 after 8 epochs with-
out improvement, and early stopping with a patience of 25
epochs). Figure 2 shows test loss distributions relative to
F-Layer, Figure 3 displays rankings across all datasets in the
large batch regime, and Figure 4 in Appendix E.4 displays
rankings across all scenarios. We highlight the key findings:

Consistency: F-Layer ranked first in 22–27 of 32 datasets
across all batch size combinations (the range reflects varia-
tion across different (btrain, binf) configurations), demonstrat-
ing robustness to batch size regime and validating the online
algorithm for small-batch inference.

Significant improvements: F-Layer achieved 18–30% test

loss reductions on 16–24 of 32 datasets, depending on batch
size configuration. Median improvements were approxi-
mately 8% vs all baseline methods when btrain = 2000 and
20% vs all baseline methods when btrain = 256.

Penalty failures: Penalty methods frequently violated con-
straints despite validation-based λ selection. For btrain =
binfer = 2000, 7 of 11 violations had fairness gaps 7 times
larger than desired, with 4 exceeding 15 times the target.

F-Layer limitations: In the large training and inference batch
regime, F-Layer underperformed on 6–8 datasets with tight
constraints (ℓ = 0, u = 3.5), suggesting training difficulty
in restricted feasible regions. Post-hoc projections may
avoid local minima in such cases.

6. Conclusion
The “fairness layer” is a neural network component that
guarantees fairness while maintaining end-to-end differen-
tiability, and numerical experiments show consistent im-
provements over common in-processing and post-processing
methods. Promising directions for future work include in-
corporating nonconvex constraints into differentiable opti-
mization layers and providing theoretic guarantees of when
differentiable optimization layers can outperform post-hoc
projections onto a constraint set.
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Impact Statement
This work introduces methods for enforcing fairness con-
straints in neural networks with mathematical guarantees.
There are numerous societal implications stemming from
this work that warrant important considerations:

Potential Positive Impacts: Our fairness layer provides verifi-
able guarantees that specified notions of fairness are satisfied
during model deployment, which may help organizations
comply with emerging AI regulations. By maintaining end-
to-end differentiability, our method enables practitioners
to incorporate fairness considerations directly into model
training rather than as an afterthought, potentially leading
to more trustworthy AI systems.

Limitations and Potential for Misuse: First, our work fo-
cuses exclusively on group fairness metrics, which capture
only one aspect of existing fairness desiderata; moreover,
definitions of fairness may conflict with one another. This
work does not argue that certain fairness definitions are
more useful or appropriate than others. Second, the choice
of protected attributes, fairness constraints, and tolerance
parameters requires careful consideration and domain ex-
pertise. Inappropriate choices could introduce new forms of
unintended disparity.

Broader Context: We encourage practitioners to view our
method as one tool within a comprehensive fairness strategy,
not a complete solution to fairness in AI systems. They
should complement and not replace broader efforts includ-
ing transparent model documentation and ongoing monitor-
ing. As discussed in Appendix C, differentiable layers can
be utilized for a wide array of applications beyond fairness.
In such applications, we encourage a similar strategy of
model transparency and monitoring.
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A. Differentiation Through Fairness Layer
Critically, the Jacobian with respect to z = fθ(X

(b)) can be
obtained by differentiating the KKT conditions of the opti-
mization problem (Gould et al., 2021). In this setting, these
computations enable backpropagation through the fairness
layer. Let

L(ỹ, λ, ν; z) = d̃(ỹ, z) + λ⊤(Aỹ −m1) + ν⊤(Bỹ −m2)
(14)

denote the Lagrangian function, and let (ỹ⋆, λ⋆, ν⋆) denote
a primal-dual optimal point. The KKT optimality conditions
are:

∇ỹd(ỹ
⋆, z) +A⊤λ⋆ +B⊤ν⋆ = 0 (15)

Aỹ⋆ −m1 ≤ 0 (16)
Bỹ⋆ −m2 = 0 (17)

λ⋆ ≥ 0, λ⋆
i (Aỹ⋆ −m1)i = 0 ∀i ∈ [q] (18)

Let A = {i : λ⋆
i > 0} denote the set of active in-

equality constraints. Linearizing the KKT system around
(ỹ⋆, λ⋆, ν⋆) by taking the total differential with respect to z
yields the block linear system:∇2

ỹỹd̃(ỹ
∗, z) A⊤

A B⊤

AA 0 0
B 0 0

 dỹ
dλA
dν

 = −

∇2
ỹzd(ỹ

⋆, z) dz
0
0

 ,

(19)

where AA contains only the rows of A corresponding to
active constraints and ∇2

ỹỹL = ∇2
ỹỹd̃(ỹ

⋆, z) is the Hessian
of the dissimilarity function. Denoting the KKT matrix as
K, by the implicit function theorem under the stated regu-
larity conditions, K is nonsingular, and thus dỹ = Jg(z) dz
is obtained by solving this linear system. In practice, auto-
differentiation frameworks only require Jacobian-vector
products, so backpropagation through g reduces to solv-
ing a single linear system involving K⊤. This yields exact
gradients of the projected predictions ŷ = g(z) with respect
to the raw network outputs z = fθ(X

(b)), enabling stable
and fully end-to-end training.

B. Nonconvex Fairness Constraints
In this work, we focus on notions of fairness of the form
enumerated in (1). However, as opposed to expected values,
some notions of group fairness in the classification setting
involve the proportion of positive or negative classifications
across protected classes; some instances include the most
common form of demographic parity (Hardt et al., 2016)
and equalized odds (Hardt et al., 2016). In the case of demo-
graphic parity, for example, consider a binary classification
setting with 2 protected classes:

Pr(ỹ = 1|X:j = 0) = Pr(ỹ = 1|X:j = 1) (20)

To practically enforce this notion of fairness during training
with a differentiable optimization layer, one would define
the fairness constraint as follows (using the same notation
as in (13)):∣∣∣∣ 1

n−
∑

i xij

∑
{i : xij=0}

1pi≥0.5

− 1∑
i xij

∑
{i : xij=1}

1pi≥0.5

∣∣∣∣ ≤ ε

(21)

Here 1pi≥0.5 is an indicator function equaling 1 if the pre-
dicted probability is greater than 0.5 and 0 otherwise. This
indicator function breaks both the convex and differentiable
nature of the general fairness layer definition (1), thereby be-
coming computationally impractical for many applications.

To attempt to overcome the nonconvex nature of such fair-
ness constraints, a number of solution methods have been
explored. For example, convex surrogates can approximate
the proportion of positive predictions for a given class, thus
ensuring a proxy of demographic parity (Wu et al., 2019).
Similarly, convex-concave (difference of convex functions)
formulations have been applied to ensure classifiers with
convex decision boundaries satisfy other fairness metrics
(Zafar et al., 2017a;b). Such methods either ensure an ap-
proximation of the original fairness constraints are satisfied
or do not apply to the setting of neural networks. In contrast,
the focus of this work is to guarantee notions of fairness
when training and employing neural network model archi-
tectures for inference.

C. Extensions Beyond Fairness
While we instantiate the linear constraints in (1) for the
purpose of fairness, there are other clear applications that fit
within this framework. We provide 3 such examples:

Portfolio Optimization. Neural models are increasingly be-
ing utilized to make investment decisions in portfolio op-
timization settings. Such decisions must adhere to natural
budgetary or risk management constraints. The problem can
be formulated as a convex quadratic program:

x̂ = argmin
x

1

2
∥x− z∥22

s.t. 1⊤x = 1

x ≥ 0,

x ≤ umax

Sx ≤ smax

Where z ∈ Rn is the original network’s predicted invest-
ment allocation vector, umax is a vector of maximum al-

13



Differentiable Fairness Layers

lowable allocations per asset, S is a matrix encoding sec-
tor membership (i.e. rows represent various sectors and
columns represent the investment assets), smax limits the
total exposure to each sector, and x̂ is the feasible projected
allocation satisfying all constraints.

Resource Allocation and Task Assignment. Neural mod-
els can be used to predict resource assignments to tasks;
for example, the model may predict required CPU cores,
bandwidth, or personnel for a task. To ensure that capacity
limits are not violated, a differentiable optimization layer
can adjust these outputs:

r̂ = argmin
r
∥r − z∥22 s.t. Ar ≤ b, r ≥ 0.

Where r is the resource assignment vector, z is the uncon-
strained network prediction, and Ar ≤ b represents linear
capacity constraints. The matrix A encodes which resources
share a common capacity limit; each row of A corresponds
to a linear constraint (e.g., a machine or network link), and
each column corresponds to a task or resource variable.
For instance, suppose we have four tasks r1, r2, r3, r4 and
two shared resources (machines or network links). Then a
possible assignment could be represented as:

r =


r1
r2
r3
r4

 , A =

[
1 0 1 0
0 1 1 1

]
, b =

[
b1
b2

]
.

The resulting linear constraint is Ar ≤ b, which ensures
that each shared resource’s total usage does not exceed its
capacity. The 1’s in each row indicate which tasks contribute
to that resource, while 0’s indicate no contribution.

Robotics and Autonomous Systems. A neural network may
predict candidate control inputs or trajectories; a trajectory
is a planned sequence of positions, velocities, or actions over
time that the robot should follow to achieve a task. These
outputs often need to respect safety or physical constraints,
such as velocity, acceleration, or joint limits:

û = argmin
u
∥u− z∥22 s.t. Cu ≤ d,

where u represents control inputs, z is the unconstrained
network prediction, and Cu ≤ d encodes linear safety or
actuation limits. Specifically, each row in the matrix C
represents a linear constraint, and each column represents
a control variable. Control variables can include actuator
inputs (commands sent to motors to move robot limbs),
joint angles or torques (the positions, velocities, or torques
at robot joints that determine how the robot moves), or
velocities and accelerations (desired linear or angular speeds
of parts of the robot or vehicle along the trajectory).

D. Datasets in Numerical Experiments
D.1. Loan Default Dataset

We use a public dataset from the United States Small Busi-
ness Administration (SBA) (Mickle, 2019) to train the F-
Layer and baseline models to predict whether a business
applying for a loan will eventually default. The dataset
contains 2102 observations of applications submitted for ap-
proval with 35 features such as the amount dispersed, length
of loan term, whether the business is new, and the originat-
ing bank. The target variable is a binary outcome indicating
whether the business defaulted on the loan. We one-hot en-
code all categorical variables, standardize numeric features,
and split data into training, validation, and test sets. For
models that minimize a loss function that includes a penalty
term for constraint violations, we use employ the validation
set to choose λ via cross validation.

D.2. Employee Performance Dataset

The dataset contains 1200 observations of employees with
over 25 features such as employee age, education level,
internal performance rating, average customer satisfaction
score, and hourly wage (Gupta, 2023). We one-hot encode
all categorical variables–leading to 62 total predictors–and
standardize both the training data and target variable.

D.3. Synthetic Datasets

Numerical experiments are performed across 32 syntheti-
cally generated datasets for a typical predictive inference
task. Each dataset has n = 40,000 observations and
d = 150 features. A 70%/6%/24% training/validation/test
set split, respectively, is used. To holistically compare the
fairness methods, datasets and fairness layers were created
with a variation of key properties. Table 3 details these
properties.

To create each dataset, a binary protected attribute X:j ∈
{0, 1}n is first sampled from a Bernoulli distribution with
success probability p ∈ {0.2, 0.5}, determining the degree
of class imbalance. Conditional on this attribute, feature vec-
tors x ∈ Rd are generated as correlated Gaussian random
variables. Specifically, the feature matrix is divided into cor-
relation blocks of size approximately 20, with within-block
covariance parameterized by a base correlation ρ = 0.3.
For each block B, features are sampled independently from
a sample normal distribution. Then, given the Cholesky
factorization of the desired covariance matrix of the block
Cov(B) = LL⊤, we multiply Xblock = BL⊤ to obtain
the final feature block with the desired correlation struc-
ture. After obtaining these blocks, a subset of 50 features is
then perturbed to be linearly correlated with the protected
attribute, where the strength of the correlation is determined
by the “group relevance” parameter (0.3 or 0.7). This in-
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Table 3. The various dataset and fairness layer properties explored in the synthetic regression experiments. The first 5 properties were
combined to create 25 = 32 different datasets for the synthetic regression setting. Each model was tested on each dataset 3 times: once
with btrain = binfer = 2000, once with btrain = binfer = 20, and once with btrain = 2000, binfer = 20.

NAME DESCRIPTION VALUES

CLASS IMBALANCE PERCENT OF OBSERVATIONS WITH PROTECTED ATTRIBUTE
VALUE = 1

20%, 50%

GROUP RELEVANCE (1) CORRELATION BETWEEN GROUP LABEL AND INPUT FEA-
TURES (2) GROUP BIAS ADDED TO TRUE SCORES

(1) 0.3, 0.7 (2) ±3, ±6

NOISE LEVEL STD. DEV. OF GAUSSIAN NOISE ADDED TO TARGETS 0.125, 0.6
CONSTRAINT TIGHTNESS VALUES FOR ℓ AND u IN (13) “LOOSE”: ℓ = −3.5, u = 3.5

“TIGHTER”: ℓ = 0, u = 3.5
DATA STRUCTURE HOW TARGET VALUES WERE GENERATED LINEAR, NONLINEAR
bTRAIN BATCH SIZE DURING TRAINING 2000, 20
bINFER BATCH SIZE DURING INFERENCE 2000, 20

duces systematic differences between the two groups in both
marginal and conditional distributions.

Targets y are generated from either a linear or nonlinear
data-generating process. Both methods generate a latent
score s and share the following structure when generating
final target observations y∗:

y∗ = s+ b+ ϵ, ϵ ∼ N(0, σ) and

bi =

{
+b, xij = 0 for j ∈ S,
−b, xij = 1 for j ∈ S.

The methods generate the latent score s in different ways.
For the linear method, a sparse coefficient vector β ∈ Rd

with nonzero entries on 15 randomly selected features is
used to compute the latent score s = x⊤β, where nonzero
entries of β are sampled from a standard normal distribution.

For the nonlinear datasets, the target includes higher-order
terms, combining polynomial transformations and random
pairwise interactions among features:

s = 0.7(x⊤β) + 0.2
∑
j

αjx
2
j + 0.1

∑
k ̸=l

γklxkxl, (22)

where coefficients αj ∼ N(0, .4), γkl ∼ N(0, .4).

After generating targets y∗, all values are normalized to
have zero mean and unit variance before training, and the
variance of observations with protected attribute value 0 is
slightly reduced by scaling its values by 0.85 to simulate
unequal outcome variability across groups.

E. Regularized Loss Functions in Numerical
Experiments

E.1. Loan Default Experiments

The Strict Penalty method minimizes the following regular-
ized loss function:

Lpenalty = − 1

N

N∑
i=1

[yi log(σ(zi)) + (1− yi) log(1− σ(zi))]

+λ
∑
j∈S

(
1

n−
∑

i xij

∑
{i : xij=0}

zi −
1∑
i xij

∑
{i : xij=1}

zi

)2

When performing cross validation for all 25 data splits to
find suitable values of λ, we find that the optimization land-
scape is extremely sensitive to different weighting values.
For example, the degree of constraint violation between the
validation and test sets often varied widely, and increasing
λ by small amounts often led to the model predicting either
every observation defaulting or every observation not de-
faulting on the loans. This pattern persisted regardless of the
chosen form of the penalty term (quadratic, absolute value,
etc.). Due to the difficulty of finding values of λ that lead to
constraint satisfaction without degenerate model behavior,
we only employ the Strict Penalty model with λ = 1000 and
do not include the Penalty model in calculations. However,
the Penalty model is included in comparisons for other data
settings (Section 5.3 and Section 5.5).

E.2. Employee Performance Experiments

In addition to the F-Layer method and Projection method
with projection defined by (11), we utilize the following
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augmented loss function for the Penalty method:

Lpenalty =
1

N

N∑
i=1

∥yi − ŷi∥22

+ λ
∑
j∈S

(∣∣∣∣ 1

n−
∑

i xij

∑
{i : xij=0}

ŷi − yi

∣∣∣∣
+

∣∣∣∣ 1∑
i xij

∑
{i : xij=1}

ŷi − yi

∣∣∣∣).
(23)

Here λ is the penalty weight controlling the trade-off be-
tween prediction accuracy and fairness. We re-train the
model across a grid of candidate λ values and pick the
smallest λ such that the fairness constraints are satisfied.

E.3. Image Classification Experiments

In addition to the F-Layer method and Projection method
with projection defined by (12), the Penalty and Strict
Penalty methods minimize an augmented binary cross-
entropy loss with a squared pairwise group-gap penalty.
Let si denote the demographic group label for observation
i, let G denote the set of demographic groups appearing in
the batch, and define Ig = {i : si = g}. The augmented
objective is then:

Lpenalty =− 1

N

N∑
i=1

[yi log(σ(zi)) + (1− yi) log(1− σ(zi))]

+ λ
∑

g,h∈G
g<h

 1

|Ig|
∑
i∈Ig

zi −
1

|Ih|
∑
i∈Ih

zi

2

.

(24)

Here, zi is the raw logit output of the model for sample i,
σ(·) denotes the sigmoid function, and λ > 0 controls the
strength of the fairness penalty. The penalty term is the
sum of squared pairwise differences between average logits
across demographic groups in the batch. As in the other
experiments, the Penalty method selects λ from a candidate
set using validation performance subject to constraint satis-
faction, while the Strict Penalty method uses a large fixed
value of λ to strongly encourage constraint satisfaction.

E.4. Synthetic Experiments

The Penalty and Strict Penalty methods minimize the fol-
lowing augmented loss:

Lpenalty =
1

N

N∑
i=1

∥yi − ŷi∥22

+ λ

∣∣∣∣ 1

n−
∑

i xij

∑
{i : xij=0}

ŷi −
1∑
i xij

∑
{i : xij=1}

ŷi

∣∣∣∣.
(25)

Table 4. Image classification accuracy under the larger-slack set-
ting.

Backbone Method CelebA FairFace

ViT-B/16 F-Layer 0.907 0.777
Projection 0.861 0.748
Penalty 0.522 0.551

DenseNet F-Layer 0.898 0.739
Projection 0.874 0.739
Penalty 0.501 0.551

Swin-T F-Layer 0.895 0.774
Projection 0.871 0.765
Penalty 0.645 0.551

ResNet-18 F-Layer 0.904 0.765
Projection 0.870 0.743
Penalty 0.705 0.551

CustomCNN F-Layer 0.815 0.670
Projection 0.794 0.663
Penalty 0.501 0.551

To incorporate the box constraints from (13) in the Penalty
and Strict Penalty methods, the outputs from the model
z = fθ(X) are transformed via the shifting function ŷ =
ℓ+ (u− ℓ)σ(z). Whereas the Strict Penalty method always
uses a large penalty λ = 5000 for all datasets, the Penalty
model chooses λ from a candidate set via cross validaton.

F. Image Classification Experiments Ablation
Study

Ablation 1: Constraint Tightness Threshold (ϵ). To en-
sure that the original image classification results are not
simply a byproduct of a specific constraint tightness, we
relax the allowed slack from 10−3 to 10−2 for the CelebA
experiments and from 10−4 to 10−3 for the FairFace exper-
iments. Overall, as shown in Table 4, we observe the same
pattern as in the original experiments. The F-Layer method
consistently improves accuracy over the Projection method,
with gains ranging from approximately 1% to 5% depend-
ing on the architecture and dataset. If the unconstrained
and constrained solutions are close in distance (i.e. con-
straint slack is extremely loose), one would expect F-Layer
and Projection methods to achieve more similar results as
neither projection would alter the unconstrained solution.

Ablation 2: Primal-Dual Threshold (bτ ). We next ablate
the primal-dual threshold bτ used by the inference algorithm.
The results in Tables 5 and 6 show that the choice of bτ
has negligible impact on accuracy for moderate inference
batch sizes. For example, for a fixed model and dataset, the
rows corresponding to bτ = 4 and bτ = 1024 are nearly
identical once binfer is moderately large. At very small batch
sizes, particularly when the batch size is comparable to the
number of protected groups, the primal-dual regime can
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Figure 4. Test loss rankings across all 32 dataset scenarios and batch size combinations. Black cells indicate constraint violations.

yield modest accuracy gains over hard projection, consistent
with softer enforcement allowing individual batches more
expressivity.

When stratified sampling is used, as in this ablation study,
both regimes achieve aggregate fairness by Lemma 3.1. In
streaming settings where stratified sampling is infeasible,
Theorem 3.2 guarantees that the sample-weighted average
per-batch fairness violation still converges to at most ϵ.

G. Comparison of Fairness Methods
Table 7 provides a comparison between existing fairness
methods in relation to goals (G1), (G2), and (G3) enumer-
ated in Section 1.3.

H. Proofs
H.1. Proof of Lemma 3.1

Proof. We decompose the aggregate fairness gap into a
baseline term (assuming equal group proportions across
batches) plus correction terms capturing the effect of varying
proportions. Let nb = nb,0+nb,1 denote the size of batch b,
and let N =

∑B
b=1 nb denote the total number of samples

across all batches.

We can express the aggregate statistics in terms of batch

proportions:

F0 =

∑B
b=1 nb,0Fb,0∑B

b=1 nb,0

=

∑B
b=1 pbnbFb,0

p̄N
(26)

F1 =

∑B
b=1 nb,1Fb,1∑B

b=1 nb,1

=

∑B
b=1(1− pb)nbFb,1

(1− p̄)N
(27)

Step 1: Equal proportions baseline. Consider the hypo-
thetical aggregate statistics if all batches had the same group
proportion p̄:

F̃0 =

∑B
b=1 nbFb,0∑B

b=1 nb

=
1

N

B∑
b=1

nbFb,0 (28)

F̃1 =

∑B
b=1 nbFb,1∑B

b=1 nb

=
1

N

B∑
b=1

nbFb,1 (29)
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Table 5. FairFace accuracy across inference batch sizes and primal-dual thresholds. The smallest batch size, binfer = 14, equals the
number of protected groups.

Backbone bτ binfer = 14 binfer = 16 binfer = 32 binfer = 64 binfer = 128 binfer = 256

ResNet-18 4 0.594 0.615 0.704 0.748 0.765 0.769
1024 0.576 0.607 0.700 0.748 0.765 0.769

ViT-B/16 4 0.587 0.606 0.717 0.758 0.777 0.784
1024 0.579 0.607 0.717 0.758 0.777 0.784

CustomCNN 4 0.571 0.577 0.648 0.668 0.670 0.680
1024 0.569 0.577 0.648 0.668 0.670 0.680

Table 6. CelebA accuracy across inference batch sizes and primal-dual thresholds.

Backbone bτ binfer = 4 binfer = 8 binfer = 16 binfer = 32 binfer = 64 binfer = 128

ResNet-18 4 0.765 0.778 0.827 0.862 0.877 0.889
1024 0.751 0.775 0.825 0.862 0.877 0.889

ViT-B/16 4 0.767 0.783 0.832 0.865 0.880 0.894
1024 0.752 0.781 0.831 0.865 0.880 0.893

CustomCNN 4 0.705 0.714 0.754 0.781 0.789 0.801
1024 0.702 0.714 0.753 0.781 0.788 0.801

We bound |F̃0 − F̃1| as follows:

|F̃0 − F̃1| =

∣∣∣∣∣ 1N
B∑

b=1

nbFb,0 −
1

N

B∑
b=1

nbFb,1

∣∣∣∣∣
=

1

N

∣∣∣∣∣
B∑

b=1

nb(Fb,0 −Fb,1)

∣∣∣∣∣
≤ 1

N

B∑
b=1

nb|Fb,0 −Fb,1|

≤ 1

N

B∑
b=1

nbϵ = ϵ

where the last inequality uses the per-batch fairness con-
straint |Fb,0 −Fb,1| ≤ ϵ.

Step 2: Deviation from equal proportions. We now bound
how much the actual aggregate statistics F0 and F1 deviate
from the equal-proportions baseline F̃0 and F̃1:

|F0 − F̃0| =

∣∣∣∣∣
∑B

b=1 pbnbFb,0

p̄N
−

∑B
b=1 nbFb,0

N

∣∣∣∣∣
=

∣∣∣∣∣
∑B

b=1(pb − p̄)nbFb,0

p̄N

∣∣∣∣∣
≤

∑B
b=1 |pb − p̄| · nb · |Fb,0|

p̄N

≤
∆p ·R

∑B
b=1 nb

p̄N

=
∆p ·R

p̄

Similarly, we have:

|F1 − F̃1| =

∣∣∣∣∣
∑B

b=1(1− pb)nbFb,1

(1− p̄)N
−

∑B
b=1 nbFb,1

N

∣∣∣∣∣
=

∣∣∣∣∣
∑B

b=1(p̄− pb)nbFb,1

(1− p̄)N

∣∣∣∣∣
≤

∑B
b=1 |pb − p̄| · nb · |Fb,1|

(1− p̄)N

≤ ∆p ·R
1− p̄

Step 3: Triangle inequality. Combining the results from
Steps 1 and 2 via the triangle inequality:

|F0 −F1| ≤ |F0 − F̃0|+ |F̃0 − F̃1|+ |F̃1 −F1|

≤ ∆p ·R
p̄

+ ϵ+
∆p ·R
1− p̄

= ϵ+∆p ·R
(
1

p̄
+

1

1− p̄

)

H.2. Proof of Theorem 3.2

Proof. We establish the aggregate fairness guarantee by ana-
lyzing the growth of the dual variable under diminishing step
sizes and connecting it to cumulative constraint violations.

Step 1: Bound growth of dual variable

From the dual update, λt+1 = max{0, λt+ηtwt(ŷbt)}with
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Table 7. Comparison of fairness methods for machine learning with respect to stated goals (G1–G3) described in Section 1.3.

Method Category Type (G1) (G2) (G3)

Fairness Layer (ours) In ✓ ✓ ✓
Post-hoc projection (Wei et al., 2020; Kim et al., 2019; Hardt et al., 2016) Post ✓ ✗ ✓
Data reweighting / augmentation (Kamiran & Calders, 2012; Ktena et al., 2024) Pre ✗ ✓ ✓
Lagrangian penalty (Padala & Gujar, 2021; Cotter et al., 2019; Celis et al., 2019) In ✗ ✓ ✓

Convex surrogates / DCP (Zafar et al., 2017c;a; Wu et al., 2019) In ◦a ✓ ✗b

a Only enforces surrogate constraints of hard-thresholded problems, but theoretically can exactly satisfy affine constraints.
b Restricted to models with convex decision boundaries.

ηt =
η√
t
, the projection onto R+ ensures that

λ2
t+1 ≤ (λt + ηtwt(ŷbt))

2

= λ2
t + 2ηtλtwt(ŷbt) + η2twt(ŷbt)

2 (30)

=⇒ 2ηtλtwt(ŷbt) ≥ λ2
t+1 − λ2

t − η2twt(ŷbt)
2

(31)

Summing from t = 1 to T and using λ1 = 0:

2

T∑
t=1

ηtλtwt(ŷbt) ≥ λ2
T+1 −

T∑
t=1

η2twt(ŷbt)
2 (32)

By optimality of the primal update (6), for ỹbt satisfying
wt(ỹbt) ≤ 0 (by the assumption):

∥ŷbt − ŷraw,t∥2 + λtwt(ŷbt) ≤ ∥ỹbt − ŷraw,t∥2 + λtwt(ỹbt)

≤ ∥ỹbt − ŷraw,t∥2 (33)

Since ∥ŷbt − ŷraw,t∥2 ≥ 0, we obtain:

λtwt(ŷbt) ≤ ∥ỹbt − ŷraw,t∥2 ≤ D2, (34)

where D := supt ∥ỹbt − ŷraw,t∥ < ∞ (predictions are
bounded in practice).

Summing (34):
T∑

t=1

λtwt(ŷbt) ≤ D2T (35)

For fairness constraints with bounded predictions the fair-
ness gap satisfies |vt(ŷbt)| ≤ V for some constant V > 0.
Therefore:

|wt(ŷbt)| = |bt| · |vt(ŷbt)− ϵ| ≤ |bt|(V + ϵ) ≤ B(V + ϵ),
(36)

where B := supt |bt| <∞ is the maximum batch size.

Using (36):
T∑

t=1

η2twt(ŷbt)
2 ≤ B2(V + ϵ)2

T∑
t=1

η2

t

= η2B2(V + ϵ)2
T∑

t=1

1

t

= O(η2B2 log T ) (37)

Combining (32), (35), and (37):

λ2
T+1 ≤ 2

T∑
t=1

ηtλtwt(ŷbt) +O(η2B2 log T )

≤ 2D2
T∑

t=1

ηt +O(η2B2 log T )

= 2D2η

T∑
t=1

1√
t
+O(η2B2 log T ) (38)

Noting
∑T

t=1
1√
t
= 2
√
T +O(1), then:

λ2
T+1 ≤ 4D2η

√
T+O(η2B2 log T+D2η) = O(D2η

√
T ),

(39)
where the second term is absorbed since log T = o(

√
T ).

Therefore, since the square root operator preserves asymp-
totic order:

λT+1 = O(D
√
η T 1/4) (40)

Step 2: Cumulative violation bound

The dual projection ensures that λt+1 = max{0, λt +
ηtwt(ŷbt)} ≥ λt + ηtwt(ŷbt) holds for all t. This yields:

wt(ŷbt) ≤
λt+1 − λt

ηt
=

√
t

η
(λt+1 − λt) (41)

Summing from t = 1 to T :

T∑
t=1

wt(ŷbt) ≤
1

η

T∑
t=1

√
t(λt+1 − λt) (42)

Applying summation by parts:

T∑
t=1

√
t(λt+1 − λt) =

√
TλT+1 −

√
1λ1 −

T−1∑
t=1

λt+1(
√
t+ 1−

√
t)

=
√
TλT+1 −

T−1∑
t=1

λt+1(
√
t+ 1−

√
t)

(43)

since λ1 = 0.
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Since λt+1 ≥ 0 and
√
t+ 1 −

√
t > 0 for all t, the sum∑T−1

t=1 λt+1(
√
t+ 1−

√
t) ≥ 0 is non-negative. Therefore:

T∑
t=1

wt(ŷbt) ≤
√
TλT+1

η

=

√
T ·O(D

√
η T 1/4)

η

= O

(
D
√
η
T 3/4

)
(44)

Note the convergence rate O(T 3/4) for cumulative viola-
tions is sufficient to establish the asymptotic aggregate fair-
ness guarantee, as T 3/4

T = T−1/4 → 0. Methods to derive
faster convergence rates are left for future work.

Step 3: Aggregate fairness guarantee

Recall wt(ŷbt) = |bt|(vt(ŷbt)− ϵ). From (44):

T∑
t=1

|bt|vt(ŷbt) =
T∑

t=1

wt(ŷbt)+ϵ

T∑
t=1

|bt| ≤ O(T 3/4)+ϵNT ,

(45)
where NT :=

∑T
t=1 |bt| is the total number of samples.

Dividing by NT and using NT ≥ bminT for some bmin > 0:

1

NT

T∑
t=1

|bt|vt(ŷbt) ≤ ϵ+
O(T 3/4)

NT

≤ ϵ+O

(
T 3/4

bminT

)
= ϵ+O(T−1/4) (46)

Then:

lim sup
T→∞

1∑T
t=1 |bt|

T∑
t=1

|bt|vt(ŷbt) ≤ ϵ+ lim
T→∞

O(T−1/4) = ϵ

Which completes the proof.

H.3. Proof of Theorem 4.1

Below we provide a proof using standard methods from
convex analysis.

Proof. Step 1: Existence and uniqueness of the mini-
mizer. Fix z ∈ Rn and define fz(y) := h(y)− ⟨z, y⟩. Take
subgradient v0 ∈ ∂h(0). By µ-strong convexity,

h(y) ≥ h(0) + ⟨v0, y⟩+
µ

2
∥y∥22.

Subtracting ⟨z, y⟩ gives

fz(y) = h(y)− ⟨z, y⟩ ≥ h(0) +
µ

2
∥y∥22 + ⟨v0 − z, y⟩.

Using Cauchy-Schwarz, we find that

fz(y) ≥ h(0) +
µ

2
∥y∥22 − ∥v0 − z∥2 ∥y∥2 → +∞

as ∥y∥2 →∞

Hence fz is coercive. Since h is strongly convex (and there-
fore continuous) and−⟨z, y⟩ is continuous, fz is continuous.
By the Weierstrass extreme value theorem, a continuous co-
ercive function on a closed set attains its minimum. There-
fore, fz attains its minimum. Additionally, strong convexity
of h implies that fz is µ-strongly convex. Strongly convex
functions have at most one minimizer, so g(z) is unique.

Step 2: Lipschitz continuity The minimizer g(z) in the
statement satisfies (Rockafellar, 2015, Thm. 27.4)

0 ∈ ∂h(g(z))− z +NC(g(z))⇐⇒
z ∈ ∂h(g(z)) +NC(g(z)),

where NC(y) is the normal cone to C at y. Let z, q ∈
Rn with minimizers g(z), g(q). Then there exist vz ∈
∂h(g(z)), vq ∈ ∂h(g(q)), nz ∈ NC(g(z)), nq ∈ NC(g(q))
such that

z = vz + nz, q = vq + nq.

Given these equalities for z and q, we have:

⟨z−q, g(z)− g(q)⟩ =
⟨vz − vq, g(z)− g(q)⟩+ ⟨nz − nq, g(z)− g(q)⟩.

The normal cone operator is monotone, so ⟨nz −nq, g(z)−
g(q)⟩ ≥ 0. Since ∂h is µ-strongly monotone,

⟨vz − vq, g(z)− g(q)⟩ ≥ µ∥g(z)− g(q)∥22.

Thus

⟨z − q, g(z)− g(q)⟩ ≥ µ∥g(z)− g(q)∥22.

By Cauchy-Schwarz and dividing by ∥g(z)− g(q)∥2,

∥g(z)− g(q)∥2 ≤
1

µ
∥z − q∥2,

so g is globally Lipschitz with constant 1/µ.

Step 3: Differentiability almost everywhere. By
Rademacher’s theorem, every Lipschitz map Rn → Rn is
differentiable almost everywhere. Hence g is differentiable
almost everywhere.

H.4. Proof of Corollary 4.2

Proof. By Step 2 in Theorem 4.1, g is 1/µ-Lipschitz con-
tinuous:

∥g(z1)− g(z2)∥2 ≤
1

µ
∥z1 − z2∥2 ∀z1, z2 ∈ C (47)
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Note that if a function g : Rn → Rn is 1/µ-Lipschitz con-
tinuous, then at any point where g is differentiable, the oper-
ator norm of the Jacobian satisfies ∥Dg(z)∥op ≤ 1

µ . Since
g is 1/µ-Lipschitz and differentiable almost everywhere (by
Theorem 4.1), we have ∥Dg(z)∥2 ≤ 1

µ almost everywhere.
By the chain rule,∇X(g ◦ f)(X) = Dg(f(X)) ·∇Xf(X).
Therefore:

∥∇X(g ◦ f)(X)∥2 ≤ ∥Dg(f(X))∥2 · ∥∇Xf(X)∥2

≤ 1

µ
∥∇Xf(X)∥2

H.5. Proof of Theorem 4.3

Proof. (1): We first show that RI is a polyhedron. By
the KKT conditions (9), z ∈ RI if and only if there exist
y ∈ Rn and λ ∈ Rm satisfying:

∇Ly = y − z +A⊤λ = 0, (48)
(Ay)i = bi ∀i ∈ I, (49)
(Ay)i < bi ∀i /∈ I, (50)

λi > 0 ∀i ∈ I, (51)
λi = 0 ∀i /∈ I. (52)

From (48) and (52), we have y = z − A⊤
I λI , where λI

contains entries indexed by I. Then, plugging into (49) we
have:

AIz −AIA
⊤
I λI = bI (53)

=⇒ λI = (AIA
⊤
I )

+(AIz − bI) > 0 (by (51)) (54)

Note this is a system of linear inequalities in z since the
pseudoinverse is a linear operator.

For the inactive constraints, note first that substituting (54)
into (48) gives:

y = z −A⊤
I (AIA

⊤
I )

+(AIz − bI)

=
[
I −A⊤

I (AIA
⊤
I )

+AI
]︸ ︷︷ ︸

PI

z +A⊤
I (AIA

⊤
I )

+bI︸ ︷︷ ︸
cI

. (55)

The inactive constraint conditions (Ay)j < bj for j /∈ I
become:

(APIz +AcI)j < bj ∀j /∈ I, (56)

which are m− |I| linear inequalities in z. Therefore, RI is
defined by the finite system of linear inequalities (54) and
(56), making it a polyhedron.

To show the regions partition Rn, note that for any z ∈ Rn,
the quadratic program has a unique solution g(z) by strong
convexity with a unique active set A(z) and KKT multipli-
ers λ(z). If strict complementarity holds at z (i.e., λi(z) > 0

for all i ∈ A(z)), then z ∈ RA(z). Points where strict
complementarity fails lie on boundaries between regions,
and such boundaries have measure zero (as shown below).
Therefore, the regions {RI} partition Rn except for a set of
measure zero.

(2): Fix z ∈ RI . From the KKT stationarity condition,
g(z) = z − A⊤

I λI(z), and from the active constraints
AIg(z) = bI , we obtain (as shown in part (1)):

λI(z) = (AIA
⊤
I )

+(AIz − bI). (57)

Substituting:

g(z) = z −A⊤
I (AIA

⊤
I )

+(AIz − bI)

= z −A⊤
I (AIA

⊤
I )

+AIz +A⊤
I (AIA

⊤
I )

+bI

=
[
I −A⊤

I (AIA
⊤
I )

+AI
]
z +A⊤

I (AIA
⊤
I )

+bI .
(58)

Setting PI = I − A⊤
I (AIA

⊤
I )

+AI and cI =
A⊤

I (AIA
⊤
I )

+bI , we have

g(z) = PIz + cI ∀z ∈ RI . (59)

Since PI and cI depend only on AI and bI (which are fixed
for the region RI), both are constant on RI . Therefore, g is
affine on RI .

(3): Consider two distinct regions RI and RJ with I ̸= J .
The boundary between these regions consists of points z
where at least one of the defining inequalities of RI or RJ
becomes an equality. This occurs when:

1. A multiplier becomes zero: λi(z) = 0 for some i ∈
I ∩ J , or

2. A constraint becomes active or inactive: (Ag(z))j =
bj for some j where the active status changes between
I and J .

For case (a): By (54), λI(z) is an affine function of z within
the closure of RI (since the Moore-Penrose pseudoinverse
is a linear operator). The set {λi(z) = 0} for a specific
i ∈ I is therefore a hyperplane in Rn, which has Lebesgue
measure zero.

For case (b): Consider an inactive constraint index j /∈ I.
Within region RI , we have g(z) = PIz + cI , so:

(Ag(z))j = AjPIz +AjcI , (60)

which is an affine function of z. The level set {z ∈ RI :
(Ag(z))j = bj} is therefore the intersection of a hyperplane
with the polyhedral region RI , which is at most (n − 1)-
dimensional and hence has measure zero.
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The complete level set {z ∈ Rn : (Ag(z))j = bj} is the
union over all regions:

{z : (Ag(z))j = bj} =⋃
I
({z : AjPIz +AjcI = bj} ∩RI)

(61)

Since this is a finite union of sets, each of which is at most
(n− 1)-dimensional, the entire level set is at most (n− 1)-
dimensional and has Lebesgue measure zero in Rn.

H.6. Proof of Theorem 4.4

Proof. We first derive the explicit form of the Jacobian
before proving it is an orthogonal projection matrix. Lastly,
we establish the stated spectral properties.

The optimization problem defining g(z) can be written as

g(z) = argmin
y∈C

{
1

2
∥y∥2 − ⟨z, y⟩

}
. (62)

The Lagrangian associated with (8) is as follows:

L(y, λ) = 1

2
∥y∥22 − z⊤y + λ⊤(Ay − b), (63)

where λ ∈ Rm are the Lagrange multipliers. Since h(y) =
1
2∥y∥

2
2 is 1-strongly convex and C is a nonempty closed

convex set, by Step 1 in Theorem 4.1, the minimizer g(z) is
unique. Additionally, the KKT conditions are necessary and
sufficient for optimality. Therefore, there exists a unique
pair (g(z), λ(z)) ∈ Rn×Rm satisfying the KKT conditions.

By the complementarity slackness KKT condition, we have
λi(z) > 0 if and only if the constraint is active, i.e.,
(Ag(z))i = bi so i ∈ A(z). Therefore, λi(z) = 0 for
all i /∈ A(z).

From the stationarity KKT condition, we have

g(z) = z −A⊤λ(z). (64)

Since λi(z) = 0 for i /∈ A(z), we can write A⊤λ(z) =
A⊤

AλA(z), where λA(z) ∈ R|A| only contains Lagrange
multipliers indexed by the active constraint set.

For the active constraints, we have (Ag(z))i = bi for all
i ∈ A(z). In matrix form:

AAg(z) = bA, (65)

where bA ∈ R|A| contains the components of b indexed by
A(z).

Substituting (64) into (65):

AAz −AAA
⊤
AλA(z) = bA. (66)

Using the Moore-Penrose pseudoinverse (AAA
⊤
A)

+, we
obtain the least-norm solution:

λA(z) = (AAA
⊤
A)

+(AAz − bA). (67)

Substituting (67) into (64):

g(z) = z −A⊤
A(AAA

⊤
A)

+(AAz − bA)

= z −A⊤
A(AAA

⊤
A)

+AAz +A⊤
A(AAA

⊤
A)

+bA

=
[
I −A⊤

A(AAA
⊤
A)

+AA
]
z +A⊤

A(AAA
⊤
A)

+bA.
(68)

From (68), we observe that the formula for g(z) depends on
the active set A(z). By Theorem 4.3(1)-(2), the domain Rn

is partitioned into polyhedral regions where the active set is
constant, and within each such region g is affine. Therefore,
at points in the interior of these regions, g is differentiable
with Jacobian

Dg(z) = I −A⊤
A(AAA

⊤
A)

+AA. (69)

Note this is the standard formula for the orthogonal projec-
tion onto ker(AA) using the Moore-Penrose pseudoinverse.
Since P = Dg(z) is a symmetric projection matrix, all
eigenvalues belong to {0, 1}: for any eigenvalue λ with
eigenvector v ̸= 0, we have λ2v = P 2v = Pv = λv, so
λ(λ− 1) = 0.

Additionally, since Pv ∈ ker(AA) for all v, we have
AA(Pv) = 0, which means Dg(z) · v lies in the tangent
space to the constraint surface at g(z). Geometrically, the
tangent space at g(z) is precisely ker(AA), since a direction
d is tangent to C at g(z) if and only if ⟨ai, d⟩ = 0 for all
active constraint normals a⊤i (the rows of AA). Therefore,
the Jacobian completely suppresses the component of any
vector that is normal to the active constraint surface.
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