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Abstract

We study the approximation and statistical complexity of learning collections of operators in a shared
multi-task setting, with a focus on the Multiple Neural Operators (MNO) architecture. For broad classes
of Lipschitz multiple operator maps, we derive near-optimal upper bounds for approximation and statis-
tical generalization. On the lower-bound side, we establish a curse of parametric complexity and prove
corresponding minimax rates. Together, these results show that shared representations across tasks do not
increase the overall cost: multi-task operator learning follows the same scaling laws as single operator
learning. We also compare MNO with a multi-task extension of DeepONet based on concatenated task
inputs and show that, from a worst-case approximation-complexity perspective, both architectures satisfy
essentially the same asymptotic rates.
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1 Introduction

We study the problem of learning collections of operators in a shared multi-task setting, referred to as multi-
operator learning or multi-task operator learning [43,44,46,/47]]. The goal is to approximate multiple operator
maps, that is, maps of the form

G:W —{Gla] : U = V}aew,

within a single neural network model. Here, W, U,V are function spaces, « € W identifies the operator or
task, and for each fixed «, the corresponding map G[a] sends an input function u € U to an output in V.
This viewpoint extends the standard operator-learning problem [23}36]], in which one seeks to approximate a
single operator between function spaces. It also arises naturally in a wide variety of applications, including
parameterized kernel operators, solution operators of parameterized PDEs, and task-conditioned operator fam-
ilies or foundation models; see [46, Section 2] for a broader discussion. Learning such maps is particularly
challenging for several reasons. First, multiple operator/multi-task learning is “‘effectively higher-dimensional”
than standard operator learning. Second, the dependence on the operator descriptor «, the input function u, and
the evaluation variable = may all be highly nonlinear. Third, these variables play different roles in the problem,
and this structure should be taken into account in the design of the learning mechanism.

Given their expressivity and flexibility, neural networks are a natural approximation class in this setting.
However, the associated architectural search problem remains a central challenge. Specifically, one seeks
network structures that are empirically effective while also admitting theoretical guarantees. A natural way to
quantify such guarantees is through their scaling laws. These describe how a target error metric, for instance
approximation accuracy or generalization error, depends on a notion of complexity, such as architectural size,
sparsity, or the number of training samples. In this sense, scaling laws relate achievable performance to the
resources available for learning.



A recent architecture addressing both empirical performance and theoretical guarantees is the Multiple
Neural Operators (MNO) architecture [46,/47]. Concretely, for Lipschitz multiple operator maps G, it was
shown in [47]] that for every target accuracy € > 0, there exists a MNO with explicit e-dependent bounds on
the depth, width, sparsity, and parameter magnitude (see Table [3) satisfying | MNO — G|| < e. In particular,
these constructive bounds imply an estimate of the form

_.—1/d

N4(MNO) < ¢ :

where N denotes the total number of nonzero parameters and d > 0 depends on the underlying function
classes. These approximation-theoretic bounds were then used in [46| to derive statistical learning rates. In
particular, one obtains a generalization bound scaling as

log log ng, —2/d
log log log ng, ’

where n,, denotes the number of sampled operators G|[a] used during training. To the best of our knowledge,
these rates were the first of their kind for multiple operator learning. However, they also exhibit an additional
exponential blow-up relative to the corresponding rates in standard operator learning (see Table|[I)), raising the
possibility that multiple operator learning may be intrinsically more complex and might suffer from a specific
curse of parametric complexity.

In this paper, we demonstrate that the complexity of multi-task operator learning matches the qualitative
exponential rates one expects for single-task operator learning. Specifically, our first main result is a substantial
improvement of the previously known approximation and generalization scaling laws for multi-task learning
using MNO. In particular, we show that the additional constructive blow-up is not intrinsic: one can derive
complexity upper bounds for MNO that match the scale of the corresponding operator-learning rates. This
immediately yields a stronger bound in the statistical learning rates. Our second main contribution is a lower-
bound theory for multiple operator learning. We prove lower complexity bounds for broad classes of Lipschitz
and differentiable multiple operator maps, showing that the upper bounds obtained in this work are close to
sharp and that some form of parametric complexity barrier is indeed unavoidable. Lastly, we show that the
same minimax scaling laws also apply to alternative architectural approaches to multiple operator learning. In
this way, the paper clarifies which aspects of the previously observed complexity growth are artifacts of the
constructive analysis and which reflect intrinsic barriers of the target class.

1.1 Main Contributions

Our main contributions are summarized as follows.

1. Near-optimal constructive approximation rates for MNO We derive near-optimal approximation-
theoretic upper bounds for MNO on classes of Lipschitz multiple operator maps in Theorem [3.1] The
rates are obtained through a refined error analysis of the constructive approximation scheme. In partic-
ular, for every target accuracy £ > 0, we construct a MNO approximator with uniform error at most
¢ and with explicit e-dependent bounds on the depth, width, sparsity, and parameter magnitude of its
subnetworks. The precise scalings are given in Table [3] The resulting total approximation complexity
satisfies

Ny Sexp (d log(e 1) e~ max{dW’dU}> ,

where dyy, dy denote the dimension of the domain of functions in W, U respectively and d > 0 depends
on U and W. Inverting the relationship, we obtain the following scaling of error ¢ as a function of Ny.:

-1 x{dw ,d
_ log Ny / max{dw ,du } '
~ \log log Ny

These rates are of iterated exponential-type, qualitatively matching the known rates for operator learning
[15,24126L31137,38.42].



2. Refined statistical learning rates for MNO We show that the refined approximation-theoretic bounds
propagate directly to the statistical setting. More precisely, by combining the refined approximation
construction with the generalization framework of [46], we obtain stronger learning rates for MNO on
Lipschitz multiple operator maps in Theorem[3.4] In particular, the resulting generalization bound scales

as
10g 1g, —2/ max{dw ,du}
log log ng,

)

thus improving the previously known rates and reducing them to the corresponding operator-learning
scale.

3. Lower complexity bounds for multiple operator learning We extend the lower-complexity frame-
work of [26] to the multiple operator setting. We introduce the notion of multiple operator maps of
neural network type adapted to separable architectures such as MNO. As a consequence, in Theorem [3.§]
and Lemma [3.10] we obtain lower complexity bounds for broad classes of Lipschitz and differentiable
multiple operator maps, proving the same curse of parametric complexity as in operator learning for the
multiple operator case. Specifically, we show that there exists a multiple operator map G so that for any
suitable neural network NN satisfying || NN —G|| < ¢, we have

Ny (NN) > exp (csfl/’?)

where 1 depends on G, W and U.

4. Minimax approximation-complexity rates for multiple operator learning Adapting the lower bounds
to the precise setting of the improved constructive upper bounds, in Theorem [3.19] we derive minimax
approximation-complexity rates for MNO on the Lipschitz class H. In particular, for the worst-case
approximation complexity €(e; ), we obtain bounds of the form

exp (cs_l/”) SE(e;H) Sexp (dlog(s_l) e ma"{dW’dU}> ,

showing that the upper bounds obtained in this work are close to sharp at the level of the overall expo-
nential complexity regime.

5. Comparison with a concatenated DeepONet baseline. We analyze an alternative multiple operator
architecture obtained by concatenating the operator descriptor and the input function, and prove corre-
sponding upper and lower complexity bounds for this model in Theorem [3.29] In particular, we show
that this concatenated DeepONet-type baseline obeys essentially the same minimax approximation-
complexity scaling as MNO. Thus, from the viewpoint of worst-case approximation complexity, the
present theory does not separate the two architectures, even though MNO exhibits markedly stronger
empirical performance in previously reported experiments [47]].

1.2 Related Works

Multi-task and multiple operator learning There are at least two broad motivations for learning opera-
tor families rather than isolated operators. In some applications, the problem itself is naturally described by
a collection of related operators, for instance through variations in physical parameters, geometry, boundary
conditions, or governing equations. In other settings, learning several operators jointly is primarily a mod-
eling strategy: by sharing structure across tasks, one may improve data efficiency, robustness, and transfer.
These perspectives have motivated a growing recent literature on multiple operator learning and closely related
frameworks; see, for example, [2,4}/14},/18L|33}34,391|43]/45-52}55]].

At a coarse level, two modeling paradigms are common. One option is to train separate operator learners
independently, one for each task or operator instance. Another is to regard the target as a parameterized family
{G]a]}, where a discrete or continuous descriptor « specifies the operator identity. The former viewpoint
avoids introducing an explicit operator descriptor, but is correspondingly limited in its ability to exploit shared
structure and to extrapolate to unseen operators. The latter instead augments operator learning with an explicit
encoding of operator information [32|/34,40,43/46,47,49], such as a task label, symbolic expression, governing



equation, or textual description. This conditioning mechanism has become central in recent work on PDE
foundation models and task-adaptive operator learning, where it often improves transfer and enables zero-shot
or out-of-distribution generalization without retraining.

Theoretical analyses of approximation and statistical generalization. A basic theoretical question in op-
erator learning is expressivity: can a given architecture approximate large classes of operators, and under what
assumptions? Early foundational work on neural network approximation of maps between spaces of scalar-
valued functions was developed in [7,/8]]. Since then, universal approximation and related expressivity results
have been established for a range of operator-learning architectures, including DeepONet [25}31]], the Fourier
Neural Operator [20], and PCA-Net [3]]. Further developments concerning operator approximation, the effect
of discretization, and architectural refinements may be found in [5}/6L[16}/17,21153}/56].

A second line of work seeks to also quantify how approximation and learning performance scale with avail-
able resources. In this direction, scaling laws relate error to quantities such as model complexity, data size, and
computational budget, and thereby provide a theoretical basis for performance prediction and generalization
analysis [19]. They offer a principled way to compare the efficiency of different architectures by quantifying
the amount of complexity required to attain a prescribed error level. Also, when constructive upper bounds
are compared with lower bounds, they help separate inefficiencies of a particular architecture or proof strategy
from barriers that are intrinsic to the target class itself. This distinction is especially important in multiple
operator learning, where complexity may arise both from the structure of the multiple operator class and from
the chosen architecture.

In the standard operator-learning setting, both empirical and theoretical analyses of scaling behavior have
received significant attention. On the empirical side, [[10] studies cost—accuracy trade-offs across neural op-
erator architectures and highlights the role of both network size and sampling budget. On the theoretical
side, approximation scaling laws and complexity estimates for deep ReLU networks, DeepONet, and related
operator-learning architectures have been developed in [[12}|1524-26,31,37,38.42]]. The precise form of these
scaling laws depends on several ingredients, including the target class of operators, the regularity and geome-
try of the input and output spaces, and the model class used for approximation. Existing theoretical results in
operator learning can be organized, very broadly, into the categories shown in Table [T}

Setting Neural architecture Complexity bound Representative
references

Lipschitz operators (upper bounds)  DeepONet exp (c log(e~1 )E*d) [31]

Lipschitz/Differentiable operators DeepONet, FNO, PCANet, etc. exp (csfd) [26]

(lower bounds)

Lipschitz operators with non- DeepONet g4 [42]

standard architectures

Holomorphic operators DeepONet substantially im- [[150)38]
proved rates

PDE operators (problem-specific DeepONet, FNO, PCANet, etc. problem-dependent [[24-26,(37]]

analyses)

Table 1: Schematic overview of representative scaling-law regimes in operator learning. The precise exponents, assump-
tions, and architecture classes vary across settings.

Statistical guarantees have also become an active topic of study. For DeepONet-type models, [31]] derives
generalization bounds of the form
log 14, —1/d
<log log ny, ) ’

for some d > 0, with n,, denoting the number of sampled input functions available during training. Closely
related statistical rates for DeepONet and related models are obtained in [27},/30,31]. Complementary sample-
complexity analyses for operator learning are developed in [|1,/13,22]]. By contrast, the corresponding theory in
multiple operator learning remains much less developed. Empirical evidence on multi-task and operator-family



learning can be found in [[18,44]. For the Multiple Neural Operators architecture, universal approximation re-
sults and the first explicit approximation scaling laws were established in [47]], and the corresponding statistical
generalization rates were derived in [46]]. The present paper builds on this line by substantially improving these
complexity estimates and by complementing them with lower bounds and minimax approximation-complexity
rates. The theoretical framework transfers to other neural operator frameworks that are built from [8]].

Organization of the paper. The remainder of the paper is organized as follows. In Section [2| we introduce
the assumptions and the mathematical framework used throughout the paper. Section [3] presents the main
results of the paper. Proofs of all results are collected in the

2 Background

In this section, we review the mathematical framework underlying our analysis. We begin by introducing the
general notation and collecting the assumptions on the function spaces, target multiple operator maps, and
product norms used throughout the paper. We then summarize the existing approximation and generalization
scaling laws for MNO, which serve as a benchmark for our improved upper bounds. Finally, we recall the
lower-complexity framework from operator learning on which our lower-bound analysis is based.

2.1 General Notation

Throughout the paper, we take N = {1,2,3, ... }. For operators T : U — V, we define the norm
[T ]|op := sup [[T'(u)[[v-
uelU

We write 24 for the domain of functions in the function set A. We denote the ball centered at x with radius
d with respect to the norm || - || as By . (z). When the norm is omitted, the norm is understood to be the
¢?/Euclidean norm. When considering balls of functions mapping from 24 into R, we write Bs 1,04 (). We
denote by ev the evaluation operator; for instance, ev,(f) = f(x) for a function f and a point z in its domain.
For a neural network ®, we write N4 (®) for the total number of nonzero parameters of &, that is, the total
number of nonzero entries in all weight matrices and bias vectors. We use < in scaling discussions to indicate
the dominant asymptotic order, possibly suppressing multiplicative constants and lower-order terms. Lastly,
we recall the definition of covering numbers.

Definition 2.1 (Covering Number). Let (X, d) be a metric space and let ) > 0. A finite subset C C X is called
a n-cover of X if for every x € X, there exists c € C such that

d(z,c) <.
The covering number of X at scale 1) with respect to the metric d is defined as

N(n,X,d):=min{|C| : C C X is an-coverof X}.

2.2 Assumptions
Assumptions 1. We make the following assumption on our spaces.
S.1 The space U(dy,yu, Ly, fv) is a function set such that

(a) any function u € U is defined on Qp := [—yy, 7]
(b) for all functions v € U and x,y € €y, we have

lu(z) —u(y)| < Lulz —yl;
(c) for all functions u € U, we have ||ul|~ < By.

The space defined in Assumption [S.1]yields a general approximation class for approximation theory.



Assumptions 2. We make the following assumptions on our multiple operator map G.

0.1 Assume that W (dw,yw, Lw, Bw), U(dv,~w, Lu, Bu) and V (dy,vyv, Ly, fv) satisfy Assumption
[S.1] For Lg > 1, rg > 1, a multiple operator map is a function G such that

G: BﬁWyH'”LOO:QW(O) =G

where § = {G[a]|G[a] : By e .,0 (0) = Veand ||Gla][u1] — Gla][ug]||re(oy,) < Lgllur —
UQHLTQ(QU)}
0.2 For r¢ > 1, the multiple operator map G satisfies
1Glaa] = GlaalllLe By, 1, e 0y @xay) < Lalloa = azllura @y

for ay, a2 € Bg, 1|00 2w (0)-

Assumptions [0.1] and [0.2] reflect minimal Lipschitz regularity assumptions on multiple operator maps
required for our approximation-theoretical results.

Assumptions 3. We make the following assumptions on our product norm.

N.1 For Banach spaces X and Y, we equip X x Y with a norm || - || xxy satisfying ||(z,y)|xxy >
Chprod max{||z||x, ||y||y } for some Cproqa > 0.
N.2 For Banach spaces X and Y, we equip X x Y with a norm || - ||xxy satisfying ||(z,y)||xxy <

Chproda max{||z||x, ||y||y } for some Cproq > 0.

N.3 For Banach spaces X and Y, we equip X X Y with a norm || - || xxy satisfying ||(x,0)||xxy = ||z]|x
and [[(0,y)[|xxy = [lylly-

The following product Banach space norms satisfy all Assumptions and I(z,9)|lxxy =
(lll% + llyll5-) /P with p > Lor [|(z,y)[lx <y = max{|lz|x, [yly}-

2.3 Complexity Scaling Laws for Multiple Operator Learning

We begin by introducing the class of neural networks used throughout our analysis. This class covers a wide
range of architectures, is widely used [28-31,|54], and will serve as the basic building block for all of our
constructions.

Definition 2.2 (Feedforward ReLU Network Class). Let ¢ : R® — R be a feedforward ReLU network defined
as

€)) q(x) =W -ReLU (Wpr_1---ReLUWix +b1) + - -+ br—1) + b,

where Wy are weight matrices, by are bias vectors, and ReLU(a) = max{a, 0} is applied element-wise.
We define the class of such feedforward networks with ReLU activations:

each qi, : R™ — R has the above form with
L layers, width bounded by p,
gkl < R, [Wellooco < 5, lbrlloo <5, 7

S (IWello + Ilbello) < K

Fan(di,do, Lp, K, 6, R) = $ [q1,02, .., qa,] | € RP

where

>

* [lgllLe = sup,eq lq(x)

* [Welloo,co = max; ; |[Welsj

>

* llbelloo = max; [[beil,



* || - ||o denotes the number of nonzero elements.

This network class consists of vector-valued functions with input dimension di, output dimension da, depth L,
width at most p, at most K nonzero parameters, all bounded in magnitude by k, and uniformly bounded output
norm by R.

To approximate multiple operator maps, the following MNO architecture was introduced in [47]]. This
architecture has proven effective in practice while remaining mathematically tractable.

Definition 2.3 (MNO Architecture). Let P, H € N. We define a MNO to be a map of the form
MNO[][u)(x) =Y >~ 1p(Muw(a)) by (Mo () T (),

where oo € W, u € U, x € Qy, the functions 1y, by, and 7, are chosen from suitable neural-network classes
FnN, and My = W — R™ and My : U — R are linear maps.

The architecture above fits into the broader fully separable family

P H N

) S YD Ok lp(Mw () bp(My (w) 7o), Opie € R.
p=1 k=1 (=1

This more general form is convenient for analysis, and the original MNO architecture is recovered by a direct
relabelling of indices or by grouping terms into suitably chosen subnetworks.

A first fundamental question is the expressive capacity of the MNO architecture. In [47]], both a univer-
sal approximation theorem for continuous multiple operator maps and quantitative scaling laws for Lipschitz
multiple operator maps satisfying Assumptions and were established. In particular, for the latter
class, [47, Theorem 3.16] shows that for every target accuracy € > 0, there exists a network NN of the form
(2) such that

sup sup sup |Ga][u](z) — NN[a][u](2)] < e,
aceW uel zeQy
with architectural scalings summarized in Table 3] These scalings imply the following total parameter count
and, equivalently, the following approximation rate expressed in terms of the total number of nonzero parame-
ters Nu:
Ny < e W = < <log log Ny )1/dW .
logloglog Ny

In Section [3.1] we show that a different organization of the approximation argument leads to substantially
improved rates.

2.4 Generalization Scaling Laws for Multiple Operator Learning

Beyond approximation capabilities, a second fundamental question in learning concerns generalization, namely,
how well an algorithm trained on a given dataset performs on previously unseen samples. We next introduce
the learning setup in [46] that is used to train a network of the form (2).

Given a function f : R — R and a constant a > (0, we denote by

Clip,(f) := min{max(f, —a),a}

the clipping operation onto the interval [—a, a]. This map can be realized using only affine transformations and
ReLU activations. In particular, it belongs to the class Fyn(1, 1,2, 1,6, 2a, a).

For the study of generalization, it is convenient to work with a clipped version of the network class (2).
This does not impose a significant restriction in our setting: indeed, the approximation results recalled above
produce approximating networks with uniformly bounded outputs, so clipping at a sufficiently large level does
not alter the constructions. Moreover, in practical implementations, network outputs are typically bounded as
well, either explicitly or through the scale of the training data and targets.



Definition 2.4 (Clipped Multiple Operator Network Class). Let F; for 1 < i < 3 be network classes defined in
Deﬁnition Fora,I >0, P,H,N € N and fixed sampling points {ys}gi”l’ C Qw and {CS}ZZ{ we define
Clo (I, F1, Fa, F3,{ys}, {cs}, P, H, N), the set of a-clipped multiple operator networks, as
Cla(Iafla‘FQaffiv {ys}a {Cs}v P) H7 N)
P H N

= Clip, [ DD Oprelp(@)bp(w) () | | Opre € [~1,1), 7 € Fu, by € Fo, I, € T
p=1k=1 /(=1

where o = (a(y1), (y2), -, &(Une,,, )) T and w = (u(c1), u(ca), - ulen,,)) -
The following definition specifies the probabilistic framework used to model the training data. In the
multiple operator setting, observations are generated through a hierarchical sampling procedure: one first draws

parameter instances «, then draws input functions wu, and finally samples evaluation points z where noisy
measurements of the output G[a/][u] are taken.

Definition 2.5 (Training Set). Let G : W +— {G[a] : U — V'} be a multiple operator map. Let ji, be a
probability measure on W, p,, a probability measure on U, and i, a probability measure on Qy. Given fixed
sampling points {ys}:i"f C Qw and {CS}Z;[{ C Qu, we define the training set:

S fyetfes) = {Ofe, {U'Zia {(xﬂij7w€ij)}?il}nu }na

i=1J ¢=1
where
id
© ap~ i and oy = (ag(yl), .. ,ozg(yncw)) € R"w ;
iid
® Uy; " Uy and Uyp; = (U[i(Cl), ... ,Ugi(CnCU)) € R"vu;

iid
* Zyij ~ [z drawn from Qy;

* we; = Gloy)lue](xij) + Cuij. where (yij are ii.d. sub-Gaussian noise variables with mean 0 and
variance proxy o>.

For a given training set Sg 1y} {c,}» We introduce the corresponding learned operator below. More pre-
cisely, this is a neural network selected from the class Cl, (I, Fi1, Fa, F3,{ys},{cs}, P, H, N) by minimizing
the empirical L2-loss over the observed data.

Definition 2.6 (Trained Operator). Let F; for 1 < i < 3 be network classes defined in Definition 2.2] Let
G : W — {Gla] : U — V} be a multiple operator map. Let p,, be a probability measure on W, p, a
probability measure on U, and i, a probability measure on Qy,. Given fixed sampling points {ys}:;"f C Qw
and {CS}Z;Ul C Qu, let Sg (y.1,{c,} be the training set defined in Definition For a,I > 0, the trained
a-clipped operator Gy 1 F, F, ;.5 is defined as

Na Ny Ng

. 1
Ga1, 71,7273, = argmin D> (NNJou [weil (weij) — weig)?
NN€eCla(1,F1,F2,F3,{ys}{cs},P.H,N) Maltulle {53577 7

Next, we define the expected generalization error associated with the learned operator. This quantity evalu-
ates the performance of G, 1 7, 7, 7, 5 after averaging both over the randomness of the training set S and over
previously unseen test samples (a, u, z). In this way, it captures how well a model trained on one realization
of the data transfers to new observations.

Definition 2.7 (Expected Generalization Error). Let F; for 1 <1 < 3 be network classes defined in Definition
Let G : W — {Gla] : U — V'} be a map. Let 1, be a probability measure on W, p,, a probability
measure on U, and i, a probability measure on Qy,. Let {yS}Z;Vf C Qw and {cS}Z;Ul C Qu be fixed sampling
points. We define the expected generalization error as

1 & 2
B e o) Bt B By yre yoms | =D (Gt 72,7, 7 sled][ml (w5) — Glal[ul(a))?
j=1
test sampling ~

empirical approximation of the squared L2 (y1;) error

where Eg, (vs}.(cs} denotes the expectation over the full training dataset Sg {y.} {c,}-

8



We now state the main scaling law for the expected generalization error [46, Theorem 3.5 and Corollary
3.8] for MNOs approximating multiple operator maps satisfying Assumptions [0.1] and [0.2] To this end, let
€ > 0 be a target approximation accuracy and consider the hypothesis class

Cla(lafla‘}—??]:?n{ys}a{CS}apa Ha N)a

where the architectural parameters of JF; are chosen according to the e-dependent scalings provided by the
approximation theory (i.e. [47, Theorem 3.16]), so that the class contains an e-accurate approximation of G.
Also, let 7 > 0 be the covering radius used to estimate the size of this class through the metric entropy

1OgN(na Cla(Iv‘Fl"F?af?n{yS}v {CS}7P7 H, N)v H ’ HLOQ(WXUXQV))'

Then, we obtain the following approximation—estimation tradeoff, relating the target accuracy, the architectural
complexity, and the sampling budgets (14, 1y, 1z

1 &

2
ESa (a1 ooy Barpa Bunp, E{xj}"z gre | Z (Ga,1,71,7.73,5[[u](z;) — Glo][u](z;))

j=1"Hz
T =1

< 4g? + (80 + 6)

8o
o (N (1. Cla(l, £1 P P s e PN v ) + 1082

1602
d (log (N (n, Cla(1, F1, Fo, F3,{ys}, {cs}, PLH,N), || - [Lee(wxvxay))) +108(2))

NNy Ty

11232
nIBV log (N (77/(4BV)7CIG(17*F17‘F27F37 {ys},{cs},P, H, N), H ’ ”L°°(W><U><QV)))

(07

_l’_

where a = (a(y1), @(y2), -.; &(Yn,,, )T andu = (u(cr),u(cs), ..., u(cn,, )) ' Estimating the metric entropy
as a function of ¢, picking

1

log 1 Taw

e [ 2808Na ) W and n = 4Bynt,
logloglogn,,

the above reduces to the learning rate:

LN (Curr o sledlul(ay) — Glolful(a,)?

j=1

ES6 tuer. o) Barpia Bup, E{wj}?ilwé?"f

2
loglogn Tdw
— O g g o .
log log log n,
In Section [3.1] we show that our improved approximation-theoretic rates lead, in the same way, to a corre-
sponding improvement in the learning rate, reducing it to the rate dictated by operator learning.

2.5 Lower Complexity Bounds in Operator Learning

We now recall the operator-learning lower-complexity framework from [26]], which will serve as the starting
point for our lower-bound analysis in the multiple operator setting.

We begin by introducing the notion of an infinite-dimensional cube [9}/11,26]]. These cubes provide a way
to describe intrinsic geometric features of compact sets in infinite-dimensional spaces, and thereby furnish a
quantitative measure of approximation-theoretic complexity. They also arise naturally in many function classes
of interest: [26, Lemma 2.7] establishes their existence for suitable compact classes of differentiable functions,
while Lemma [3.13|proves the same for the bounded Lipschitz classes considered in this paper.

Definition 2.8 (Infinite-dimensional Cube). Let X be a Banach space and let e1,ea,--- € X be a sequence
of linearly independent elements so that ||e;||x = 1 for all j € N. Given constants A > 0 and n > 1, we say
that a set K C X contains an infinite-dimensional cube Q,, = Q,, (A;{e;}jen) if the following two conditions
hold:



1. K contains every element of the form

o
u:AZj_”yjej, y;j €10,1] forall j € N.
j=1

2. The family {e;}jen admits a bounded biorthogonal sequence in the dual space X*, that is, there exist
functionals €7, e5,--- € X* such that

er(ej) =0k forallj,k €N, and |egl|x- <M  forallkeN
for some constant M > 0.

A cube as in Definition may be viewed as an infinite-dimensional coordinate system inside K, with
coefficients y; € [0, 1] that are damped by a decay rate j~"7. The associated bounded biorthogonal sequence
guarantees that these coefficients can be recovered from the embedded element, so that the cube genuinely
carries a coordinate structure. The exponent  measures the asymptotic size of this embedded cube, and will
directly control the lower-complexity bounds stated below.

The next step is to specify the class of neural approximants to which the lower-bound framework ap-
plies. This is captured by the notions of functionals and operators of neural network type, which combine a
finite-dimensional linear encoding with a ReLU network. Many operator-learning architectures encountered in
practice (e.g. DeepONet [35]], PCANet [3]]) fall within this framework, in the sense that they can be interpreted
as operators of neural network type after a suitable finite-dimensional discretization of the input. We begin by
introducing functionals of neural network type.

Definition 2.9 (Functional of Neural Network Type). We say that NN : W — R is a functional of neural
network type if

3) NNlo] = ®(Mw(«))  foralla € W
where My : W — R™ is linear, and ® is a ReLU neural network. We define the complexity of NN as

C(NN)=  min Ny ().
(NN) = min o Vi ()

We now extend this notion to operators.

Definition 2.10 (Operator of Neural Network Type). We say that NN : U — V is an operator of neural
network type if for all © € Qy,

4) ev, oNN[u| = ®,(My(u))  forallueU
where My : U — RY is linear, and @ is a ReLU neural network. We define the complexity of NN as

C(NN) = i Ny (D).
( ) xsel;zpv D, AaItg]l"yrllng @ # ( :p)

Equipped with the above geometric and representational notions, [[26, Corollary 2.12] establishes a curse of
parametric complexity for operator learning. More precisely, for every r» € N, there exists an r-times Fréchet
differentiable pathological operator GG defined on any compact set containing an infinite-dimensional cube such
that, for every operator of neural network type NN, satisfying

sup ||Gu] — NN [u]|| < e,
ueK

the complexity of NN, must obey a lower bound of the form

C(NN,) > exp (ce™?)

for suitable constants ¢, ¢ > 0. In Section [3.2] our objectives are twofold: first, we prove an analogous result
for multiple operator learning with the architecture (2); second, we deduce minimax approximation-complexity
rates for the class of Lipschitz multiple operator maps.
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3 Main Results

In this section, we present the main results of the paper (proofs are given in the[Appendix). We begin by deriv-
ing near-optimal scaling laws for both approximation and generalization. We then establish a lower complexity
bound for approximation, which in turn yields minimax complexity rates for approximating Lipschitz multiple
operator maps with MNO. Finally, we compare these minimax approximation-complexity rates with those of
the simpler concatenated DeepONet architecture, which is directly inspired by single-operator learning.

3.1 Near-Optimal Approximation Rates

The first result of this section provides the near-optimal upper bound underlying our minimax rates in Theorem
[.19] The key point is that the new construction in Theorem [3.1| reduces the upper bound on approximation
complexity in multiple operator learning to the scale of single operator learning. As explained in Section
in other words, the multiple operator structure no longer causes an additional exponential deterioration in the
number of parameters required to achieve a prescribed accuracy 0 < & < 1. The stronger bounds come
from a different organization of the error analysis. Table 2] schematically compares the nested proof strategy
of [47]] with the new one. In both constructions, the first stage is identical: one approximates the dependence
of the target multiple operator map on the variable «, which produces a representation involving on the order
of €77 terms. The distinction arises only at the second stage, in how the resulting approximation error is
aggregated. More precisely, in the nested argument, the second-stage error accumulates term by term over the
first-stage representation. Hence, if the second-stage approximation error for each term is bounded by 9, the
total contribution is controlled by

To ensure that this remains of order ¢, one must therefore choose
e85 < ¢, that s, § =< et

Thus the second-stage approximation must be carried out at a much smaller accuracy than the final target,
which is precisely the source of the complexity inflation.
In the present construction, the second-stage error instead appears with coefficients ¢, and takes the form

e e~
> 0,6=6) 0,
p=1 p=1

The key point is that the coefficients are constructed so as to form a partition of unity, that is Z;:l 6, ~ 1 with
a controllable error. Hence the total second-stage contribution is simply of order J, rather than ¢~74. To keep
the global error of order ¢, it is therefore enough to choose

0 x<e.

This implies that the second-stage approximation no longer suffers an additional amplification through the
number of first-stage terms. This is the key mechanism behind the improved rates proved below.

The terms nested and parallel describe the interaction between the two approximation stages. In the nested
case, the Stage 1 representation propagates into the Stage 2 error estimate and forces a smaller Stage 2 toler-
ance. In the parallel case, the Stage 2 error estimate is decoupled from the number of Stage 1 terms, so its
required accuracy remains at the scale of the final target error.
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Nested strategy Parallel strategy
Stage 1 output e~ 7 terms e~ terms with coefficients ¢,
e~ e~ e~
Stage 2 error contribution ) Z 0,0 =0 Z Op
p= p=1 p=1
e~
Coefficient structure no partition of unity approximate partition of unity, Z 0, ~ 1
p=1
Total Stage 2 error e 79 1)
Condition for global error < ¢ | e 7§ < ¢ d=e
Required Stage 2 accuracy §=ertt d=e
Effect on complexity amplification of Stage 2 no amplification through the number of
terms

Table 2: Schematic comparison of how the second-stage approximation error enters in the nested construction of [47]]
and in the parallel construction introduced in Theorem In the nested case, the Stage 2 error accumulates over £~
terms, forcing the per-term accuracy to be of order £ in order to maintain a global error of order . In the parallel case,
the coefficients form an approximate partition of unity, so that the Stage 2 error factors as § » 0 = 0, and it therefore
suffices to choose § < ¢.

Theorem 3.1 (Scaling Laws for Multiple Operator Learning with the General Separable Architecture). Con-
sider integers dyy, dir, dy > 0,

7W77Ua7V76W76U7BV7LW7LU7LV7LG7LQ >0 and rg,rg >1

and assume that W (dw ,yw, Lw, Bw ), U(dv, v, Lu, Bv) and V (dy,~vv, Ly, Bv) satisfy Assumption
Let G be a map satisfying Assumptions 0.1 and There exist constants

e C depending on ~yy, Ly
» (' depending on By, Lg, vu, rg

* Cy depending on Lg, vy, rg, Ly

C" depending on By, L, Yw, Ta
* C¢ depending on Lg, yw, 7a, Lw
such that the following holds. For € > 0 sufficiently small,

e let N := 4C+/dye~ ' and consider the network class Fi = Fnn(dy, 1, Ly, p1, K1, k1, R1) whose
parameters scale as

Ly = O (di logdy + di,(log(e™") + 2l0g(2))),  p1 = O(1),
K1 = O (di logdy + di (log(e™') + 210g(2))) , K1 = O(d?/"/ﬂlaf(d"ﬂ)22(dV+1)),
R =1

where the constants hidden in O depend on vy and Ly ;
* let 0y = Cye/2 and let {cz}?:q{ C Q be points so that {Bs,, (cz)}?g{ is a cover of Qi for some 1, ;

e let H := 8C' nCUs_l and consider the network class Fa := FnN(ney, 1, Lo, p2, Ko, ko, Ra) with
parameters scaling as

L,=0 (an log(ne, ) + (ngU [log(e™1) + 3log(2)]) , p2 = O(1),
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Ky=0 ( - log(ne,) + n? ,[log(e™ D+ 3log(2)]),

Ky = (’)(n?{}’/2+15_(”CU+1)23(”CU+1)), Ry =1

where the constants hidden in O depend on By, Lg, Vi, rg;
o let ¢ := Cee/2 and let {yy } ¥, C Qu be points so that {B:(ym )}, is a cover of Quy for some ney,

o let P = 20", ey e L and consider the network class F3 = FNN(Ney, 1, L3, p3, K3, k3, R3) whose
parameters scale as

Ly =0 (n e log(neyy ) + gy, (log(e™1) +2log(2))) . p3 = O(1),
K3 = O (ng,, log(ne, ) +ng,, (log(e™") + 210g(2))) ,

K = O(n;l;w/2+122(ncW+1)€—nCW—1)’ Ry=1
where the constants hidden in O depend on By, La, yw, rq-
Then, there exists:
o networks {7}V < Fy, {5V < Fy and {35 C Fs
* functions {uk}kHzlcU C Bpy ||-|lp00 .00 (0) and {Oép}zla):iw C By |l o 2w (0)

* points {vg}é\/:dlv C Qy

such that
pP"ew H"eU NV
3) sup sup sup |Gla Glop][ug](ve)lp ()b (w) ()| < €
aeW uel zeQy p—1 N
where u = (u(cy),u(c2), . .. ,u(chU))T and o = (a(y1), - . - ,a(ynCW))T.

Remark 3.2 (Total Number of Parameters for Multiple Operator Learning with the General Separable Architec-
ture). Let NN, be a network that satisfies (5). We want to estimate ||©||o + K1 N + Ky H"v + K3Pmew >
N4 (NN.) where ©g = {epkﬁ}p iV,: IﬂCUl NV

First, we note that the computation in Remark applies to our case (with n.,, = 0 and dy = 0 since
we considered W x {0} = W) to compute K1 N dv 1 Ky H"v . Indeed, the scalings of 7 and F3 only differ
by constants between Theorem [3.1] and Proposition[3.23] Specifically, we therefore have

©) H™ e~ and KN 4 KpH"v S e

for some d > 0 depending on dys.
Next, by [31, Lemma 2], we have that n.,, < ¢ —dw < c=dw  We estimate

ne —2dyy —1 w241\ Y o gredw
7 K3P"w < (e log(e™)) (e Se

where d’ > 0 depends on dyy . Therefore, using () and (7)), we have
®) €0 < NV H"ew Prew S W T g gmdem A,
for some d” depending on dy; and dyy. Combining (6)), (7) and (8), we obtain:

1]l + K1 N + KyH"ev + [y Prew < g—d'e” " aw )

Repeating the computation in [47, Remark 3.14], we can also deduce that the approximation error ¢ scales as

foll :
ollows log N —1/ max{dw ,dy }
< [ 198V
<1og log Ny >
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# networks width depth sparsity parameter magnitude

Existing Proposed Existing Proposed Existing Proposed Existing Proposed Existing Proposed

lp =W gmeTw O(1) O(1) g—dw g~ 2w g=dw g=2w  gmeTW e
by, g W e O(1) O() e= W g2y W 2dy e e
T e W ey O(1) o(1) e=dw  log(e7l) emdw  log(e7l) e~ W g—(+dv)

Table 3: Comparison of the existing MNO constructive scalings from [47]] and the proposed scalings derived in this work.
Constants, lower-order and poly-logarithmic terms are suppressed; entries in the columns labelled Proposed correspond
to the present work.

Remark 3.3 (Distribution of Complexity across Subnetworks). We recall that the subnetworks /,,, by, and
Ty in encode, respectively, the infinite-dimensional dependence on the parameter variable «, the infinite-
dimensional dependence on the input function u, and the remaining finite-dimensional dependence on the
output variable z. Beyond the improvement in total parameter scaling (see Remark [3.2), Table [3|also reveals a
markedly different distribution of complexity across the subnetworks.

In the existing construction of [47]], the complexity is highly unbalanced: the subnetworks [, and 7, have
comparable scalings, while the subnetworks b are dramatically more complex and therefore carry the main
burden of the approximation. In this sense, the architecture is used in a strongly hierarchical manner, with the
subnetworks appearing in the second-stage approximation, namely by, and 7y, absorbing most of the complexity.
We also note that the space-approximation subnetworks 7, have the same complexity scaling as the subnetworks
l,. This appears intuitively suboptimal, since one would expect the finite-dimensional spatial approximation
step to be substantially simpler than the infinite-dimensional approximation of functional dependence.

By contrast, the proposed construction leads to a much more balanced allocation of complexity. The
subnetworks [, and b;, now have comparable scalings (both of the same general order as the previous /,, and
7¢) while the subnetworks 7, become significantly simpler. Thus, the improved rates are also reflected in the
internal organization of the architecture: rather than concentrating complexity in a single dominant block, the
new proof distributes it more evenly across the infinite- and finite-dimensional approximation components.

The next result yields substantially improved generalization scaling laws. Its proof is driven by the rates
established in Theorem [3.1} once the estimate (9) is established, the remaining step is to control the metric
entropy of the associated hypothesis class. Since this metric entropy is governed by the architectural scalings
of the network classes, the improvement in approximation complexity propagates directly to the statistical error
bound. In particular, because the new approximation theory removes the additional parametric curse specific
to multiple operator learning, the resulting learning rate is likewise reduced to the scale dictated by operator
learning.

Theorem 3.4 (Scaling Laws for the Expected Generalization Error). Let dyy, dy, dy > 0 be integers,

7W77Ua7V75W7BU76V7LW7LU7LV7LG7LQ >0 and rag,Tg >1

and assume that W (dw ,yw, Lw, Bw ), U(dv, v, Lu, Bv) and V (dy,~v, Ly, Bv) satisfy Assumption

Let G be a map satisfying Assumptions|[0.1 and
There exist constants C, Cs, C', C¢, and C", depending on the same quantities as in Theorem such

that the following holds. For any € > 0, use the latter constants to define N, 0, H, (, P, the network classes
F1,Fa, F3, and the sampling points {cm}ZCgl,, {ym};ivl as in Theoremm with ¢ replaced everywhere by
g/2.

Let a = By, I > By, Na, Ny, Nz € N, uq a probability measure on W, i, a probability measure on U,
and [, a probability measure on Qyy. Consider the clipped network class

Clo(I, Fi, Fo, Fa, {ys}, {cs}, P"ew , H"v NUW).

For n > 0, the expected generalization error is bounded as follows:

1 & 5
ESe ey tenr ot Bunpp By g ) ona - > (Gar.7 7o rssled[u](z)) — Glal[u)(z))
j=1
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< 4% + (80 + 6)
8on

i x/na7hﬂ1r\/ﬁog (N (0, Cla(T, Fr, Fa, Fa, {ysh {es}, Pew, H' v, NV, || - [|Le wxvxay))) + 10g(2)
1602 . .
TaltaTig (log (N (na Cla(Ia]:ly]:Q;]:?n {y8}7 {Cs},P CW7H (:U,Ndv)7 || . HLOO(WXUXQV))) + lOg(Q))

)]
1128

2
+ =V log (W (1/(48v), Cla(L, Fi, Fo. Fa. {ys} {es} PP, H™0 N, |- e xuxon) ))

where v = (a(yl)a OZ(QQ), ) a(yncw))—r and u = (U(Cl), U(CQ)v 23 U(CnCU))T.
Furthermore, if we pick

and  n=4Byn;",

o max{dw,dy} log ng
—\4(1

—1/ max{dw ,dy }
+ max{dw,dy}/2) loglog na>

then the expected generalization error scales as follows:

1 & 5
ESq tyey ey Bartia Bunpn By yne e " > (Gar.rForssledul(zy) — Glad[u](x;))
j=1

log na —2/ max{dw,dU}
=0 2 =
log log n,

where the constants hidden in O are independent of n,, Ny, Ny.

Remark 3.5 (Exchanging the sampling hierarchy). If one modifies the sampling procedure in Definition
by exchanging the roles of o and u, then one expects the corresponding learning rate to take the same form
as above, but with the parameter-side quantities replaced by their input-side counterparts. In particular, one
would expect a learning rate of the form

o log 1 —2/ max{dw,dy } .
log log n,,

3.2 Approximation Complexity Lower Bounds and Minimax Rates for MNO

To extend the lower-complexity framework of [26] to the multiple operator setting, we first introduce the
natural analogue of an operator of neural network type. The key idea is to require that, after fixing an input
function » and an evaluation point z, the resulting dependence on the parameter variable « is represented by a
finite-dimensional linear encoding followed by a ReLLU network.

Definition 3.6 (Multiple Operator Map of Neural Network Type). We say that NN : W — {U — V}isa
multiple operator map of neural network type if for every u € U and © € Qy,

(10) evgyoev, o NNfa] = @, rr ) (Mw ()  foralla € W

where My : W — R™ and My : U — R? are linear; and @, yr,; (v is a ReLU neural network. We define the
complexity of NN as
C(NN) = sup sup min Nuy (O .
( ) £€Qy uel <I>I,MU(H) satisfying (T0) 7 ( @, My (u))

Remark 3.7 (Limitations of the Classical Neural-network-type Framework). The notion of operator of neural
network type from Definitions is formulated for maps that can be written in the form u — ®(M(u)),
where M is linear and ® is a ReLU network. As recalled in Section [2.5] this framework is well suited to a
range of classical operator-learning architectures, as well as to concatenation-based models, where all inputs
are first assembled into a single finite-dimensional vector and then processed jointly by one network (see
Section[3.3).
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By contrast, the separable architecture (2)) has the form

P H N

ST e (M () bi(Mys (u)) (),

p=1 k=1 (=1

and is therefore built from products of subnetworks. To cast such an expression into the form ® (M («, u)), one
would need to absorb terms such as

lp(Mw («)) b,(My (u))

into a single ReLU network acting on a linear encoding of («,u). Such closure under multiplication fails
already for simple non-constant subnetworks. Indeed, the identity map x — z is exactly representable by a
finite ReLU network, for instance via z = ReL.U(z) — ReLU(—x), whereas multiplying this representation
by itself yields the quadratic map = ~— 2, which is not piecewise affine. This is precisely why Definition
is needed: it is tailored to the separable structure of MNO-type architectures.

The abstract lower-bound argument from [26]] carries over directly to the multiple operator setting and
yields the following curse of parametric complexity. The proof is based on lifting a pathological functional
F : W — R, known to exhibit the curse of parametric complexity, to a rank-one multiple operator map of the
form

Gla][u)(z) = F(a)(z),
where ¢ € V is fixed and nontrivial. Evaluating G at (ug, zo) recovers F'(«), so any low-complexity neural

approximation of G would in particular yield a low-complexity neural approximation of F'. The desired lower
bound therefore follows from the corresponding functional lower bound of [26, Theorem 2.11].

Theorem 3.8 (Curse of Parametric Complexity for Multiple Operator Learning). Let K be a compact subset
of the Banach space W containing an infinite-dimensional cube @y, for some 1 > 1. Let V' be a Banach space
continuously embedded in C(Qy ), and let U be a set of functions.

Then, for any v € N and § > 0, there exists an r-times Frechet differentiable map G : W — {U — V'}
and € :=2(n,0,r) > 0 such that for any ¢ < g and multiple operator map of neural network type NN, : W —
{U — V'} satisfying

(11) sup || NN:[a] — Gla]llop <&,
acK

we have C(NN;) > exp (cg—l/[(n+1+5)T])f0r some ¢ := c(n, 8,7) > 0.

Theorem [3.§] gives a lower-complexity principle for multiple operator learning in a fairly general setting.
However, the separable architecture (2)) has an additional structural feature: the parameter variable v and the
input function v play analogous roles (from the analytical viewpoint). It is therefore natural to strengthen
Definition [3.6 by requiring a neural-network-type representation in both variables. This leads to the following
symmetric variant.

Definition 3.9 (Symmetric Multiple Operator Map of Neural Network Type). We say that NN : W x U — V
is a symmetric multiple operator map of neural network type if there exists linear maps My, : W — R™ and
My : U — R such that the following holds for every x € Qy:

* for every u € U, we have the representation
(12) evgyoev, o NNy la] = @, ap () (Mw ()  foralla € W

where @, v,y is a ReLU neural network and NNy : W — {U — V'} is defined as NNy [a] =
NN[a][ 1)

* for every o € W, we have the representation
(13) evgyoeve o NNyful = Wy an () (Mu(u))  forallu € U
where W 11 (o) is a ReLU neural network and NNy : U — {W — V'} is defined as NNy[u] =
NNE[u] (-
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We define the complexity of NN as

C(NN) =max < sup sup min Ny (tl)m’MU(u)) , sup sup _min Ny (\IILMW(Q))
z€Qy uelU  Pa,my(w) zeQy aeW Ya My (o)
satisfying satisfying
This directly leads to the following curse of parametric complexity for symmetric multiple operator map
of neural network type.

Lemma 3.10 (Symmetric Curse of Parametric Complexity for Multiple Operator Learning). Let W, U be
Banach spaces and Ky C W, Ky C U be compact subsets. Assume that Kyy and Ky contain infinite-
dimensional cubes Qy,, and Q. for some ny > 1 and ny > 1, respectively. Let V be a Banach space
continuously embedded in C(Qy ). We equip the product Banach space W x U with a norm ||-||\w xu satisfying
Assumption|N.1]

Then, for any r € N and 6 > 0, there exists an r-times Frechet differentiable map G : W x U — V and

g :=&(nw,nu,0,r) > 0 such that for any ¢ < € and symmetric multiple operator map of neural network type
NN : W x U — V satisfying

(14) sup sup || NNc[a][u] — G[a][u][ly = sup sup | NNg[a][u] — Gla][u]lly <e,
acEKw ueKy ueEKy aeKwy

we have C(NN.) > exp (ce~V/min{nw nu 14011y for some ¢ := e(nw,nu, 8,7) > 0.

Remark 3.11 (Choice of Operator Norm and Banach Space Assumption for V). The proof of Theorem [3.§]
does not rely on the specific choice

[ Top = sup || T (u)[lv
uelU

except through the estimate |7'(ug)(zo)| < C||T'||op for some fixed ug € U, zg € §y, and some constant
C' > 0; see (40). Hence, the same argument applies to any norm on the operator space for which the slice-
evaluation map 7' — T'(ug)(xo) is continuous.

In particular, one may replace || - ||op by the uniform pointwise norm

T opoe = s1p sup [T (u)(a)].
uelU z€Qy

With this choice, the proof becomes slightly simpler, since |T'(ug)(zo)| < ||T||op,0o holds with constant 1,
and the continuous embedding V' — C(€y) is no longer needed. Accordingly, in the proof of Theorem (3.8]
the constant C'y disappears and one may take € = £9. Moreover, the approximation condition becomes
sup,ex || NN:[o] — G[a]|lop,0e < €, and one obtains sup,e i |F(o) — evy, 0 evy, 0o NN¢[a]| < € directly.

A further advantage of this formulation is that the proof no longer requires V' to be a Banach space. Indeed,
in the proof based on || - ||op, the estimate {@0) requires that

(Gla] — NN[a]) (ug) € V

so that its V'-norm is well-defined. By contrast, for the norm || - ||op o it suffices that the outputs are actual
bounded functions on €2y, since the proof only uses pointwise differences. Therefore, the same argument
applies if V satisfies Assumption rather than being Banach space.

The same remark applies to Lemma with the norm choice of sup, ¢, SUPye ke, | - llLee-

Remark 3.12 (Role of the Symmetry Assumptions). The symmetric approximation norm

sup sup || NN:[a][u] — Gla][u]]lv
aceKw ueKy

and the two symmetric neural network representations in (I2)) and (I3) are essential in Lemma [3.10] since the
proof may be carried out starting either from the parameter side W or from the input side U, depending on
which cube exponent is smaller.
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Now that we have established the curse of parametric complexity for multiple operator learning in an
abstract setting, we turn to the specific function classes used in our approximation-theoretical result, Theorem
[3.1] To apply the lower-bound framework in that setting, the first step is to verify that the bounded Lipschitz
classes from Assumption [S.1] contain an infinite-dimensional hypercube. The next result addresses precisely
this point.

Lemma 3.13 (Infinite-dimensional Cube in Bounded Lipschitz Classes). Let dy € N, vy, Ly, By > 0 and
U = U(dy,u, Ly, Bu) satisfy Assumption Then, viewed as a subset of the Banach space L (Qy7) with
r > 1, U contains an infinite-dimensional hypercube Q),, for every n > 1 + %.

Combining the latter result and Lemma([3.10] we obtain the following.

Corollary 3.14 (Curse of Parametric Complexity for Multiple Operator Learning on Bounded Lipschitz Classes).
Let dyy,dy, dy > 0 be integers,

7W77U7’YV7BW75U75V7LW7LU7LV >0 and rag Z 1

and assume that W (dw ,yw, Lw, Bw ), U(dv, v, Lu, Bv) and V (dy,~vv, Ly, Bv) satisfy Assumption
We equip the product Banach space LG (Qw ) x L™ (Qu) with a norm || - ||1r¢ (,)x1ra () that satisfies

Assumption|N.1]

Then, for any n > min {1 + ﬁ, 1+ %} r € Nand § > 0, there exists an r-times Frechet differentiable
map G : L' (Quw) x L'¢(Qu) — V and € :== €(n, §,r) > 0 such that for any ¢ < & and symmetric multiple
operator map of neural network type NN, satisfying

sup sup sup |NN.[o][u](z) — G[a][u](z)| < e,
aeW uelU zeQy

we have C(NN;) > exp (cg—l/[(n+1+5)r])f0r some ¢ := c(n,8,7) > 0.

Remark 3.15 (Asymmetric Structure). If one were to rely only on Theorem (3.8} rather than on Lemma|3.10} in
the proof of Corollary [3.14] then one would not fully exploit the symmetric role played by the parameter space
and the input-function space in the bounded Lipschitz setting. Specifically, one would obtain an analogous
result for (asymmetric) multiple operator maps of neural network type under the more restrictive condition
n>1+ ﬁ.

Corollary [3.14] provides a lower bound on approximation complexity for multiple operator maps satisfying
Assumptions [0.Tand [0.2] using general symmetric multiple operator maps of neural network type defined on
bounded Lipschitz classes. It only remains to connect this result directly to the architecture of interest (2)). To
do so, we estimate the complexity of the corresponding network class in the next result.

Lemma 3.16 (Complexity of the General Separable Architecture). The network given by
NN[a]u)(z) = ) Opie Lp(Mw () be(My () Te(z)  Opre € R
withl, € Fnn(ds, 1, L, p3, K3, k3, 1), by, € FNn(dz, 1, Lo, p2, Ko, k2,1) and 7y € Fnn(di, 1, L, p1, K, k1, 1)
is a symmetric multiple operator map of neural network type. Furthermore, we have
C(NN) < 2(||©]lo + HK; + NK; + PK3)

where © = {0}

Remark 3.17 (Asymmetric Complexity of the General Separable Architecture). From Definitions [3.6]and [3.9]
we note that any symmetric multiple operator map of neural network type is also an asymmetric one. Also,
its complexity measured under the symmetric setting is an upper bound to its complexity in the asymmetric
case. This observation specifically applies to the general separable architecture (2)) and, given Lemma [3.16] it
is unnecessary to compute the complexity separately under the asymmetric notion.
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Remark 3.18 (Complexity of the MNO architecture). The same argument as in Lemma [3.16| shows that the
MNO architecture

H
NN[a][u)(@) = Y > Lp(Mw (@) bye( My (w)) Tk ()

p=1 k=1

is a symmetric multiple operator map of neural network type. Moreover,
C(NN) < 2(HPK; + HPK; + PK3) = 2P(H (K + K3) + K3).

We conclude this section with minimax rates for Lipschitz multiple operator maps using the architecture
(), as a combination of Corollary [3.14] Lemma 3.16]and Theorem [3.1]

Theorem 3.19 (Minimax Bounds for Lipschitz Multiple Operator Maps). Let dy, di7, dy > 0 be integers,

7W77U77V7BW76U75V7LW7LU7LV >0 and rag Z 1

and assume that W (dw ,yw, Lw, Bw), U(dv,v, Lu, Bu) and V(dy, vy, Ly, By) satisfy Assumption
We equip the product Banach space LG (Qw ) x L' (Qu) with a norm || - |1r¢ ,)x1ra () that satisfies

Assumption|N.1]

1. For any n > min {1 + ﬁ, 1+ %} r € Nand § > 0, there exists an r-times Frechet differentiable

map G : L'¢(Qw) x L"¢(Qu) — V and € := g(n,0,7) > 0 such that the following holds: for any
e < g and NN; of the form @2)) satisfying

(15) sup sup sup | NNc[o][u](z) — Gla][u](z)| <e,
aeW uelU zeQy

we have
16]lo + HK2 + NK; + PK3 > exp (Cg—l/[(n+1+5>r]>

for some c := c(n,6,7) > 0 and where © = {01 }.
2. Withr =1, the map G in part 1. can be chosen so that it satisfies Assumptions|0.1and|[0.2]

3. Let H denote the class of all maps G satisfying Assumptions|0.1land[0.2} Define the worst-case/minimax
approximation complexity

ClesH) = inf{M eN ‘ VG € H, INN; of the form @) satisfying (15))

and ||O||o + HK> + NK; + PK; < M}.
Letr =1,1n> min{l + ﬁ,l + %} and § > 0. Then, forall 0 < ¢ <&(n,d,1),

(16) exp (c 5_1/[(77+1+5)]) S C(e;H) Sexp (d log(e He™ max{dw’dU}>

for some d > 0 depending on dyy and dy.

Remark 3.20 (Upper Bounds under Higher Regularity). The lower bound above is obtained from a general
C"-differentiable construction, and therefore applies more broadly than the Lipschitz class H considered in
the present minimax formulation. This suggests that, for classes of C" multiple operator maps, one should
likewise expect constructive upper bounds of a similar double-exponential type.

The lower and upper bounds in (T6)) are both of exponential type in a diverging function of ¢~!, and
therefore capture the same qualitative curse of parametric complexity on the class H. The upper bound involves
a faster-growing exponent, reflecting both a larger power of £ ~! and an additional logarithmic factor. Thus,
although the two estimates are not tight at the level of the exponent, they are consistent in identifying the same
overall double-exponential complexity regime.
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This comparison also shows that, as in operator learning [26]], Lipschitz or, more generally, C"-regularity
alone is not sufficient to overcome the curse of parametric complexity in multiple operator learning. Rather,
one must exploit additional structure in the target multiple operator maps. Two important mechanisms in
this direction are holomorphic dependence on the inputs or parameters, and architectures designed to emulate
underlying numerical schemes [26L[37]]. In operator learning, both have already been explored as ways of over-
coming the curse of parametric complexity (see Section [I.2). In the multiple operator setting, however, they
appear to remain largely unexplored, and investigating their potential to improve approximation complexity
would therefore be of clear interest.

3.3 An Extension of DeepONet to Multi-Task Learning

In this final section, we examine an alternative approach to multiple operator learning. A particularly direct
strategy is to start from a standard single-operator learning architecture and incorporate the parametric descrip-
tor o simply by concatenating it with the input function . It is therefore natural to ask how this concatenation
affects approximation complexity. To address this question, we derive bounds for the concatenated DeepONet
architecture introduced below.

As in our analysis of the MNO architecture, instead of working directly with the concatenated DeepONet
architecture

H
(17) DeepONetg[al[u)(z) = Y _ be(Mw (a), My (u))7(z),
k=1
we consider the more general separable form
H N
(18) YO Ore b (M (), My (u) 7e(x), 6o €R.

k=1 (=1

We begin by showing that the concatenated DeepONet architecture (I7) is an operator of neural network
type, thereby placing it directly within the lower-complexity framework of [26[. This is to be expected, since
the concatenated model can be interpreted as an ordinary operator-learning problem posed on the product space
W x U. We state the result, however, for the more general separable architecture (I8]). The proof therefore is
a combination of the strategy used in Lemma [3.16|and the argument underlying [26, Lemma 2.20].

Lemma 3.21 (Complexity of the General Separable Architecture with Concatenated Inputs). The network
given by

H N
NN[o][u](2) =Y > Orebe(My (), My (u)) 7e(x), O €R
k=1 ¢=1
with by, € FnN(de, 1, Lo, po, Ko, ko, 1) and 79 € Fnn(dy, 1, L1, p1, K1, k1, 1) is an operator map of neural
network type from W x U to V. Furthermore, we have
C(NN) <2(||8]jo + NK1 + HK).

Remark 3.22 (Symmetric Multiple Operator Map Interpretation of the Concatenated Separable Architecture).
One may also view the architecture

N

H
NN[a][ul(x) = > > Ore b (M (), My (u)) ()

k=1 (=1

as a symmetric multiple operator map of neural network type, rather than as an operator map of neural network
type on the product space W x U. In that case, however, the resulting complexity estimate is slightly less
sharp. More precisely, one obtains the upper bound

C(NN) < 2(||8]lo + NK1 + H(K3 + p2)).
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The additional 2 H py term arises from the fact that, in order to verify the symmetric definition, one must show
that if b(x, y) is a ReLU network in the concatenated variables (x, y), then freezing one block of variables still
yields a ReL.U network in the remaining variables. This operation modifies the first affine layer and increases
the corresponding complexity estimate by at most the width D of that layer. Since D < ps, we obtain the
above.

As in Section[3.2] our goal is to obtain minimax rates in the same setting as our approximation theory, and
in particular for input classes given by bounded Lipschitz spaces as in Assumption For the architecture
(18), however, the relevant input space is a product of two such classes. The next result explains how to
construct an infinite-dimensional cube in this product space by embedding a single cube into one factor.

Lemma 3.23 (Embedding a Single Cube into a Product Space). Let W and U be Banach spaces, and equip
W x U with a norm || - ||\wxu satisfying Assumptions and Let Kyy € W and suppose that Ky
contains an infinite-dimensional cube QQ,,(A; {e;}jen) for some 1 > 1. Then the subset Ky, x {0} C W x U
contains an infinite-dimensional cube with the same exponent 1.

Remark 3.24 (Optimality of infinite-dimensional product cube). Although the construction of the infinite-
dimensional product cube in Lemma is straightforward, it also raises a natural question of optimality.
Namely, one may ask whether there exists a genuinely product-space cube construction that would lead to a
better lower-bound exponent than the one obtained here from a single-factor embedding.

We now turn to the upper bound in the corresponding minimax approximation-complexity rates. In par-
ticular, the following result shows that the concatenated architecture is sufficiently expressive to approximate
operator-learning problems posed on product spaces.

Proposition 3.25 (Scaling Laws for Multiple Operator Learning through Product Spaces). Let dyy,dy,dy > 0
be integers,
7W77Ua7V76W7BU7BV?LW7LU7LV7LG7LQ >0 and ra,rg >1

and assume that W (dw ,yw, Lw, Bw ), U(dv, v, Lu, Bv) and V (dy,~vv, Ly, Bv) satisfy Assumption
Let G be a map satisfying Assumptions 0.1 and There exist constants

» C depending on vy, Ly

» (' depending on Pw, Bu, Lg, vu, r¢, La, Yw, ra

* Cw depending on Lg, vy, rg, Lg, Yyw, ra, Lw

» Cy depending on Lg, vy, rg, La, Yw, ra, Lu
such that the following holds. For 0 < ¢ sufficiently small,

o let N := 2C/dye~! and consider the network class F1 = Fnn(dv,1, L1, p1, K1, k1, R1) whose
parameters scale as

Ly = O (dy logdy + diy(log(e™!) +10g(2))), 1= O(1),
Ky = O (d% logdy + d¥ (log(e ™) +10g(2))), k1 = O(dl/* e (dvilgdvity
Ry =1

where the constants hidden in O depend on vy and Ly

« let Sy = Cwe/2 and let {a;},~% C Qu be points so that {Bs,, (a;)},<% is a cover of Quy for some

nCW y
* let 0y = Cye/2 and let {cz}?:q{ C Q be points so that {Bs,, (cz)}?g{ is a cover of Qi for some 1, ;

o let H := 4C"\/n¢y, + neye ! and consider the network class Fa := FNN(Ney +Ney s 1, Lo, p2, Ko, k2, Ro)
with parameters scaling as

Lo=0 ((ncw + ncU)2 log(ney, + ney ) + (Neyy + ncU)Q[log(s_l) + 210g(2)}) , p2 = O(1),

21



Kz = O ((ney 4 1e,)* 108(neyy + 1) + (Mg + 1) [log(e71) + 21og(2)])
Ko = O((ncw + nCU)(nCW+nCU)/2+1€_(nCW+nCU+1)22(nCW+nCU+1))7 Ry =1

where the constants hidden in O depend on By, Bu, Lg, vu, v, La, yw, ra-

Then, there exists

+ney

* networks {Tg} v C Fiand {bk}H v C F

New ‘H’LCU New +nc

* functions {o}f C Bay [lee o (0) and {up 3™ € Bay, e 20 (0)

. d
« points {v,}") C Qy
such that
Ndv anW+7lcU

(19) sup sup sup |Glo Z Z Glog][ug] (ve)br (o, w)T(x)| < €
=1

aceW uelU zeQy

and where o = M(a(al), o

S az),..., olan,, )T, w=2BWLUY (1) u(cy), ... ulen,,)) T

Remark 3.26 (Total Number of Parameters for Multiple Operator Learning through Product Spaces). Let NN,
be a network that satisfies (T9). We want to estimate ||O||o + K1 N9 + KoH"w T > N4 (NN,.) where

H"ch +"CU 7]\fulv
O = {‘9k€}kz:1,z:1 :
First, by [31, Lemma 2], we have that

New S Oy dw < c—dw and Ney S 55dU <egdu,
implying that n.,, + ne, Se~ max{dw.du} Next, we consider

(20) K{N% < log(sfl)fs*d",

— max{dyy,d }

KQHnCW'HLCU (6_2 max{dw,dy } log( —1)) (6_ max{dw,dU}/2—&—1)6
< <€ 2max{dw ,du } log(e 1)) o~ (max{dw dy}/2—1)e~ max{dyy.dg }
(21) < - de— max{dyy,dg }

for some d > 0 and therefore

(22) O] < N f{rew trey < g—de” max{dW,dU}‘

Combining (20), (21) and (22)), we obtain:
18]l + KN + Ky HNew ey < g=ve mxtiw vl
Repeating the computation in [47, Remark 3.14], we can also deduce that the approximation error ¢ scales as

follows: 1 (Ao o}
—1/ max R
< log Ny wHtu
loglog Ny

Remark 3.27 (Uniform Multiple Operator Approximation in Product Spaces). Similarly to Remark [C.2] one
can show that Propositionadmits a uniform version for families {G; : W x U — V' } ¢ s of multiple opera-
tor maps, even when the family is uncountable. Indeed, provided that the quantities controlling the construction
(in particular the Lipschitz constants, the L°°-bounds) are bounded uniformly over the family, the proof yields
a single collection of sampling points and a single family of neural networks that work simultaneously for all
maps in the family. The dependence on the particular target map then appears only through the coefficients
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of the resulting approximation. In particular, with the same e-dependent classes of networks as in Proposition
[3.23] one obtains

H™cu +ncW NdV

sup sup sup sup Gjlo][u](z) — ; KZ:; Gjlo][ur](ve)br (o, u)Te(z)| < €

This conclusion always applies for finitely many multiple operator maps. We also note that, in the special case
of families {G; : U — V'}c, the present statement reduces to [47, Remark 3.9].

Remark 3.28 (Generalization Bounds for the Concatenated DeepONet Architecture). Similarly to the deriva-
tion of Theorem [3.4] the approximation-complexity bounds of Proposition [3.25]and Remark[3.26|can be com-
bined with the statistical-learning framework of [31]] to obtain generalization rates for the concatenated Deep-
ONet architecture.

Indeed, in this setting the natural training data take the form

{(ag, ug, {zi i) Vi,

that is, one observes n samples of pairs (a;,u;), together with evaluations of the corresponding output at
sampling points {z;};"*,. Repeating the proof of [31, Theorem 2] for the corresponding clipped hypothesis
class yields a generalization bound analogous to (9)), expressed in terms of its covering numbers. Using Remark
[3.26] one obtains the corresponding complexity estimate, and the approximation and estimation terms can then
be balanced by choosing ¢ = £(n) according to the approximation complexity. This leads to a generalization

error of the form
10g n —2/ max{dw ,dy }
O —_— .
loglogn

Combining Lemmata and [3.23] Proposition [3.25|and [26] Theorem 2.11], we obtain the following.

Theorem 3.29 (Minimax Bounds for Lipschitz Multiple Operator Maps using the Concatenated DeepOnet
Architecture). Let dyy,dy,dy > 0 be integers,

7W77U77V?BW¢BU75V7LW7LU7LV >0 and rag > 1

and assume that W (dw ,yw, Lw, Bw), U(dv, v, Lu, Bu) and V(dy, vy, Ly, By) satisfy Assumption
We equip the product Banach space LG (Qw ) x L"¢(Qu) with a norm || - |1r¢ @, )x1ra () that satisfies

Assumptions and

1. Foranyn > min< 1+ i, 1+-LY reNandd > 0, there exists an r-times Frechet differentiable
dw ds

map G : L'¢(Qw) x L"¢(Qu) — V and € := g(n,0,7) > 0 such that the following holds: for any
e < € and NN of the form (18) satisfying

(23) sup sup sup | NNc[o][u](z) — Gla][u](z)| <e,
aeW uelU zeQy

we have
||®H0 + HKy + NK; 2 exp (Cg_l/[(n+1+5)r}>

for some ¢ := ¢(n,0,7) > 0 and where © = {0y}
2. Withr =1, the map G in part 1. can be chosen so that it satisfies Assumptions|0.1)and[0.2}

3. Let H denote the class of all maps G satisfying Assumptions|0.1land[0.2} Define the worst-case/minimax
approximation complexity

ClesH) = inf{M eN ‘ VG € ‘H, ANN; of the form (18)) satisfying (23)

and |0||o + HK3 + NK; < M}.

23



Letr =1,7>minq 1+ i,l + L% andd > 0. Then, forall0 < e <z 1, 0, 1) sufficiently small,
dw dis

exp (65—1/[(n+1+6)1> < (e M) < oxp <d log(e~1)e max{dw,dU})

for some d > 0 only depending on dy and dy.

The minimax rates in Theorems and as well as the generalization rates in Theorem [3.4] and
Remark [3.28] show that MNO and concatenated DeepONet share essentially the same scaling laws. Conse-
quently, the present analysis does not distinguish the two architectures from the viewpoint of approximation
complexity or statistical generalization.

This shifts the emphasis to empirical performance. In [47, Section 5], MNO was observed to outperform
concatenated DeepONet by orders of magnitude on parametric PDE tasks. This likely reflects the fact that
MNO explicitly separates the roles of the parameter variable o and the input function u, a distinction that is
fundamental in many multiple operator learning problems [46]. Consequently, the absence of a clear minimax
separation provides an additional argument for designing architectures specifically adapted to the multiple
operator setting.

4 Conclusion

We studied approximation and statistical generalization in multiple operator learning, with a particular fo-
cus on the general separable architecture, of which MNO is a special case. While prior bounds exhibited
an additional exponential blow-up relative to standard operator learning, our results showed that multiple op-
erator learning obeys a qualitatively similar scaling to single task operator learning. In particular, our first
main result showed that, by refining the approximation argument, MNO has near-optimal approximation rates
and that the corresponding approximation complexity can be reduced to the same overall scale as in operator
learning. Through the generalization framework of [46], this also yields improved statistical learning rates,
again matching the operator-learning scale. Our second main result establishes a lower-bound theory for mul-
tiple operator learning. Extending the framework of [26], we proved a curse of parametric complexity for
broad classes of Lipschitz and differentiable multiple operator maps, and then specialized this abstract result
to the bounded Lipschitz classes considered in our approximation theory. In this way, we obtained minimax
approximation-complexity bounds showing that, although the previous constructive blow-up is not intrinsic, a
genuine exponential complexity barrier remains in the worst case.

Theoretically, we compared MNO with a concatenated DeepONet-type extension to multi-task learning.
From the viewpoint of minimax approximation complexity, both architectures have essentially the same scaling
laws on the broad Lipschitz classes studied here. This indicates that worst-case complexity alone does not
explain the empirical advantage of MNO observed in [47]], and suggests that the practical gains of multiple-
operator-specific architectures may lie in more refined structural, geometric, or data-dependent properties that
are not captured by minimax rates on generic Lipschitz classes.

Several directions remain open. On the upper-bound side, it would be natural to investigate whether
stronger assumptions on the target multiple operator maps, such as holomorphic structure or PDE-specific
regularity, can lead to substantially better rates. On the lower-bound side, it would be interesting to obtain
sharper minimax characterizations, in particular at the level of the exponent. More broadly, one would like
to establish minimax approximation-complexity rates for other classes of multiple operator maps beyond the
Lipschitz/differentiable setting considered here, with the longer-term goal of identifying and characterizing a
meaningful class of well-approximable multiple operator maps.
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Appendix

In this section, we present detailed proofs of all our results.

A Near-Optimal Approximation Rates

Proof of Theorem[3.1} For u € U and x € Qy, we define the functional fy . : Bg,, ||[Le,0w (0) — R as
fuz(a) = Gla][u](x). In particular, |f,, .| < By and f, , is Lipschitz in L°°(Qyy): specifically, we have

| fua(on) = fuz(a2)| = [Glai][ul(z) — Glaz][ul(z)]
(24) < Lgllar — azllire (o)

< Le|Qw|Y T ay — as|lL=qy)-

where we use Assumption for (24). Next, we want to approximate the entire family of functionals { f, , :
Bay e 0w (0) = R}uev, zeq, by neural networks. Since the family is both uniformly Lipschitz and
bounded by 3y, we can apply Proposition and Remark with W x {0} = W (or directly [47, Theorem
3.6 and Remark 3.7]). Specifically, there exist constants

« C” depending on Sy, Lg|Qw|'/c
* C depending on L¢|Qu|'/7¢, Ly
such that the following holds. For any ¢ > 0,
¢ let ¢ := Ceep and let {Ym} W C Quy be points so that {Bg(ym)}:fivl is a cover of Qyy for some n.,,

e let P = C" /hgye, " and consider the network class F3 = FxN(ney 1, L3, p3, K3, k3, R3) whose
parameters scale as
Lys=0 (nzw log(ney, ) + nzw log(eal) + nzw log(2)) . p3=0(1),
K;=0 (n%w log 1y, +n2,, log(eg!) + ngw log(2)) ,

Ne 241 —Ner,—1
K3 = O(nCWW/ Qnew Ftle MW Ty R3=1

where the constants hidden in O depend on Sy and LngW\l/ TG,

Then, there exists networks {l,, IJ:SW C F3 and functions {a,,}lliiw C Bgyy |l 0w (0) such that
PnCW PncW
@25 sup | fua(a) - Y fuslap)lp(a)| = sup | Gla][u](z) - Y Glopllul(@)lp(e)| < o
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where o = (a(y1), .. . ,a(yncw))T. We alsohave 0 <[, <1forl <p < Plew,
By Assumption [0.1] G[a,] € G forall 1 < p < P"ew . In particular, this is a finite family of operators,
and by applying Proposition and Remark with W x {()} = W, there exist constants

» (' depending on vy, Ly
(' depending on Sy, Lg, Yu, rg,
* Cy depending on Lg, vi7, rg, Lu
such that the following holds. For any 0 < ¢; sufficiently small,

e let N := 2Cx/dve51_1 and consider the network class F; := Fnn(dv, 1, L1, p1, K1, k1, R1) whose
parameters scale as

Ly = O (di; logdy + di-(log(e1 ') +10g(2))),  p1 = O(1),
K1 = O (d} logdy + di (log(e7 ') + log(2))) , K1 = O(d?/V/2+1sf(dV+l)2dV+1),
R =1

where the constants hidden in O depend on vy and Ly ;
¢ let 6y = Cpeq and let {cl}?:”{ C Sy be points so that {B;,, (cl)}?:c‘f is a cover of )y for some n,,;

e let H := 4C" /N e; " and consider the network class Fo := Fxn(ney, 1, Lo, p2, K2, k2, Ra) with
parameters scaling as

Ly = O (n?, log(ne,) + (nd, log(e ) + 2og()]) . p2 = O(1),
Ky = O (nZ, log(ne,) + ng, llog(er ) + 21og(2)))
Ko = O(RZEU/ZHQ_(HCU+1)22(nCUH)), Ry =1
where the constants hidden in O depend on Sy, Lg, Yu, rg-
Then, there exists
« networks {7}V < Fy and {b}V € Fo

« functions {u; }'Y C Bay, 100 020 (0)

* points {vg}évzdlv C Qy

such that
Niv H"eu
(26) sup sup |Glop]u](x) — Glop][ug](ve)bg(w)e(x)| < €1
uelU zeQy =1 k=1
where u = (u(cy), u(ca), ..., u(chU))T.

We continue by estimating as follows:

sup sup sup |G[a][u](x) — Glap]ur](ve)lp(a)br(u)Te(x)
aeW uelU zeQy p=1 k=1 (=1
prew
< SR p Ol = 2 Gl
prew H™uU Niv
+ sup sup sup |} by(@) | Gloyl[u]() - Glallux](ve)br(w)re(w)
aeW uel zeQy p=1 k=1 (=1
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prew H"cUu Niv

27) <eo+ sup sup sup Y Iy(a) |Gloy][ul(x) — Glap][ur] (ve)br(w)Te(2)
aeW uelU zefdy p=1 k=1 (=1
prew
(28) <cote Y bla)
p=1

where we used and the fact that 0 < [, < 1 for as well as (26) for (28).
For the last term, we note that for any 0 < 1 < B, the functional f;, : Bg,, .|| ,0u (0) = R defined

as f(a) = 1 has Lipschitz constant smaller that L|Qu|'/"¢ and is bounded by Sy,. In particular, this means
that f,, U { fuz }ueu, zeq, can be jointly approximated: specifically, (25)) also applies to f,. We therefore have

P?’LLW P"/LW
g0 > sup | fn(a folap)ly(a)| =nsup |1 — Ip(
b |l = 2 Bl A
which implies that
Pew
€0
(29) > hla)<1+—
p=1 "
forall a € W. Settingeg = 5,¢1 = 2(1ji) and inserting (29) into (28)) yields:
27

P"LCW HnCU NdV

sup sup sup |Glalful(@) — 3" 3" 3" Glaglludd (ve)lp(@)bi(w)me(x)| < c.

aEW uelU zeQy =1 k=l (=1
The final network scalings for F3 are:

L3 = O (nZ,, log(ne,, ) +n2,, (log(™") + 2log(2))), ps=O(1),
K;3=0 ( v 10g(ney, ) + n o (log(e™ ) + 2log(2)))
kg = O<nnng/2+122(nc +1) —ncW—1)7 Ry =1, P —a9c" Tcwé‘_l-

3 _ _&n

NTE) = Zpte = = 5 for sufficiently small ¢, the final network scalings for 7> are:

Noting that e; =

= O (ng, log(ne,) + (ng, log(e™!) + 3log(2)]),  p2=O(1),
= O (nZ, log(ne, ) + g, [log(e™") + 3log(2)]) ,

Ky = O('I’LZ;U/2+15_(TLCU+1)23(nCU+1)), RQ — 1, H = SC/ ncUe_l-
Similarly, the final scalings for F are:

Ly = O (d logdy + d¥(log(=™)) + 2log(2))),  p1 = O(1),
K1 = O (d} logdy + di (log(e™') + 210g(2))) , K1 = O(dil/‘//ﬂlef(d"*l)22(”["“)),
Ri=1,  N=4Cy/dye™'

d

Proof of Theorem In the proof, C' > 0 will denote a constant independent of €, ng, 1y, 5 and 1 that may
change from line to line.

The proof of (9) follows the same argument as [46, Theorem 3.5]. Indeed, that proof does not rely on
the specific architectural scalings of the network classes J;, but only on the fact that the chosen hypothesis
class Clo (I, F1, Fa, F3,{ys}, {cs}, P"ew, H"u , N9V contains an approximation of G' with accuracy ¢. In
the present setting, this approximation property is provided by Theorem [3.1]and [46| Corollary 2.9].
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It therefore only remains to prove the learning rate. For ease of notation, we write
N () =N (1, Clall, Fr, Fo, Fa {yshs Lesh, Prew , H'0 N )| lpoe wtran ) ) -

We start from (9) and estimate as follows

Esc tyeytesr Barvia Bunp, E{zj};gl 196 Z a,IF1 Fo, 3,50 [u](z5) — Glo][u] (%’))2
< 4e? + (80 +6) + \/ni\/ log (M (n/(4Bv))) + log(2) + ninu; (log (N (n/(4Bv))) + log(2))
(30)
2
+ 2V g (N (0 (450))
(3D
S (804 0)+ T o (VG + o o (N (0/(450)
112432
+ 5 s W/ (46v)))

where we used the fact that N'(n) < N (7)) if 77 < n for (30).

We next estimate the metric entropy as a function of €. To this end, we recall [46, Equations 99 and 100],
namely
(32)

log(N (1)) < P"ew H"ev NV {log <> K log ( 0 > + Kalog ( 0 > + K log < n ﬂ
n n n n

for some 7' satisfying

(33) T < Prew Hmev NV

Lllﬁflil +L2/€§2 1 + Lg HLS 1]

Usmg the scaling from Theorem 1) with £/2 and recalling that n.;,, < 0y dw < e and n., < 5(}dU <
—du by [31, Lemma 2], we have

e« Ndv < e~ v

o HNeu 5 E*(1+dU/2)€’dU

o Plew < 6—(1+dW/2)a*dW

o il < o—ldv+)log(e)

o« kp S WO/ [ = Ly < 62 Jog(e 1) and hence kil < g W (14dy /2) log(s ™)

o« kg e MWW/ [y = [y < 22w Jog (e~ 1) and hence kil < e —e73W (14+dw /2) log(e 1)

Let d = max{dy, dy }. We estimate as follows, starting from (33):

T < Prew H™u [ngﬂ + L3/£3L31]

5—2(1+d/2)5*d6—5*3d(1+d/2) log(e~1)

—e734(14d/2) log(e~ 1) )

AR AN

3

31



Using the latter, we have
log(LaroT) < log <€—e_dU(1+dU/2)_2dU log(€—1)8—5*3d(1+d/2) log(e*1)>
g log (875’3d(1+d/2) log(e™1) log(5’1)>
= (1 + d/2) log(e ") + log(log(e "))
Se (1 +d/2)log(e™")

as well as (analogously)
log(L3ksT) < e 341 +d/2)log(e™}).

Then, continuing from (32):
log(N(n)) < P"w H"v [log(n™")(K2 + K3) + K3log (L3ksT) + Ko log(LakoT)]

< o214/ [8‘2‘1 log(e™")log(n™")

2

+ E_Sd(l +d/2) log(s_l) (5_2dU log(g_l) 42w log(5_1)> }

(34) < g—2(1+d/2)e74 (log(n™) +1).

2

Picking = 48yn_! to balance the -dependent and the n, *-terms, we insert (34) into (1)) to obtain:

nlx i (Ga,r.71. 7o, s [u] () — Gla][u](x;))?

ESe yep tesy Barpia Bunp, E{wj}?ilfvu;‘?"”

C C
Na  n

log (N (n;l)) + < log(N(nzh)))

anunz na

- log (N(n;l)) +
<2+ oW ()

—2(1+d/2)e~

£ “log(1a)

el + -
«

35) =T+ 1T5.

Finally, we pick €(n,,) so that T5 is at most of the same order as T;. We fix

B d log 1, —1/d
°T 4(1+ d/2) loglogn,,

and compute

_ 1 d log ng, 1 1
1 H=-1 < = (loglogng — logloglogng) < = loglogng.
og(e™) = - log <4(1+d/2) loglogna) S  (loglogna —logloglogna) S — loglogn
From the latter,
g~20+d/2)e™ exp (2(1 + d/2)6_d log(s_l))
d logng, 1
< 2(1+d/2 —log1
Nexp( (1+d/ )4(1+d/2) loglogng d ©8 ogna>

_ . 1/2
= nOl

log ng
1/2
Na

and therefore 75 < or equivalently log T» < loglogn, — % log n,. For T7, we have:

-2

d
logT) = pi [log <4(1+d/2)> + log log n, — loglog log na] .

32



We note that lim,,, .~ log 75 = —oo due to the % log n, term; similarly, lim, . log 77 = —oo due to the
— loglog n, term. This implies that 75 goes to 0 much faster than 77, so 77 dominates the bound (33)) and we
conclude

Ny

1
Bty (e Bt B Egg e yome | 2= 3 (G 7 sled () — Glolful )
j=1

—2/ max{dw ,dy}
< d log ne, Wty .
~ \4(1+d/2)loglogng

B Approximation Complexity Lower Bounds and Minimax Rates for MNO

Proof of Theorem[3.8] Let r € N and § > 0. We start by applying [26, Theorem 2.11]: there exists a r-times
Frechet differentiable functional F' : W — R and ¢¢ := ¢¢(n, d, ) such that for any ¢ < ¢y and functional of
neural network type S, with

sup |F(a> - S&(O‘)‘ <¢,
acK

we have

o C(S:) > exp (cgfl/[(n+1+5)r]>

for some ¢ := ¢(n,d,7) > 0.
Next, we choose a nontrivial element ¢ € V. Then there exists zo € Qy such that ¢(xg) # 0; rescaling ¢,
we may assume ¢(zp) = 1. We define the constant operator

T:U =V, T(u) = ¢
and its associated multiple operator map
G:W —={U -V}, Glo] = F(a)T.

Since F'is r-times Frechet differentiable and 7' is independent of «, G is also r-times Frechet differentiable.
Also, for any fixed ug € U and every o € W, we have

(37) evy, 0 evy, o Gla] = Gla][ug](zo) = F(a)p(xo) = F(a).
Let 0 < e <€ :=¢gp/ max{l,Cy} where Cy > 0 is such that
(38) [vllc@y) < Cvllvllv

for all v € V due to the fact that V' — C(Qy ) continuously. For NN, a multiple operator map of neural
network type satisfying with ¢, we estimate as follows with ug € U:

(39) sup |F(a) — evg, 0 evy, o NN [o]| = sup |evg, o evy, o(Gla] — NN [o])|
acK acK
(40) < Cy suip{ |(Gla] — NNg[a])(uo)Hv
ae
< Cy sup ||Gla] — NN:[a][|op
acK
(4D) < Cye
< eo

where we used for (39), for and for (#1). By Definition[3.6] for the fixed pair (ug, zo) there

exists a ReLU neural network @, 17, (u,) such that

€V 0 €Vyy 0 NNe[a] = @p ar (uo) (Mw (@)
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for all « € W. Hence, by Definition the map ev,, oev,, oNN, : W — R is a functional of neural
network type and we can therefore apply (36) to deduce that C(evy, o evy, o NN.) > exp (ce~V/Im+1+0)r]),
Using the latter, we conclude:

C(NN.) > C(evy, o evy, o NN.) > exp <cg*1/[(n+1+5)7“]> .

O]

Proof of Lemma In the proof, C' > 0 will denote a constant that may change from line to line.

Let r € N and 6 > 0. Without loss of generality, assume that 7y < ny. We apply [26, Theorem 2.11] to
obtain a r-times Frechet differentiable functional F': W — R and ¢ := €o(nw, d, r) such that for any ¢ < &
and functional of neural network type S; with

sup ‘F(O‘) - S&(a)| <,
ac Ky

we have
(42) C(Ss) > exp (05_1/[(77w+1+5)r])

for some ¢ := ¢(nw, d,r) > 0.

The rest of the proof is similar to the one of Theorem We choose a nontrivial element ¢ € V. Then
there exists xo € €y such that ¢(z) # 0; rescaling ¢, we may assume ¢(xg) = 1. We define the multiple
operator map

G:WxU=YV, Gla][u] = F(a)¢.

Since F' is r-times Frechet differentiable, G is also r-times Frechet differentiable on W x U by Assumption
Also, for any fixed ug € U and every o € W, we have

(43) eV, 0 evy, o Gla] = Gla][up](zo) = F(a)p(xo) = F(a).
Let 0 < e <€ :=¢p/ max{1,Cy} where Cy > 0 is such that
(44) lvllc@y) < Cvivilv

for all v € V due to the fact that V' — C(€y) continuously. For NN, a symmetric multiple operator map of
neural network type satisfying (I4)) with £, we estimate as follows with ug € U:

(45) sup |F(«) — evg, oevy, o NNc[a]| = sup ’evgﬁO o evy, o(Ga] — NN; [ozm
aeKy acKw
(46) < Cy sup [|Gla][ug] — NNc[a][uo][lv
aceKy
(47) < €0

where we used (@3)) for (@53), for and for (@7). By Definition[3.9] for the fixed pair (ug, zo) there

exists a ReLU neural network @, 17, (u,) Such that
vz, 0 evy, o NNe[a] = (I)xo,MU(uo)(MW(O‘))

for all « € W. Hence, by Definition @], the map ev,, oev,, oNN, : W — R is a functional of neural
network type and we can therefore apply (2)) to deduce that C(evy, o ev,, o NN.) > exp (05_1/ [(”WJFH‘S)T]).
Using the latter, we conclude:

C(NN.) > C(evy, o evy, o NN.) > exp <cg—1/[(nw+1+6)r]) .

The following result will be essential in the proof of Lemma[3.13]
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Lemma B.1 (L"-norm of sin). For every 1 < 1 < oo and every nonzero multi-index k € N¢, one has

27 1/r
[ sin(s - @)L ((0,2272) = <(27T)d1/0 | sint|" dt>

In particular, the quantity ¢, := | sin(k - )| (0,2x)a is independent of .
Proof. Let k = (k1,...,kq) € N be a non-zero multi-index. Pick an index j € {1,...,d} such that kj # 0.
Writing « = (zj,2'), where 2’ = (z1,...,%j-1,%j41,...,2q), we have
T
27
/ |sin(k - x)|" dz = / / sin| kjx; + Z EmTm dz; da’
[0,27]¢ [0,27r]4=1 JO mtj
1 Zm;ﬁj KmTm 2Tk
(48) = / — / |sint|" dt da’
[0727‘—](171 RJ Z'm?ﬁj KRmTm

tj—1 >ty KmTm+2m(n41)

1
:/[02 . = E / |sint|” dt da’
77r - J

n—0 Zm#j KmIm-+2mn

Kos 27
(49) = / L | sint|" dt da’
[0,27]d-1 Kj Jo

27
:(27r)d_1/ |sint|" dt
0

where we used the change of variables t = x4+, . km@y, for {@8) and the fact that | sin ¢[" is 2-periodic
for (@9). Taking the r-th root yields the claim. O

Proof of Lemma([3.13] In the proof C' > 0 denotes a constant that may change from line to line, independently
of the summation indices and «.
Up to an affine rescaling of the domain, it suffices to treat the case Qy = [0, 271]% . For each multi-index
k € N define . 3
éx(z) :=sin(k - x), ex(x) == Ne,.@(a:) = e(z)
€xllLr () cr

where we used Lemma for the last equality. These functions are orthogonal in L?(£2;7), and hence linearly
independent in L" (), with [[ex||rr () = 1. For each € Nv, define e € L"(Qu)* as

2¢,

er(u) := Gn) /{072#]11 u(zx)sin(k - z) dz.

By the identity sin(a) sin(b) = 4 (cos(a — b) — cos(a + b)), it is straightforward to check that €} (e/) = 6.

Moreover, by Holder’s inequality with 7" such that 1/r + 1/r" =1,

2¢,cpr

e (u)] < WHUHLT(QU) < CllullLr )

so |lex]lLr () < C uniformly in .

Next, we enumerate {e, }, .y as {e;}72, insuchaway that j — [|5(j) ||~ is non-decreasing and consider
functions on [0, 271]% of the form

o
u:AZj_"yjej, y; € [0,1].
j=1

First, since [|e;]lLoe () = ¢ lullLe (o) < Ae ' Y032, 577 and the latter converges because 7 > 1.
Choosing A(n) > 0 sufficiently small furthermore ensures that ||u|1,(q,) < Sy uniformly.
Second, we estimate the Lipschitz constant. For a function f : [0, 27]9 + R, we define

Lip(f) = inf{L >0 | |f(z) = f(y)| < Lllz — yl|2 for all z, y}
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and note that that Lip(f1 + f2) < Lip(f1) + Lip(f2) as well as Lip(f) < C||V f|lr,(q,) by the mean-value
theorem. By noting that Lip(e.) < C|Veg|lp <) < C|lk[lo0, We estimate as follows:

(50) Lip(u <AZ] "Lip(e;) <CAZJ "[#(5) oo
Jj=1 j=1
Let us now consider the inverse enumeration  + j(x). For a fixed s € N, we write K = ||s||o and, due

to the fact that j — «(j) is non-decreasing, we have

1) (K—1)% < |[{s €N | [|W]loe < K}| < jx) < |{# €N | [[]|oe < K} = K
as well as

(52 (K €N | W]l = K} < dy K%Y,

since fixing one coordinate equal to K leaves at most K% ! choices for the remaining coordinates, and there
are dy; possible coordinates that may attain the maximum. We continue our estimation:

DoMWMDl = > iR)TK
j=1

K=1x(f)llo=K

= Y WY Y WK

lI( ')Hoo=1 K=2k()lloc=K

(53) +Z > KNE -1

K=2|k(j)||co=K

(54) <C Z iy
K=2

(55) <C Z Kdu(1—=n)
K=2

where we used (1)) for (53), (52)) for (54) and the fact that K /2 < K — 1 for K > 2 for (53). The latter
quantity converges since n > 1 + % and, from (50), we therefore deduce that A(n) can be chosen so that
Lip(u) < Ly uniformly. This concludes the proof that U contains an infinite-dimensional hypercube. O

Proof of Corollary[3.14} Without loss of generality, assume that dyy > diy and pick n > 1 + ﬁ.

First, we verify that IV satisfying Assumption [S.1]is a compact subset of a Banach space and contains an
infinite-dimensional cube ();;: the latter part of this claim is given by Lemma when the Banach space is
chosen to be L"¢ (Qyy7) and > 1+ 1/dyy. To show the former part, we start by assuming that {a; }5°, C .
These functions are uniformly bounded and, since

|i(2) = ai(y)] < Lw |z =y,

also equicontinuous. Indeed, for every € > 0, ||z — y|| < =~ implies that [a;(z) — ai(y)| < € forevery i € N
and z,y € Q. By the Arzela-Ascoli theorem, there therefore exists a subsequence {«;, }3°, converging in
C%(Qy) (and hence in L™ (Qyy)) to some a € L7 (Qyy). To conclude compactness of W in L™ (Qyy), we
need to show that o € W. First, we have

lallcogau) < lla = aigllcogap) + laillcoy) < lla— aigllcoay) + Bw
and taking the limit implies that |[|co(qy, ) = l|@l[Le (@) < Bw. Second, we note that
a(z) — a(y)] < la(z) — iy, (2)] + |ai, (2) — @i (Y)] + |aly) — i, (y)]
< Lwlle =yl + o) — ai, ()] + [e(y) — i (y)]

and taking the limit shows that « is Ly -Lipschitz, and hence in W.

Second, by Remark Lemmaremains valid when the norm is chosen to be sup,¢ g, SUPyex,, || -
||~ and in this formulation, the output class V' need not be a Banach space. In particular, we can pick it to
satisfy Assumption [S.1)and the claim of the corollary follows after an application of Lemma [3.10] g
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Proof of Lemma[3.16] Letu € U and = € Qy. Then,

P H N

evgoevy, o NNy la] = Z Z Z Opiee Ly (Myy () b (My (u)) 7o(z)

p=1 k=1 /=1
— NN(Moy (1)) ()T (M ()
= (I)x,MU(u) (Mw ()

where NNy [a] = NN[a][-](-), I : R™ — R is the parallelization of {l,}/"; [41, Definition 2.7], i.e. the
network of the form (T) such that I(y) = (11(y), .. .,lp(y)), and NN(My (u))(z) € RY is a vector with entries

H N
D> Opabi (M (w))7e()

k=1 ¢=1

for 1 < p < P. Therefore, ev; oev, o NN[a] = @, yp () (Mw(a)) is an inner product between a ReL.U-
neural network and fixed vector which, by (I)), can easily be checked to be a ReLU-neural network as in (TJ).
The same argument can be applied with « € W and x € Qy to deduce that ev, oev, o NNy[u] =
Vo My (o) (Mu (u)) for some ReLU-neural network W, 17, (o) and where NNy [u] = NN[-J[u](-). We therefore
conclude that NN is a symmetric multiple operator map of neural network type.
For complexity, we have

(56) C(NN) < max{ sup sup Ny (@%MU(U)) , sup sup Ny (\IJI,MW(Q))} .
€y uelU zE€Qy aeW

First, we assume that

max{ sup sup Ny (@w,MU(u)) , sup sup Nu (\IJ%MW(Q))} = sup sup Ny (N~N(MU(u))(m)Tl) ,
z€Qy uelU z€Qy aeW z€Qy uelU

we can continue from (56)) and estimate as follows:

C(NN) < sup sup Ny (NNN(MU(U))(l')Tl)
zE€Qy uelU
(57) < sup sup 2||NN(My (w))(z) " [lo + 2N (1)
z€Qy uelU

where we used [41, Remark 2.6] for (57). Now, if forsome 1 < p < P, ZkH:1 Zévzl Opribr,(My (u))7e(x) # 0,
there exists some triple (p, k, £) such that 8,; # 0, by, (M (w)) # 0 and 7¢(x) # 0. This implies that b, and 7
are nonzero networks from which we deduce that at least one coefficient in each has to be different from 0. In
particular, this yields

H N

INN(My (u))(2) Tllo < 1]lo + D Nge(bx) + D N ()
k=1 /=1

where © = {6, }. Using the latter and [41, Definition 2.7], continuing from (57), we obtain:

P
C(NN) <2 [ [|®]lo + HEy + NK1 + Y _ Nu(lp) | <2(|Olo + HE; + NK; + PK3).
p=1

If one assumes that
maX{ sup sup Ny (@4 a1, (u)) » SUp sup Ny (‘I’x,Mw(a))} = sup sup Ny (Vo 11y, ()
zeQy uelU zEQy aeW zEQy aeW

instead, the same upper bound on complexity can be attained analogously.
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Proof of Theorem[3.19 1. The first claim of the theorem is a combination of Corollary and Lemma
[3.16} indeed, the architecture is symmetric multiple operator map of neural network type and its com-
plexity is upper bounded by 2(||O||o + HK2 + NK; + PK3).

2. From part 1, we may take r = 1 to obtain G : L"¢ (Qyy ) x L"¢ (7)) — V which is Frechet differentiable
on L"¢(Qyy) x LG (Qyr). Specifically, from the proof of Corollary 3.14} we know that
Glof[u](z) = F(a)o(z),
where F' : L"¢(Qy) — R is the Frechet differentiable functional provided by [26, Theorem 2.11], and
¢ € V is a fixed nontrivial function.

Next, the proof of [26, Lemma A.7] shows that sup,cr,ra () [1DF (@) ||Lra (y)- < co. Hence, F'is
Lipschitz on L"¢ (Qyy ) with Lipschitz constant Lip(F'). It remains to deduce the two required Lipschitz
properties. First, for fixed « and any wq, us, we have

1Gla[w] = Gla][ua]llL~(ay) = [[F(@)¢ = F(@)dllLe(q,) = 0 < Lg|lur — uzlLre @p)

forany Lg > 0 and rg > 1. Second, for a1, a2 and any u, we estimate as follows:

1Glen] = Glaa]llee (fusfjullyes o, <Buixav) = [F(e1) = Fe2)l[[¢llLe=(qy)
< Lip(F)Bv a1 — az2||Lre (o)
=: Lg|lar — az2|lrrep)
where we used the fact that F' in Lipschitz in L"¢ and the fact that ¢ € V for the inequality. This

concludes the proof.

3. The lower bound in (16)) is given by combining parts 1 and 2 of the theorem. The upper bound is a direct

consequence of Theorem 3.1}
O

C An Extension of DeepONet to Multi-Task Learning

Proof of Lemma[3.21} Let (ov,u) € W x U and x € Qy. Then

ev; o NN[a ZZkabk My (a), My (u)) 7o)
k=1 (=1
H

N
= Z (Z Qkﬂ'@ )bk(MW( ) MU( ))
1

k=1

(@) "b(Myy (ar), My (w))
— <I>$(MW( ), My (w)),

\h

where b : R™+4 — R is the parallelization of {bk},{{:1 [41] Definition 2.7], i.e. the network of the form
such that b(y, 2) = (b1(y,2),...,bu(y,2)), and 7(z) € R¥ is the vector with entries

N
= Omi(z)
=

for 1 < k < H. Therefore, for every = € Qy, the map (o, u) — ev, NN[a][u] is the inner product between the
ReLU neural network b evaluated at the concatenated linear encoding (M (), My (w)) and the fixed vector
7(z). Hence, by (1)), @, is itself a ReLU neural network, and NN is an operator map of neural network type
fromW x Uto V.
For complexity, by Definition[2.10]
C(NN) < sup Ng(7(z)'b)

z€QY
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(58) < sup (27(0)"lo + 2N4(0))

€Ny

where we used [41, Remark 2.6] for (58). Now, if for some 1 < k < H, 7(z) # 0, then Zévzl Orere(x) # 0.
Hence there exists some ¢ € {1,..., N} such that 6, # 0 and 74(x) # 0. This implies that 74 is a nonzero
network from which we deduce that at least one coefficient of 7 is different from 0. Therefore,

N

17(@) o < €110 + ) Ny(m0).-
(=1

Using the latter estimate and [41] Definition 2.7], we continue from (58) and obtain

N
C(NN) <2 (H@Ilo +> Ny(m) + N#U)))

(=1

H
<2 (”9”0 + NK; + ZN#(bk)>

k=1
<2(||8lo + NK; + HK>).

d

Proof of Lemma[3.23] We start by defining €; := (e;,0) € W x {0} for j € N. We verify the conditions in
Definition 2.8

First, the family {€;};en is linearly independent. Indeed, if >°7", a;é; = 0 for some m € N and scalars
ai,...,Qm, then 27;1 aje; = 01in W. Since {e;} jen is linearly independent, it follows that a; = 0 for all j.

Second, we have ||&;|lwxu = ||(e;,0)|lwxv = |lejllw = 1.

Third, we check the cube inclusion. Let y; € [0, 1] for all j, and consider

o] 0 ©
Wi=AY jTyE =AY yi(e,0) = | A i yze5, 0
j=1 j=1 j=1

Since Q,(A; {e;j}jen) C Ky, the first component belongs to Kyy. Therefore w € Ky x {0}.

Fourth, we construct a bounded biorthogonal sequence in (W x U)*. Let {€]}jen C W™ be a bounded
biorthogonal sequence for {e;} jen, and define €} (w, u) := e} (w) for (w,u) € W x U. Then &} € (W x U)*,
and for all j, k € N,

é;(ék) = éj-(ek, 0) = e;(ek) = 0Ojk-
Moreover, {é;f }jen is uniformly bounded, since by Assumption we have

€5 (w, w)| = lej(w)] < llefllw[[wllw < Cproall€f[lw= || (w, w)llw v
which implies [|€7 || (w xr)= < Cprodl|€] [lw+. This concludes the proof. O
The following proposition is an essential building block for the proof of Proposition [3.25]

Proposition C.1 (Functional Approximation in Product Spaces). Let dyy, dy > 0 be integers,

w7, Bw, Bu, Lw, Ly >0

and assume that W (dw ,yw, Lw, Bw), U(dvu,vu, Lu, Bu) satisfy Assumption We equip the product
space W xU with a norm ||-||\w v thatsatisﬁesAssumption Let f : Bgy, |1luoe 2w (0)XBgy 100,00 (0) =
R be a functional such that

(59) |f((e1,u1)) = f((a2,u2))| < Ly|(ar,ur) — (a2, u2)|lwxu

for all (a1, u1), (2, u2) € Bgy, |00, (0) X Bay, || |00 0 (0). There exist constants
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» C depending on Bw, Bu, Cproa» Ly
* Cw depending on Cproq, Ly, Ly
* Cy depending on Cpro4, Ly, Ly
such that the following holds. For any € > 0,
« let Sy = Cye and let {a;};°% C Qyy be points so that {Bs,, (a;) Y% is a cover of Quy for some Ny, ;

e let 6y = Cye and let {c,}?zcg C Qu be points so that {Bs,, (Cz)}?j{ is a cover of Qr for some n¢,,;

o let H = 2C\/ncy, + neye ' and consider the network class Fxx(ney, + ey, 1, Ly p, K, K, R) with
parameters scaling as
L =0 ((ne, + Ney )2 10g(Neyy + Moy ) + (Neyy + Mgy )2 [log(e71) + log(2)]), p=0(1),
K = O ((nCW + nCU)2 log(ncw + nCU) =+ (nCW + nCU>2[10g(8_1) =+ 10g(2)]) ’

K — O((ncw + nCU)(nCW +ncU)/2+1€7(TLcW+ncU+1)2ncW+ncU+1)’ R=1

where the constants hidden in O depend on By, By, Cprod and Ly,

Then, there exists networks {bk}kHjch U FNN(Ney +1ey, 1, Ly p, K, K, R) and functions {ak}f:nlcw trey
ey e
Bay, e (0), {un i)™ ™ C Bay 1 ioe 20 (0) such that
H’ﬂcW“rncU
sup sup | f(o,u) — > flok, ur)br(a, u)| <e,
aeW uel el
where o = W(a(al),a(@),...,a(ancw))T’ w — %(u(cl),u(@),m,u(chU))T. We

also have that 0 < by, < 1 forall 1 < k < H"ew Thew

Proof. Let Sy, 6y > 0, and let Cy = {Bs,, (al)}:g" ,Cuy = {BgU(cm)}chl be finite covers of Qy and Q
by Euclidean balls, respectively. By [31, Lemma 1], there exist partitions of unity {pz}?zcvlv C C>(Qy) and
{wm U © C°(Qy) subordinate to Cyy and Cyy, respectively.

We define the discrete-to-continuum liftings

Iy « [=Bw, Bw]"w = C*(Qw),  Igy : [=Bu, Bul™v — C*(Qu)

by
Iey, [2](x) = Z[Z]ipi<m)7 Ie, [wl(z) = Z[’w]m Wi (),

and the continuum-to-discrete projections
Py : C°(Qw) — [<Bw, Bwl™w, P, : C°(Qw) = [—Bu, Bul™v

by
T T
P, (o) = (a(al), - a(ancw)) , Pe, (u) = (u(cl), .. ,u(chU)) .
Assume now that f : W x U — R is Lipschitz with respect to the product norm ||(c, u)||wx with

Lipschitz constant L.
We first estimate the discretization error. For « € W and x € Qyy, we have

’I’LCW

ja(z) = Loy [Pey (@)](2)] = | Y (al@) — alas)) pi()

i=1

Yo la(@) = afa)]lpi()]

i:]|z—a;]|2<ow

IN
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ncW

< Lwdéw Z pi(x)

=1

= Ly ow

which implies [|a — Icy, [Pey (@)l Qy) < Lwdw. Similarly, for every u € U, we deduce that ||u —
Ie, [Pey ()]l () < Ludy- Therefore, by the latter two estimates and (59),

H (o, u) = (Iey [Pey, ()], Ie, [PCU(U)])HWXU < Cprod max{ Ly ow, Lyoy}.
Finally, using the Lipschitz continuity of f, we obtain
‘f(avu) - f(ICW [Pcw(a)]v ICU [PCU(U)])‘ < Lf H (a,u) - (ICW [Pcw(a)]a ICU [PCU(U)]) HWXU
<CLy max{Lwdw, Lyoy},

: - . - . .
and choosing dyy = L Lo oy = WL L0 therefore yields

(60) | fer,u) = f(Iey [Pey ()], Iy [Pey (w)])] < g

Next, we define f : [~ By, Bw]"™w x [=Bu, Bu]™v — Rby f(z,w) := f(Iey [2], e, [w]). This function
serves as a finite-dimensional surrogate of the functional f. Our strategy is to approximate f using neural-
network approximation results in finite dimensions, and then transfer this approximation back to the original
functional f. We estimate as follows for (21, w1), (22, w2) € [—Bw, Bw|™w X [—Bu, Bul™v:

(21, w1) — flz2,w2)| = | f(Iey, (1], Tey [wr]) — f(Tey [22], Iy [wa])]
< Ly (e [21] = Lew [22]s Iey[wi] — e, [we])llwxu
(61) < Cproa Ly max{||Icy, [21] — Icy, [22]l|Leo (p ) ey [w1] — Loy [wa][|Leo ()

where we Assumption [N.2]for (6I). We note that

ncW
Ve [21] — To 22l oy < sup S [tk — [ealilon o)
TEQw i=1
ncW
< |lz1 — 22/l2(rew) sup Z pi(x)
:EEQW i=1
TLCW
(62) < 21 = z2llp@eewy sup | > pilx)
z€Qw i=1
(63) < [lz1 — 22l (mrew)

where we used the fact that 0 < p; < 1 for (62). The same argument can be repeated for |I¢, [w;i] —
Iey, [wa]|Lee () SO that inserting (63) into (61)) yields

| Uew ), Tey lun]) = ey [22], ey [wa])] < CooaLy max {121 = z2llprew), 01 = wallpganes ) |

(64) < CproaL /121 = 22 ey + w1 = wal g

(65) = prodeH (Z]. — 22,W1 — 'U)2) ||Z2(RnCW +ncU)

where we used max{a,b} < va?+ b? for (64). The latter shows that fis Lipschitz on the compact cube
[=Bw, Bw]"w x [=Bu, Bu]™v.
With 8 := max{Bw, Bu}, let T : [ B, B]™w v — [—Bw, Bw]™w X [~Bu, Bu]|™v, be defined by
Bw . Bu

T(&,¢) = <6§’B<>’ §eR"™w, (€ R™v.
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This map is 1-Lipschitz with respect to the £2(R"™ew T )-norm and consequently, the function

Fo[=B,B"w e R, f(£,0) = f(T(£,0)

is Cproa L s-Lipschitz with respect to the £2(R™ew T )-norm as a composition of Lipschitz functions by (63).
We conclude that f € V(ney, + neys 35 CproaLip, C f) for some set of functions V' satisfying Assumption

and where C' > 0 is a constant depending on f. We can therefore apply [31, Theorem 5]: specifically, there

exists a constant C' depending on Sy, By, Cprod, L ¢ so that the following holds. Let H := 2C\/n.,,, + ncUe_l
and consider the network class Fnn (ncy, + Ney s 1, L, p, K, k, R) whose parameters scale as

L =0 ((Ney + ney)?10g(ney, + ney) + (Ney, + ney )?log(e™h) +1log(2)]),  p=0(1),
K=0 ((ncw + ncU)2 log(ney, + ney ) + (Ney, + nCU)z[log(e_l) + log(2)]) ,
k= O((Neyy + nCU)(ncw+ncU)/2+1€_(ncW+ncU+1)2ncW+ncU+1)7 R=1

where the constants hidden in O depend on By, 87, Cproq and L. Then, there exists:

« networks {b; ' U Fun(ney + neys 1, L, p, K, £, R)

* points {sk}kH;lchMCU C [-8, B]™ew treu
such that
H"ew Trey .
(66) sup fle. = D> b€ Q)| <5
Ne +nc
(f,C)E[*ﬁ,,@} w U k=1

We also note that [31, Theorem 5] yields 0 < by, < 1. For any (o, u) € W x U, we define the inverse-rescaled
coordinates

(§arGu) 1= T (Peyy (@), Py (u)) = (5@ Poy, (@), fUPch) € [—B, BJrew v,

since ||al[reo(q,) < Bw and ||UHLOO(QU) < By. This implies that f(PcW(a),PcU(u)) = f(ga,gu) and
therefore, by (66)),

anW+ncU
(67) sup sup | f(Pey, (@), Poy () = Y~ Flsw) bul6as )| < 5.
aceW uel 1
Combining (60) and (67), we conclude as follows:
Hrew ey 8 8
) - f b —F, W 5 —PF, U

sup sup | f(a, u) ; f(sk) k(BW ew (@), - Fe (U)>
< sup sup |f(a7u) - f(PCW (a), PCu(u))|

aceW uelU

Hew trey

s s (P (0 Peo ) = 32 Fiow) e (P (0 - )
<cE. & _
>~ 5 + 5 = €.

Finally, for each sampling point s = (z, wy) € [—03, B]"w x [—3, 8]"v, we have

(o) = (@;Vzk %ka) iy @VICW (28], /ZJICU [wk]> —: Flosue)

where o € Bg,, |||, (0) and ug € Bg, || 0y (0), which yields the claimed representation.
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Remark C.2 (Uniform Functional Approximation in Product Spaces). We can extend Proposition [C.1|to fami-
lies of functionals. The same argument as in [47, Remark 3.7] shows that the construction is uniform over any
family {f;} ;e of functionals defined using the same spaces W and U, provided the constants entering the
proof are bounded uniformly in j. More precisely, let us assume that

sup Ly, < o0 and sup C'; = sup sup sup | fj(a, u)| < oo,
jeJ jeJ 7 jeJ aeW uelU

where Ly, is the Lipschitz constant of f;, and C' I denotes the uniform bound placing the associated finite-
J

dimensional surrogate fj in the same approximation class as in the proof of Proposition Then there exist

. . neyy e, Neyy e .
sampling pairs {(cy,ur)}_," Y and neural networks {bx}2_ """ in the same e-dependent network

class as in Proposition [C.1] such that

HHCW+nCU
sup sup sup |fj(o,u) — Z filag, ug) bp(e,u)| <e.
j€J aeW uelU k=1

In particular, the conclusion always applies to any finite family of functionals.

Proof of Proposition[3.25] By Assumption, for all (o,u) € W x U, the functions z — G[a][u](x) are in
V. Consequently, we can apply [31, Theorem 5]. Specifically, there exists a constant C' depending on ~y/,
Ly so that the following holds. For g > 0, let N := C \/@58 ! and consider the network class Fi1 =
Fnn(dy, 1, Ly, p1, K1, k1, R1) whose parameters scale as

Ly = O (d} logdy + di log(ep ")), p1=0(1), Ki =0 (dilogdy +di log(ept)),

k1= O(dyY ey vy, Ri=1
where the constants hidden in O depend on vy and Ly . Then, there exists
* networks {Tg}kNiY Cc F

* points {vg}évzdlv C Qy

such that
Niv
(68) s%p Gla][u](x) — Z Gla][u](ve) Te(x)| < ep.
v€ilv =1

Notably, we also recall from the proof of [31, Theorem 5] that 0 < 7y(z) < 1 (where the last inequality follows
by definition of the network class F; with Ry = 1).

Next, we consider the N functionals f; : Bgy, |02 (0) X Bay 10,00 (0) — R defined by
fela,u) = Gla][u](ve). For (a1, u1), (a2, u2) € Bay, |1l 2w (0) X Bay [J-|Le 00 (0), We estimate as follows:

|felar, ur) = fo(az, uz)| = |Gloa][ur](ve) — Gloo][uz](ve)]

< [Glan][u](ve) = Glan][uz](ve)| + | Glan][uz](ve) — Glova][us](ve)]

< |Glaa]fua] = Glen][ug]llLee @y + Glon] = Glaa]llLe (fuoy k| ule <ot x0v)
(69) < Lgllur — w2|lure oy) + Lalloa — azllire ou)
(70) < max{Lg|Qu["/"%, La|Qw |/ } max{|jur — u2|Loe(y), |01 — @al|Loe @y }
where we used Assumptions [0.1] and [0.2] for (69). We note that the condition (instead of Lipschitz
continuity with respect to the product norm (59)—this implies that we replace L tCproa by Cproa) is sufficient

in the proof of Proposition [C.I] We therefore apply the latter (in conjunction with Remark [C.2). Specifically,
there exist constants

* (' depending on By, fu, Lg, Yu. g, La, yw. Ta
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* Cy depending on Lg, vu, rg, La, Yyw, ras Lw
* Cy depending on Lg, Y7, g, La, Yyw» ra» Lu
such that the following holds. For any €1 > 0,

« let & = Cyeq and let {a;},"% C Qu be points so that {Bjs,, (a;)};<% is a cover of Qy for some
Ney s

e let 5y = Cyeq and let {cz} Y C Qp be points so that {Bs,, (cz)}l “¥ is a cover of Qs for some 7, ;

o let H = 2C"\/ng,, + ncUsl_l and consider the network class Fa := FNN(Ney +1ey s 1, Lo, D2, Ko, k2, Ra)
with parameters scaling as
Ly=0 ((ncw + ncU)2 log(ney, + ney ) + (Neyy + ncU)Q[log(sfl) + log(2)]) , p2 = O(1),
Ky =0 ((ncw + ncU)2 Iog(nCW + ncU) + (ncw + ncU)2[10g(8fl) + 10g(2)]) )

ko = O((ney, + ncU)("CW+"CU)/2+1€1_(WW+nCU+1)2”CW+”CU+1), Ry=1

where the constants hidden in O depend on Sw, Bu, Lg, vu, rg, La, Yyw, ra-

anW +ney

Then, there exists networks {by, },_ C JF3 and functions

H"c +nc H"c +nc
{onhiz” 7 C Bay e o (0, {unti=”™ 7 € Bay 0,00 (0)
such that
H"CW+n°U
(71 sup sup sup |fe(ayu) = Y folag, up)br(a, u)| < e,
1<¢<Niv aeW uel k=1
where o = 2OWIU) (0 (a)), afay), ..., elan,,, )T w = I (y(ey) uey), . ulen,,))) T

We continue by estimating as follows:

NdV H"cW +"CU

sup sup sup |Gl Z Z Glon][ur](ve)br (cx, w)Te()
aceW uel zeQy —1
Niv
< sup sup sup |G[a]| Z Gla]u](ve)Te(x)
aEW uel zeQy
Niv anW+ncU

+sggzggws€%pv ZZ:; Glallul(v)me(z) — > Glog][ug] (ve)br (e, w)me(w)

k=1
NdV H’VLCW+’"«CU
(72) <eo+ sup sup sup Y 7(x) |Glol[ul(ve) = > Glog][ug](ve)br(or, )
aeW uelU zeQy —1 k=1
Niv
(73) < egp+e1 sup Z To(x
zEQY =1

where we used (68)) and the fact that 0 < 74(z) < 1 for (72) and (71) for (73). For the last term, we note that
for any 0 < ) < Sy, the constant function equal to 7 is included in V. In particular, by (68)), we have

Niv Ndv
€9 > sup |n—n Z Te(x)| =n sup |1 — Z ()
€y =1 €y —1
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which implies that

(74)

Niv -
Z Te(x) <14 ;0

/=1

forall z € Qy. Setting g = 5,61 = 2(1+ 5 and inserting (74) into (73) yields:

NdV H”VLCW JrncU

sup sup sup Z Z Glag][ug] (ve) bk (o, w) ()| < €.
(=1

aeW uwelU mGQV

The final network scalings for F are:

Ly = O (di; logdy + di,(log(s™") +10g(2))),  p1 = O(1),
Ky = O (d¥ logdy + d¥ (log(e ™) +10g(2))), k1 = O(dlY/* e (dvitgdvity
Ry =1, N =2C\/dye!

Noting that e = 2(1j£) = 2;18 = £ for sufficiently small ¢, the final network scalings for F> are:
2n
Ly=0 ((nCW + nCU)2 log(ney, + ney ) + (ney, + nCU)Q[log( ) + 21og(2)] ) , pa = O(1),
Ky=0 ((nCW + nCU)2 g(Ney + Ney ) + (Neyy + ncU)Q[log( )+ 2log(2)]),

R =

O((Neyy + Ny, )(ncw+ncU)/2+1 —(ncW+ncU+1)22(nCW+ncU+1)) Ry =1, H = 4C" /FW +ncU5_1-

O]

Proof of Theorem|[3.29, 1. From the proof of Corollary [3.14] we know that W and U are compact sets of

L"¢ (Qw ) and LG (), respectively. With > min {1 + ﬁ, 1+ %} by Lemma|3.13] at least one

of W and U will contain a hypercube (Q,,. Without loss of generality, we assume that 11" does so. By
Lemma [3.23] we can embed @, into the product space, i.e. we obtain that W x {0} C W x U will
contain a hypercube (,,. We note that W x U is also compact as product of compact spaces.

Letr € Nand 6 > 0. By the above, all the conditions to apply [26, Corollary 2.12] on the product
Banach space L"¢ (Qyyr) x L™¢(Qy) are satisfied. In particular, we deduce the existence of € and ¢ > 0

such that for 0 < e < Z and any operator of neural network type NN satisfying (23)), we have C(NN.) >
exp(ce 1/ 1+

We conclude by noting that any network of the form (I8)) is an operator of neural network type on the
product space L"¢ (Qy) x L"6 () by Lemma The latter also implies that

18]l + HE» + NEK; 2 C(NN.) > exp(ce /140,

. From part 1, we may take » = 1 to obtain G : L"¢ (Qyy) x L"¢(Qr) — V which is Frechet differentiable

on LG (Qyy) x L"¢(Qy). Specifically, from the proof of [26, Corollary 2.12], we know that
Glo][u)(z) = F(a, u)(x),

where F' : L"¢ (Qpy) x L6 (Qy) — R is the Frechet differentiable functional provided by [26, Theorem
2.11], and ¢ € V is a fixed nontrivial function.

Next, the proof of [26, Lemma A.7] shows that

sup sup  [[DF (v, u)ll(1re @ )xira @u))+ < 00
a€L"G (Qw) ueL"G (QU)

Hence, F is Lipschitz on L"¢(Qy) x L"¢(Qg) with Lipschitz constant Lip(F'). It remains to deduce
the two required Lipschitz properties. First, for fixed a and any w1, u2, we have

1Gla][w1] = Gla[ua]llLe(ay) = [1F(e, u1)¢ = F(a, uz)¢llL=(ay)
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< Lip(F)||pllree (u) (s ur) = (v, u2) e (u ) xLre (o)
(75) < CprodLip(F) By [|ur — uz|Lre (ap)

where we used Assumption for (75). We can therefore define Lg = CproaLip(F)By > 0 and
rg = rg. Second, for a1, ap and any u, we estimate as follows:

|Glaa] — G[Oéz]||Loo({u:HuHLOO(QU)gﬁU}xQV) = 81618 |F'(a1,u) — F(ag, u)| ||¢||L<><>(QV)

< Lip(F)Bv||(a1,u) — (a2, u)llLre () xLra ()
(76) < Lip(F)CprodBvllar — azlltra (o)

=t Lg|la1 — az2||Lre (o)
where we used Assumption [N.2]for (76). This concludes the proof.

3. The lower bound in (T6)) is given by combining parts 1 and 2 of the theorem. The upper bound is a direct

consequence of Proposition [3.25|and Remark [3.26]
O
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