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ABSTRACT

Discrete diffusion has become a leading framework for generative modeling in
various applications including language, vision, and biology. Existing conver-
gence theory, however, exhibits fundamental limitations. KL-based analyses di-
verge under singular priors such as the masked distribution, while bounds in total
variation (TV) depend on the vocabulary size S and become vacuous for modern
language tasks, where vocabularies contain hundreds of thousands of tokens. We
develop a unified adjoint-equation-based framework that establishes vocabulary-
size-independent convergence guarantees in any integral probability metric (IPM).
To the best of our knowledge, our bounds are the first to be entirely free of .S and
applicable to both masked and uniform priors. Importantly, our results can extend
existing step complexity guarantees to any IPM. Also, our theory relies only on a
single standard rate-matrix regularity assumption and applies to general priors.

Five novel techniques drive our improvements: 1. working in the space of ob-
servables via adjoint equations rather than directly with probability measures; 2.
a regularity analysis that yields bounds on any IPM; 3. a coupling argument that
removes S-dependence under uniform transitions; and 4. score-marginal cancel-
lation and 5. exit-routing techniques that remove S-dependence under masked
transitions. Our framework thus sharply departs from prior analyses and avoids
the shortcomings of pathspace-KL and existing TV-based approaches. Beyond
convergence bounds, our framework provides a versatile toolkit for further the-
oretical study of discrete diffusion models, including principled choices of loss
functions and vocabulary-size-independent step complexity.

1 INTRODUCTION

Diffusion-based generative models have achieved remarkable success across continuous-data do-
mains such as images, audio, and video (Ho et al.,|2020; [Song et al.}2021b; Rombach et al., [2022).
For discrete data, where Gaussian-based corruption does not directly apply, a parallel line of work
has developed discrete diffusion models (Sohl-Dickstein et al.,|2015;|Austin et al.,[2021;|Hoogeboom!
et al.| 20215 /Campbell et al.,[2022). These models have demonstrated strong empirical performance
across a wide range of applications, including language modeling (Lou et al.| |2024; |[Sahoo et al.,
2024)), image generation (Campbell et al., 2022), tabular data synthesis (Kotelnikov et al.| [2023)),
molecular generation (Vignac et al |2023)), symbolic music generation (Campbell et al.| 2022)), ge-
nomic sequence design (Schiff et al.l2025), and protein design (Campbell et al., [2024]).

Most discrete diffusion models are based on the continuous-time Markov chain (CTMC) framework,
either directly or through simplified variants inspired by it. In this framework, the forward noising
process is governed by a transition rate matrix. The reverse process is parameterized by a learned



approximation of the discrete score, defined as the ratios of forward marginal probabilities. This
quantity serves as the discrete analog of the Stein score in continuous diffusion (Campbell et al.,
2022; Meng et al., 2022; |[Lou et al., |2024). Two choices of rate matrix dominate practice: the
uniform rate matrix and the absorbing (or masked) rate matrix (Austin et al.,[2021}; |Lou et al.| 2024}
Shi et al.| |2024). The latter, in particular, has emerged as the dominant paradigm for large-scale
discrete generative modeling, especially in language tasks (Sahoo et al.|[2024; Nie et al.l 2026).

Despite this empirical progress, existing convergence analyses for score-based discrete diffusion suf-
fer from fundamental limitations. These include divergent bounds for singular priors such as masked
diffusion, vacuous scaling with vocabulary size in large-vocabulary regimes, restriction to specific
rate matrices or evaluation metrics, and reliance on strong regularity assumptions. In this work, we
develop a unified analysis framework based on adjoint equations that simultaneously addresses all
of these limitations.

Table 1: Comparison of results for discrete diffusion models.

Reference Rates/Prior S-free! Key Conditions Dilil/[eitgri:(‘:c/es

sk T e nudng o nesandand Ay ey
Zhang et al.| (2025); Thm 1 Uniform No Fully-supported prior KL, TV
Liang et al.| (2025); Thm 2 Surrogate Masked No? Fully-supported prior KL
Ren et al.|(2025); Thm 4.7 Uniform* No Fully-supported prior KL
Liang et al.{(2026b); Thm 2 Uniform No Fully-supported prior KL

Dmlt{}eh\;fst Tg(g 026); Surrlg)zlaft(:ﬁfgke d No Fully-supported prior KL
Liang et al.{(2026d); Thm 2 Masked No® Differentiating TV metric TV

1: S: vocabulary size. In modern language tasks, S > 10° (Nie et al., 2026) renders S-dependent bounds

loose/vacuous.

2: Our convergence bounds for uniform and masked rates are S-independent.
3: [Liang et al.| (2025))’s Theorem 1 omitted an .S-dependent constant.

4:Ren et al.|(2025)’s Theorem C.1 assumes a uniform prior.

5: |[Liang et al.|(2026d)’s Proposition 1 contains an S-dependent coefficient.

‘We summarize our contributions as follows.

* We establish the first convergence bounds that are entirely independent of the vocabulary
size S and applicable to non-fully-supported priors such as the singular masked distribu-
tion. These properties are jointly essential for language modeling, the most important ap-
plication of discrete diffusion, where vocabulary sizes are prohibitively large and masked
diffusion is the dominant paradigm.

* Our framework yields a single unified derivation that encompasses all integral probability
metrics (IPMs) and all priors. In contrast, existing analyses are typically restricted to one
or two specific metrics or priors. Moreover, our results are based on a single standard rate-
matrix regularity assumption. See Table (1] for detailed comparisons. In turn, our results
can extend existing step complexity guarantees to any IPM, since their analyses can be
directly applied to our bounds.

* Finally, our theoretical framework extends beyond convergence bounds. It establishes a
versatile mathematical toolkit that paves the way for future, broader theoretical analyses
of discrete diffusion models, including principled choices of loss functions for different
dynamics and sharper (S-free) step complexity bounds.

These contributions are driven by the following main technical novelties.

* We work with the adjoint equation (specifically, the Kolmogorov backward equation) in
the space of observables, in contrast to prior analyses that operate directly in the space of



probability measures. This dual perspective sharply departs from existing pathspace-KL
and TV-based estimates. Together with a regularity analysis of the adjoint equation, it is
the key enabler of the insensitivity to non-fully-supported priors and the applicability to all
IPMs. To the best of our knowledge, this is the first such application to discrete diffusion.

¢ We introduce novel score-marginal cancellation and exit-rate routing techniques that
removes the S-dependence of convergence bounds for masked transitions. To the best of
our knowledge, this is the first S-free bound for masked transitions.

* We apply a coupling argument that bounds the initialization error under uniform transi-
tions independently of S. To the best of our knowledge, this is the first such bound, and
the first use of coupling techniques in discrete diffusion.

2 PROBLEM FORMULATION
We state the setup used throughout; a more detailed description is given in Appendix

Notation. Scalars are lowercase (x) and vectors boldface lowercase (x); all vectors are columns.
We consider data on the discrete state space X' = [S]¢, where [S] = {1,...,S} and x = [z!--- 29|
has entries 2 € [S]. This setup is common to text (Lou et al., 2024), image pixels (Campbell
et al.,[2022), tabular data (Kotelnikov et al., [2023)), molecular graphs (Vignac et al., [2023)), musical
notes (Campbell et al., [2022), and biological sequences (Schiff et al., 2025 (Campbell et al.,|2024),
among others.

We write x;_,;: for x with its i-th entry replaced by 4%, and x\* for x with that entry removed.
The Hamming distance Ham(x,y) = [{i € [d] : 2' # y'}| counts differing entries, where | - |
is set cardinality. We write e; for the i-th standard basis vector, 1,, for the all-ones vector, I,, for
the identity, and §{-, -} for the Kronecker delta. A distribution on X is a probability mass vector
p € A(X), the simplex over the S states.

Forward Noising Process. The forward noising process X = {X;}o<i<7 is a continuous-time
Markov chain (CTMC) on X’ whose marginal p; € A(X) is governed by the Kolmogorov forward
equation (KFE), a linear ordinary differential equation (ODE) given by

dpy T

= = Qe P Po=DPaaa, fort [0, 7], (D
with rate matrix (infinitesimal generator) Q; € R® “x5% " where Q:(x,y) is the infinitesimal rate
of transitioning from states x to y. Because (); is constrained to have nonnegative off-diagonal
entries and zero row sums, the dynamics (T)) preserve the total mass of p;, ensuring it remains a

valid probability distribution throughout the evolution.

Because the dimensions of @); scale exponentially with the sequence length d, direct computation
or storage of the generator is intractable. In practice, (), is structured to operate on each dimension
independently via a token-level rate matrix Q°% € R*9, In standard frameworks (Campbell et al.}
2022;|Lou et al.,|2024; |Zhang et al.,[2025)), the nonzero off-diagonal entries of (); are structured as

Qt(x7xi~>i’i) = Qt ([‘rlv e 77;27 e ’de [3317 e 7i‘17 e amd]) = Q;Ok(‘rlajl)a (2)
where 2 # ¢ € [S]. This structure implies that Q; is a Kronecker sum of independent generators,
connecting only sequences at Hamming distance 1 (our results also apply to general rate matrices;

see Section . The two common choices for Qi°¥ are the masked (absorbing) and uniform rates,

Q)T = B(t)(emaski 1§ — Is) and (Qy™™)T = B(t) (151§ —Is), (3
respectively. For the masked rate, the S-th token is the mask [MASK]. Consequently, p; approaches
a tractable limiting distribution py,,se as ¢ — oo: either a Dirac distribution centered on the all-mask
sequence or the uniform distribution on X'. The ease of sampling from these distributions makes
them ideal priors for the reverse generative process.

Under , the forward transition kernel py,(x:|xs) := Pr(X; = x|X, = x;) factorizes as
Prls(Xe]Xs) = H?lei‘s(xﬂxi) for0 < s <t < T, where pils is the forward transition kernel
of the i-th token. This factorization is standard both for scaling to high-dimensional state spaces

in practice (Austin et al., [2021; (Campbell et al., 2022; 2024; Lou et al., |2024) and in theoretical
analysis (Zhao et al., 2025;|Chen & Ying, |2025; Zhang et al., 2025} Ren et al.| 2025)).



Reverse Denoising Process. The forward process (1) admits a reverse-time process, which is also
a CTMC (Kelly, |1979). The reverse process satisfies the reverse-time Kolmogorov equation

d
—L = (@) p, fort € [0,7], o

where the reverse rate matrix Q);~ is given by

- pe(y) 2 pe(y) \i o, \i\tok/, i i
Qi (xy) ) Qi(y,x) ; o) ofx, y MR (v 2') forx £y, (5)
and Qi (x,x) = — > Q; (x,y). Here, the second equality uses . The Kronecker delta
ensures that at most one term in the summation survives, specifically, the term where x and y differ
by exactly one token. Thus, (;~ inherits the same sparse structure of the forward rate )y, restricting
nonzero transition rates to sequences at Hamming distance 1. For the reverse process under a general
rate, see Appendix

Training Formulation. The reverse process therefore depends on p, only through the ratios

)y =2 sy e, ©6)

known as the discrete/concrete score (Meng et all) |2022), which is analogous to the Stein score
V. log p; in continuous diffusion models (Song et al.,[2021b). Under (2) only Hamming-distance-1
pairs carry nonzero rate, so the reverse dynamics involve s;(x)y only at y = x;_,:. In score-based

discrete diffusion, the goal is to learn a score estimator § : [0,7] x X — R 5~1 approximat-
ing (6). To this end, we consider two standard training losses: the weighted score-matching (WSM)
loss (Meng et al., [2022])

T
1
LWSM(Sa ‘§) = A iExwpt § wt(X»Y) (st(x)y - e§t(x)y)Q dt, @)
y#x

and the score entropy (SE) loss (Benton et al., 2024; [Lou et al.,|[2024)

Lsg(s, §) = /OT Ex~p, Z wi(X,y) (St(x)y log (ft(x)y> + 81(x)y — st(x)y> dt, (8)

- 5¢(x)y

where w;(x,y) > 0 are weighting coefficients, and Lgg is the Bregman divergence generated by
a — aloga — a. Following Lou et al.[(2024), we use the transition weight w;(x,y) = Q:(y, x).
This choice parallels the score-matching loss in continuous space, where it is typically weighted by
the diffusion coefficient to align with the objective with the evidence lower bound (ELBO) (Song
et al.,|2021b). Both objectives are intractable, as the ground-truth score depends on the unknown
marginal p;. In practice, one uses denoising or implicit score matching, which are tractable and
equivalent to the original loss up to a constant (Lou et al., [2024)).

Approximate Reverse Process. The generative process is governed by the approximate reverse-
time dynamics

_dpe _
dt

where p denotes the marginal of the approximate reverse process and

(Qf)—rﬁta ﬁT = Pbase ~ PT, fort € [0, T], (9)

Qz_(xay) = gt(x)yQt(Y5X) for x 7& Y, and QE_(X,X) = - Z QZ_(X7 Y) (10)

y#X

This differs from the exact reverse process in two ways: the true rate (Q; is replaced by Q;_ ,
constructed using the score estimator, and the intractable pr is replaced by the prior ppase.



Integral Probability Metric (IPM). IPMs are a general class of metrics for measuring the dis-
crepancy between two distributions p, p € A(X). They are defined as

’Y\I/(paﬁ) = Sup |Ex~p[77[}(x)] - Ewa(X)H ) (11)
Ppew

where the admissible function class ¥ determines the metric. Taking ¥ tobe {¢) : X = R, ||¢)||oc <
1} {|¥lluip < 1}, or {||¢]|n < 1} gives the total variation distance, the Wasserstein-1 distance,
and the maximum mean discrepancy, respectively, where || - || is the norm of a reproducing kernel
Hilbert space H. We refer readers to |Sriperumbudur et al.[ (2009); [Peyré & Cuturi| (2019); [Birrell
et al.|(2022) for a more detailed overview of IPMs and their properties.

Error and Adjoint Equations. Our analysis relies on computing the mismatch between the exact

generative process (4) and its approximation (9) over time. Defining the error \; := p; — p; and
subtracting (9) from (4), we obtain the error equation for t € [0,T7,

dA ~ - )

= =(QF 00 T — Q)T A with Ar = pr — Prace: (12)

To quantify this discrepancy under any IPM, we extend the duality argument of Mimikos-
Stamatopoulos et al.| (2024, Section 4.1), originally developed for continuous diffusion, by devel-
oping new technical tools specialized for the discrete setting. The core idea is to test against a
function ¢ : [0,T] x X — R satisfying the adjoint equation associated with the approximate reverse
dynamics (9), namely the Kolmogorov backward equation

d ~

W~ G 6 o) =), fort e [0.7) (13)
By selecting 1 from the admissible function class W of the target metric (TI)), we can leverage
to explicitly compute, in any IPM, how the approximation error propagates back to the initial data
distribution.

3 MAIN RESULTS

Recall that any valid rate matrix of a CTMC satisfies two structural properties by definition: non-
negative off-diagonal entries, Q¢(x,y) > 0 for all x # y, and zero row sums, 3 Q¢(x,y) = 0
for all x, which together conserve probability mass. Beyond these structural properties, we impose
only the following mild regularity condition to keep our framework as general as possible.

Assumption 1 (Rate-matrix Integrability). t — Q(x,y) is integrable on [0, T)] for all (x,y).

Assumption[I|ensures that the transition kernel associated with Q) is well-defined on [0, T']. Notably,
both the structural properties and Assumption [I]are satisfied by virtually all discrete-diffusion-based
generative models used in practice, underscoring the broad applicability of our theory.

3.1 MAIN THEOREM

Under the mild Assumption [I] our main theorem bounds the discrepancy between the data distribu-
tion and the generated distribution, simultaneously for all IPMs (I). Due to space constraints, we
defer all proofs to the Appendix.

Theorem 3.1 (IPM Bounds for Score-based Discrete Diffusion). Under Assumption[I} for any func-
tion class U = {¢ : X — R}, the IPM ~y (defined in ) between the data distribution pqata
and the generated distribution pg satisfies the following. For bounds involving Lsg, we additionally
assume §,(x)y € [s:(X)y/2, 35:(x)y /2] for all (t,x,y) in the support of p,Q,, a condition that
holds when the score estimator is reasonably accurate.

Case 1 (Masked rate; Q1% = Qiasked (3)):

Yo (Pdatas Po) < 2Cy | de 1Pl 13/24d\/] B(1 — p(m))|x \/ESE(& §)+ 2 Ls(s,9) |,

initialization error

training error

(14)



where d is the sequence length,

Bl = fOT,B(t)dt, m := [[MASK], ..., [MASK]] is the sequence of

B(1 — p(m))|; = fOT B(t)(1 — p(m))dt, p;(m) is the marginal probability of
m at time t, Lgy, is the score entropy loss , and L3 = O(|s — 3|?) is a cubic correction term with
scaling independent of the vocabulary size S its exact formulation is provided in Appendix[D.1}
Case 2 (Uniform rate; Q\° = Qy™ior™ (3)):

all mask tokens,

o (passar o) <2Cw | de 100 V2B Lsn(s,5) + 2 Ls(5,5) |, and (15

initialization error

training error

Yo (Pdatas Po) < 2Cw | de 181 v2d\/]1 8]y v/ Lwsm(s, 3) | (16)

initialization error training error

where Lyyswm is the weighted score-matching loss defined in (7);
Case 3 (General rate):

T
Y (Pdatas Po) < 2Cw | TV(pT, Poase) +‘/§\// Eocp, (1§ (x)] dt \/£SE(37§) + 2 L3(s,9) |,
—_— 0

initialization error

training error
a7
and

T
Yo (Pdata, Po) < 2Cy TV<pT,pbase>+¢§¢ / Exp, [ (x)] dt /Lwsm(s,8) |, (18)
—— 0 —_—

initialization error training error

where p"t (x) = >, Qi(x,y) and pin(x) = > y2x (Y, X) denote the exit rate from and
entrance rate to state x at time t, respectively. The dependence on the IPM enters only through the
single constant C'y. The list of common IPMs and their constant C'y are summarized in Table[2}; the
result extends straightforwardly to all other IPMs.

Table 2: Examples of common IPMs, their corresponding function class, and the associated con-
stants for Theorem [3.I] Corollary [3.3] and Corollary 3.4, Here, W7 and MMD represent the
Wasserstein-1 distance and maximum mean discrepancy, respectively. Our results extend straight-
forwardly and universally to every IPM.

IPM Function class ¥ Cy

Total variation (TV) l]lo <1 1/2

Per-position TV P(x) = f(z'), i € [d], |flloo <1 1/2

Block / k-gram TV 1 depends on k positions, ||t <1 1/2

Bounded Lipschitz l¥lco <1, Lipy(v) <1 1

W (Hamming distance) Lipg, (¥) <1 d/2

Wyembed Lipg,,,. (¥) <1 diamg,,,,,., (¥)/2
MMD (kernel K < 1) [Vl <1 1

MMD (general bounded K) |||, <1 sup, v/ K (x,x)

A key consequence of Theorem is that the approximation error, measured by any IPM (T1), is
bounded by score-matching objectives. Specifically, the training objectives (Lwswm and Lgg) and
the faster-vanishing cubic correction (L3) all approach zero as the score estimator converges to the
true score (5 — s). This provides a rigorous theoretical justification for the standard optimization
objective: Model training directly and explicitly minimizes an upper bound on the entire family
of IPMs between the generated and the target distributions. Consequently, a globally optimal
model achieves the theoretical minimum of the distributional discrepancy.



Remark 3.1 (Key Improvements). Our results improve existing theory in the following key aspects
(see also Table[l).

1. Independence of Vocabulary Size S: The coefficients of our bounds are independent of
the vocabulary size S under masked and uniform rates. This is a significant improvement
over existing literature, where bounds typically depend on S and become loose or even
vacuous in large-scale applications like language modeling (e.g., S > 10° in SOTA ar-
chitectures (Nie et al.| |2026)). Concretely, the TV bounds of |Liang et al.|(2026d}al) carry
a prefactor of /'S, which exceeds 300 when S > 10° and thus inflates the training-error
term by two orders of magnitude. In contrast, our S-independence is a direct consequence
of our novel derivations, which circumvent the S-dependency inherent in prior approaches.

Our key techniques include: adjoint equations (see and Appendix[D.1), together with
a regularity analysis (see Appendix|E-1)), that yield bounds for any IPM; a score—marginal
cancellation technique and an exit-routing technique that achieve S-independence un-
der masked transitions (see Remark and Appendix [H); and a coupling argument that
achieves S-independence under uniform transitions (see Remark[3.4] and Appendix|[F).

2. Unified Derivations and Universal IPM Coverage: Our novel applications of adjoint
equations and regularity theory allow us to derive bounds for all IPMs under a unified
framework. This stands in stark contrast to existing analyses, which typically focus on only
one or two specific metrics; see Table[l]

3. Direct Extension of Existing Guarantees to Any IPM: Our convergence results bound
any IPM in terms of the score entropy loss [B)). Existing step complexity analyses bound
the score entropy loss (8) under numerical simulation, and in turn use the bound to derive
step complexity required for the approximation error to fall below a given threshold. Since
our results are in terms of the same score entropy, existing step complexity analyses can be
directly applied to our bounds, extending their guarantees to any IPM.

4. Agnostic to Rates and Priors: Our framework is agnostic to the choice of rate matrix or
prior distribution; it applies straightforwardly to any valid transition process satisfying
Assumption[I} This sharply departs from existing works, which are inapplicable to masked
transition (Zhang et al., |2025; |Liang et al.| 2025 |Ren et al.| 2025} |Liang et al., |2026b;
Dmitriev et al.l 2026) or focus on one transition process (\Liang et al., |2026d).

5. Mild Assumptions: Our analysis relies solely on Assumption|l| This is in stark contrast to
existing theory; for instance, the works of/Zhang et al.|(2025); |Liang et al.|(2025); |Ren et al.
(2025); Liang et al.|(2026b)); |\Dmitriev et al.|(2026)) rely critically on the non-singularity of
Pbase, Without which their estimates diverge—a constraint we do not impose.

Remark 3.2 (Score-Marginal Cancellation and Exit-Routing). At its core, our score-marginal can-
cellation technique uses a simple identity p;(x)s:(x)y = M % = pi(y). Via this identity

and algebraic manipulation, we can express the bound in Case 3 of Theorem [3.1| using either the
entrance rate (i1 (18) or the exit rate p2"* (17). For more details, see Appendices and

Cases 1 and 2 can both be derived as specializations of Case 3. This allows users to pick the option
that gives a tighter bound for a rate matrix at hand. For instance, under the masked rate, the scaling
of E[u] is independent of S whereas E[11*] grows as O(S). Thus, using the exit rate bound in
Case 1 yields an S-free guarantee. See Remark|D.2]for a more detailed discussion.

Remark 3.3 (Theoretical Justification for Score Entropy). From Remark[3.2) the convergence bound
under the masked rate is S-free when the training loss Lsg is used, but grows as O(S) when guided
by Lwswm- Consequently, the Lsg-based bound is substantially tighter for language tasks, where the
vocabulary size S is prohibitively large. This offers a principled explanation for the strong empirical
performance of models trained using the score entropy loss, complementing existing theory on the
score entropy loss|Lou et al.|(2024); \Shi et al.|(2024)); |Ou et al.|(2025|).

Remark 3.4 (Coupling Technique for Uniform Rate). To the best of our knowledge, existing results
for the uniform rate (Zhang et al.| 2025} |Ren et al.| 2025 |Liang et al., 2026b}; |Dmitriev et al.|
2026|) bound the initialization error under the Kullback-Leibler (KL) divergence by using a modified
log-Sobolev inequality to derive the exponential mixing of the forward process, this introduces a



log(S) factor. Converting to TV distance (a type of IPM (11))) via Pinsker’s inequality then yields a
V/1og(S) factor; see, e.g., the proof of Proposition 2 of\Zhang et al.|(2025).
In contrast, our initialization error is S-free. This is achieved by using a novel coupling argu-

ment adapted from the classical Markovian coupling theorem (ILevin & Peres| 2017, Theorem 5.2).
See Section[Flfor a detailed derivation.

3.2 WEAK ERROR BOUND

Our main Theorem [3.1]is a specialization of the following lemma, which controls the error against
a single fixed test function 1. For compactness, from here on we state the bounds in a single master
form and collect the coefficients in tables.

Lemma 3.2 (Weak Error Bound for Score-based Discrete Diffusion). Under the same assumptions
as Theorem the weak error between the true data distribution pyat. and the generated data
distribution pq satisfies the following.

Expiaa [000] ~ Exp [600)] < 2l L +V2C WE ). a9

Here, (Z,C, L) are reported in Table

Table 3: Coefficients of the convergence bounds for Lemma and Corollary

Rate Initialization Error Z  Coefficient C Training Error £
Masked de~lIPlx d||B(1 —pm))|1 Lsg(s,3) + 2Ls(s, )
Uniform  d e~ 18l |8l Lsr(s,3) + 2L3(s, 5)
Uniform  de~ 18l d HB||1 Lwsm(s, 5)

General TV (pr, Phase) fOT e 15" dt Ls(s, §) + %L’g(s,é)
General TV (pr, Poase) o Ep, [ut ]dt Lwsm(s, 8)

Two features of drive our results. First, it holds for each bounded test function ¢). The derivation
considers a fixed 1), propagates it through the adjoint equation (13, and never references the class
. Second, the test function enters the right-hand side only through the scalar |||~ ; every other
term is independent of it. This is a direct consequence of our regularity analysis (see Lemma [E.T),
which explicitly bounds the evolution of w under the adjoint equation Thus, taking the supremum
over an admissible function class ¥ in (19) yields Theorem L where Cy is sup,,cy [|[9]|oo up to a
scalar multiple.

3.3 ERROR UNDER EARLY STOPPING

In early stopping, the reverse denoising process is simulated until an early stopping time § > 0 rather
than ¢ = 0. This is necessary when pgat. does not have full support on X. In this case, p;(x) can be
close to zero at t =~ 0 for some x. This causes the score function (€] to be unbounded, resulting in
numerical instability during generation and training.

The cost of early stopping is an additional approximation error, because the output distribution
approximates p; instead of the data distribution py = pgata- In the following, we compute the error
caused by early stopping.

Corollary 3.3 (Error Bounds under Early Stopping). Under the same assumptions as Theorem
forany function class ¥ = {¢) : X — R}, the IPM ~yy (defined in ) between the data distribution
Ddata and the generated distribution ps, obtained under early-stopping time 6 > 0, satisfies

e ps) < 20u( &+ I +V2C VI ). @)
early-stopping error "”t error early- stoppmg train. error

Here, (Z,C) are reported in Table@ The early stopping error Es is given by d fo t)dt for the
masked and uniform rates and TV (po, ps) for a general rate. The early-stopping training error L



is also reported in Table[3| except that the time integration of the training losses start at time & rather
than 0. These 0-truncated losses are used in practice to avoid numerical instability. See Table 2] for
a common list of IPM and their constant C'y. The results extend to all other IPMs.

3.4 STEP COMPLEXITY FOR UNIFORMIZATION

We derive the expected number of steps under uniformization (Jensen, 1953} |Grassmannl [1977;
de Souza e Silva & Gail, 2000); see (Chen & Ying, 2025, Section 2) for an introduction of the
uniformization algorithm. Since early stopping is the practically relevant setting, we build on the
early-stopping bounds from Corollary[3.3]

Corollary 3.4 (Expected Step Complexities for Uniformization). Assume that 5.(x)y, =
si(x)y whenever Qi(y,x) > 0, and the uniformization Poisson rate is chosen as A =
C sup —Qf (x,x) for some constant C' > 1. Then, for any IPM ~yy and tolerance € > 0, the

xeX
tE(te,try1]

approximation error satisfies Yy (Ddata, Ds) < € if we choose § =< W, T < 3 L log (dg“’ )
max min

and L35 (s, 3) = O(%), in which case the expected number of steps are given by

1. Case 1 (Masked rate; Q% = Q>s%4 (3)):

_ ﬂmax ﬂmax dC‘ll
E[N} =0 (d Bmin log <6min ' € )) , and

2. Case 2 (Uniform rate; Qi°% = Qo™ (3): if the true score further satisfies sy(x)y <
max(1,t71) (following Ren et al.l 2025, Assumption 4.4), then

BN = O (e (1o B + 510870 ) ).

0<t<T 0<t<T

Here, fmax = max [(t) and Pmin = min_ B(t), and the values of Cy are given in Tableﬂ

Here, the choice of the Poisson rate is a standard assumption required to ensure the validity of the
uniformization method for the CTMC. See, e.g.,|Grassmann|(1977);|Chen & Ying| (2025).

Remark 3.5 (S-free Training Loss Requirement). In Corollary[3.4) our S-free convergence bounds
vield a distinct advantage on training loss requirement over existing results. In existing works (Liang
et al.| 2025 202651[] the S-dependent prefactor of the training error term means the training error
needs to be O(1/S). This imposes an often impractical requirement for large token vocabularies in
modern language tasks. Since our training error prefactor is S-free, the required bound EgE (s,8) =

O(%) does not tighten as S grows.
v

As also noted in Remark [3.1]3] existing step complexity analyses bound the score entropy loss

under numerical simulation. The same loss controls the approximation error in Corollary 3.3 Thus,

existing step complexity guarantees can be extended to any IPM by directly applying existing

derivations to our bounds in Corollary [3.3]

In Corollary [3.4] we adapt the step complexity derivations of [Liang et al. (2025); Ren et al| (2025)
for uniformization to our setting. Their derivation is originally for a time-homogeneous forward
process, and we modify it to handle our time-inhomogeneous forward process (3). See Appendix l]
for the detailed derivations.

Similarly, derivations for other algorithms, e.g., 7-leaping (Liang et al., 2025} Dmitriev et al.| | 2026),
can also be applied to our framework to obtain step complexity. Since our goal in this paper is to pro-
pose a unified and foundational convergence framework for all IPMs, we defer the step complexity
analysis for other algorithms to future work.

'In (Liang et al., 2025, Assumption 1 & Proposition 1) and (Liang et al.,[2026a, Assumption 1 & Propo-
sition Al), it is required that their Lrv = O(v/SLsg) to be bounded by a given threshold. This effectively
requires Lsg to be O(1/5).



4 CONCLUSION

We introduced a novel adjoint-equation-based framework for the convergence analysis of discrete
diffusion models. Our analysis yields the first vocabulary-size-independent bounds in any integral
probability metric, valid under singular priors and across uniform and masked transitions. The
framework applies to general rate matrices. Five novel techniques drive these improvements: use of
adjoint equations in the space of observables, a regularity analysis, a coupling argument tailored to
uniform transitions, and score-marginal cancellation and exit routing techniques. More broadly, our
framework opens several directions for further study of discrete diffusion, including sharper step
complexity bounds applicable to any IPM, the choice of loss functions, convergence analyses for
higher-order and adaptive samplers, and approximation errors from practical implementation.
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Discrete Diffusion Models. Discrete diffusion models were first proposed by |Sohl-Dickstein et al.|

(2015)). A substantial line of work formulates the forward and reverse processes as discrete-time

Markov chains over categorical states (Austin et al, 2021; [Hoogeboom et al., 2021} [Chen et al.}

[2024), with the model trained by optimizing the standard variational lower bound. Within this
family, multinomial diffusion (Hoogeboom et al., [2021) and D3PM (Austin et al. 2021) mirror
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DDPM (Ho et al) [2020) in the continuous setting, while DNDM (Chen et al., |2024) introduces
a non-Markovian reverse process that enables accelerated sampling, corresponding to the role of
DDIM (Song et al.} 2021a).

In a parallel line of work, (Campbell et al.| (2022)) formulate discrete diffusion as a continuous-
time Markov chain (CTMC). This formulation allows for natural theoretical convergence analysis
and enables more flexible numerical inference that is not constrained by the discretization fixed at
training time. Importantly, the formulation admits an exact formula for the reverse process, in which
the unknown quantity is the ratio of marginal probabilities. This ratio is the discrete analog of the
score in continuous diffusion (Song et al., 2021b), and is commonly referred to as the discrete or
concrete score (Meng et al.| 2022)). A major line of work has since focused on learning the discrete
score. Meng et al.| (2022) propose concrete score matching with an L? objective, [Sun et al.|(2023)
learn it via cross-entropy on conditional marginals, and|Lou et al.|(2024)) introduce the score entropy
loss, which improves training stability and sample quality.

Building on the CTMC framework, recent work explores alternative formulations for discrete gener-
ative modeling (Zhu et al.|[2026; |Li et al., | 2026), and [Park et al.[(2025);/Zhao et al.|(2026); Ren et al.
(2026); [Liang et al.[ (2026¢)) propose higher-order, adaptive, or correction-based numerical solvers
to accelerate inference. In parallel, a body of CTMC-inspired but simplified models has emerged
as a practical alternative. These models, particularly those based on masked diffusion, have shown
promising performance on large-scale language and image generation (Chang et al., 2022} [2023}
Shi et al., 2024} [Sahoo et al.l 2024; |[Zheng et al.l 2025; Kim et al., 2025; 2026; Nie et al.| [2026;
Xu et al., 20265 [Zhang et al. |2026), bridging the gap in accuracy and speed to their autoregressive
counterparts.

Convergence Analysis. (Campbell et al.| (2022) derive a total variation error bound for the tau-
leaping sampling algorithm, but their results rely on strong assumptions and are not directly linked
to a practical training objective.

Chen & Ying (2025) perform a convergence analysis on the binary hypercube, deriving an approxi-
mation error bound in KL divergence, similar results are also available in|Le-Tuyet-Nhi et al.|(2025).
Zhang et al.|(2025) extend this result to general categorical state spaces, also in KL.|Ren et al.|(2025))
propose a stochastic integral framework that yields KL-divergence error bounds via path-measure ar-
guments, while|Liang et al.|(2026b) establish KL bounds through a differential-inequality argument
that avoids path-measure techniques. These analyses all fundamentally rely on KL-based estimates,
which diverge when the prior is singular. As a result, their guarantees do not directly apply to
masked diffusions—the dominant paradigm for discrete diffusion language models.

Some recent works have attempted to address this gap. [Liang et al. (2025)); [Dmitriev et al.| (2026)
mix the uniform and singular mask distributions as a surrogate prior, circumventing the divergent
KL at the all-mask state. This construction, however, does not apply to true masked diffusions.
Conforti et al.| (2025) combine KL-based path-measure estimates with a separate TV control of the
initialization mismatch at the fully masked state. More recently, Liang et al.|(2026d)) address the KL
issue by switching to TV distance for the approximation error. Nevertheless, all these results depend
on the vocabulary size, and the bounds can become vacuous for modern language tasks.

A separate line of theory studies the sampling efficiency of discrete diffusion models, often under
idealized score assumptions/Chen et al.|(2025));|ILi & Cai|(2026);|Liang et al.|(2026al); these questions
are complementary to, but outside the scope of the present work.

B PROBLEM FORMULATION: FULL DETAILS

B.1 BACKGROUND

Notation and Preliminaries. We denote scalars by lowercase letters () and vectors by boldface
lowercase letters (x). All vectors are assumed to be column vectors unless otherwise specified.
We denote the i-th entry of a vector x by z¢. Specifically, a d-dimensional vector is given by
x = [z'---29]. We use x;_,;: to represent the vector x with its i-th entry replaced by 2’. We

denote x\* as the vector x with its i-th entry removed.
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For N € Z*, [N] denotes the set {1,2,--- , N'}. We denote e; as the i-th standard basis vector, 1
as the N-dimensional vector of all ones, and Iy as the N x N identity matrix. We use 6{-,-} to
represent the Kronecker delta function. The Hamming distance between x,y € R is the number
of indices where the entries differ: Ham(x,y) = |[{i € [N] : 2* # y'}|, where | - | denotes the
cardinality of a set.

We consider data defined on a discrete state space X = [N], where N is the total number of possible
states. A probability distribution on this discrete space is characterized by a probability mass vector
p € A(X), representing the probability simplex over the N possible states.

Forward Process. The forward noising process is defined as a continuous-time Markov chain
(CTMC) on X over the time interval [0, 7], governed by a rate matrix (or infinitesimal generator)
Q; € RVXN, Specifically, the process is initialized at ¢ = 0 with the data distribution pgat,. The
evolution of the marginal distribution p; is governed by the Kolmogorov forward equation (KFE), a
linear ordinary differential equation (ODE) given by

dpt

=7 = QP Po=Pasa, fort €0, 7). 1)
Here, Q¢(x,y) defines the infinitesimal rate of transitioning from states x to y. Because Q); is
constrained to have nonnegative off-diagonal entries and zero row sums, the dynamics (1)) preserve

the total mass of p;, ensuring it remains a valid probability distribution throughout the evolution.

There are two common choices for (J;. They are the masked (absorbing) and uniform rates and
given by

(thaskcd)T _ ﬁ(t)(e[MASK]]-L _ IN) and ( ;miform)T — ﬁ(t) (%11\,1;\5 — IN) , (22)

respectively. For the masked rate, the Nth entry corresponds to the mask token [MASK]. Conse-
quently, p; approaches a tractable limiting distribution pyase: either a Dirac distribution centered on
the mask token or the uniform distribution, as ¢ — oco. The ease of sampling from these distributions
makes them ideal priors for the reverse generative process.

The dynamics (ZI) can be numerically integrated by discretizing the time horizon into intervals with
width At. Specifically, the forward transition kernel from time ¢ to ¢ + At is given by

Prratt () = 6z, y} + Qu(x, y) At + o(At), (23)

where 6{-, -} denotes the Kronecker delta, and Q;(x, y) denotes the (z, y)-th entry of ();. Numerical
simulation of CTMCs can be broadly divided into exact path simulation such as the Gillespie’s
algorithm and approximate simulation such as 7-leaping method. We refer to|Gillespie| (2001)); |Cao
et al.| (2004; 2006); |[Hobolth & Stone| (2009); |Arns et al.[(2010) for a comprehensive review of these
methods.

Reverse Process. The forward process (21) admits a reverse-time process, which is also a
CTMC (Kelly}, 1979). The reverse process satisfies the reverse-time Kolmogorov equation

d
7% = (QF) ps, forte0,T], (4)

where () is the reverse-time rate matrix, and

Qf(x,y)=§zg§@t(y,x) forzy, and Q (x.2)=-3 Q (ry). @4
y#

Training Formulation. The ratios s,(z) := [%} )
y#£x

concrete score (Meng et al., [2022), which is analogous to the Stein score V, log p; in continu-
ous diffusion models (Song et al., |2021b). We denote the entry corresponding to the state y as

5¢(x)y = izgzg € R>o. In score-based discrete diffusion, the goal is to learn a score estimator

€ RY; " are known as the discrete/-

5,(x) ~ 5 (x) = [pt(y)

f 0,7). 25
ptu)L#’ ort € 0,7] 25)

17



To this end, we consider two standard training losses. The first is a weighted score-matching (WSM)
loss (Meng et al., [2022))

T
1
Lywsm(s, 3) = / §Ez~mzwt(m,y) (si(x)y — i(x),)? dt, (26)
0 y#

and the second is the score entropy (SE) loss (Benton et al.,[2024; [Lou et al.,|2024)

Lsk(s, 5) = /OT Eonp, Y wi(z,y) <5t(x)y log (st(x)y> + 5¢(z), — st(x)y> at, (27

oyt 5¢(z)y

where wq(x,y) > 0 are weighting coefficients, and Lgg is obtained from the Bregman divergence
generated by the function a — aloga — a. Following |Lou et al.| (2024])), we consider the transition
weight where w;(z,y) = Q:(y,z). This choice parallels the score-matching loss in continuous
space, where it is typically weighted by the diffusion coefficient to align with the objective with the
evidence lower bound (ELBO) (Song et al.,[2021b).

In practice, this training objective is intractable as the ground-truth score depends on the unknown
marginal distribution p;. To resolve this, one typically uses denoising or implicit score matching,
which are tractable objectives that are equivalent to the original loss up to a constant independent of
the score estimator Lou et al.| (2024).

Integral Probability Metric (IPM). IPMs are a general class of metrics for measuring the dis-
crepancy between two probability measures p, p € P(X). They are defined as

Yo (p,P) = sup [Exp[t)(x)] — Exp[t)(x)]] , (11
Pew

where VU is a suitable class of admissible functions. Different choices of ¥ induce different
types of IPMs. Commonly used IPMs include the total variation (TV) distance, Wasserstein-
1 (W) distance, and maximum mean discrepancy (MMD). These correspond to choosing ¥ as
{6 : X = R0 < 15 {101 X = R, [y < 1}, and {6 : X — R, [)]lo < 1}, respec-
tively, where || - ||7 is the norm for a reproducing kernel Hilbert space (RKHS) H. We refer readers
to Sriperumbudur et al.| (2009); |[Peyré & Cuturi (2019); Birrell et al.| (2022)) for a more detailed
overview of IPMs and their properties.

B.2 PROBLEM FORMULATION

The discrete state space is given by X = [S]?, containing sequences that factorize as x =
[z1,---,x9]. This setup is common among various applications, including text token se-
quences (Lou et al.l 2024), image pixel values (Campbell et al., [2022)), tabular data (Kotelnikov
et al.| [2023), chemical molecule graphs (Vignac et al.,|2023), musical notes (Campbell et al.|[2022),

DNA sequences (Schiff et al., [2025)), protein sequences (Campbell et al.,2024)), and others.

Forward Noising Process. The forward process X = {X;}o<:<7 is defined as a continuous-time
Markov chain (CTMC) on X'. The distribution of X} is characterized by a probability mass vector
p: € A(X), representing the probability simplex over the S¢ possible states. This distribution is

governed by a Kolmogorov forward equation with rate matrix Q; € R x5 given by
d,
L =Qlpt. Po=pauas fort €[0.7). (1)

Since the dimensions of ); scale exponentially with the sequence length d, direct computation or
storage of the generator is intractable. In practice, (); is structured to operate on each dimension
independently via a token-level rate matrix Q°% € R®*9_ In standard frameworks (Campbell et al.}
2022; Lou et al.| 2024} [Zhang et al., 2025)), the nonzero off-diagonal entries of (); are structured as
follows (although our results apply to general rate matrices; see Section [3))

. y i
Qt(x7xi—>§?i):Qt ([‘Tl?'” 7xL7"' amd]v[w17"' 7:627"' 7xd]) :QEO (1;17371)) (2)
where ! # &' € [S], and Q'° is either the masked rate matrix or uniform rate matrix (3). Under

these two choices, the asymptotic limit py,se is the Dirac distribution centered on the mask token and
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the uniform distribution over X, respectively. The structure in (2 implies that (); is a Kronecker
sum of independent generators, modeling transitions between states at Hamming distance 1 (i.e.,
states differing by exactly one token).

Under this structure of @y, the forward transition kernel py|,(x¢[xs) := Pr(X; = x| X, = xy)
factorizes as py|s(x¢[xs) = H pzls(xﬂxg) for0 < s <t < T. Here, p; (xj|}) == Pr(X; =
2| X! = 2%) is the forward transmon kernel for the ith token governed by rate Qt°¥.

The factorization of transition kernel is standard in the discrete diffusion literature, as it is essen-
tial for scaling to high-dimensional state spaces for empirical implementation |Austin et al|(2021);
Campbell et al.[(2022;2024); Lou et al.|(2024)). This assumption is also widely adopted in theoretical
analysis |[Zhao et al.|(2025)); Chen & Ying|(2025); Zhang et al.|(2025)); Ren et al.| (2025).

Reverse Denoising Process. The forward process (I) admits a reverse-time (generative) process
governed by the following Kolmogorov equation (Kelly,|1979)

dpt = Q) ps, forte 0,7, (28)

where the reverse rate matrix Q) is given by

Qf(x,y):& Zptf( SxV Y IQRK L ) forx £y, ()

Pe(x)
and Qf (x,x) = — 35, Qf (x,y). In the second step of (), we used the definition of Q; (2).
The Kronecker delta ensures that at most one term in the summation survives—specifically, the
term where x and y differ by exactly one token. Thus, the reverse rate matrix (); inherits the

same sparse structure as the forward rate ();, restricting non-zero transition rates to sequences at
Hamming distance 1.

Hence, we consider the discrete score s; defined for these sequences

Pe(Xiz)

o) forx € X, i€ [d], z* #3" €[9).

$t(X)imgi 1=

The score estimator 5 : [0,7] x X — R¥5~1 can then be obtained by minimizing Lwsi (s, 3)
defined in or Lgg(s, §) defined in 27).

Approximate Reverse Process. The generative process is governed by the approximate reverse-

time dynamics
dp -
! (Qt ) pt7 PT = DPbase =~ PT, fort € [07 T], (9)

where the approximate reverse rate matrix Q;_ is defined by

Qf (x,y) = 5(x)yQi(y,x) forx#y, and Qf ( =Y Qf (xy). (10

y#x

It is important to note that the approximate reverse process differs from the exact reverse process (28))
by two key aspects. First, the true reverse rate J; is replaced by the approximate ();~ constructed
using the score estimator through (I0). Second, since the ground truth terminal distribution pr is
intractable, the prior ppase 1s used as a starting distribution for the reverse process. Here, p denotes
the marginal distribution of the approximate reverse process.

Error and Adjoint Equations. Our analysis relies on computing the mismatch between the exact
generative process (4) and its approximation (9) over time. Defining the error \; := p; — p; and
subtracting (9) from (4), we obtain the error equation for t € [0,T],

-

— =07+ Q) pe — (@) A, with A7 = pr — Phace. (12)
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To quantify this discrepancy under any IPM, we extend the duality argument of Mimikos-
Stamatopoulos et al.| (2024, Section 4.1) originally developed for continuous diffusion, by devel-
oping new technical tools specialized for the discrete setting. The core idea is to test (I2) against a
function ¢ : [0, 7] x [S]? — R that satisfies the adjoint equation associated with the approximate
reverse dynamics (9), namely the Kolmogorov backward equation

d¢t = QZ_QSM ¢()(X) = ’(/)(X), fort € [O,T] (13)

By selecting 1) from the adm1ss1ble function class U of the target metric (IT)), we can leverage (13)
to explicitly compute, in any IPM, how the approximation error propagates back to the initial data
distribution.

C PROOF SKETCH: CONVERGENCE ANALYSIS VIA ADJOINT EQUATIONS

In this section, we highlight the key technical innovation underlying our main Lemma|[3.2]and Corol-
laries Our core strategy involves (1) constructing test functions for the IPMs (II) via an
adjoint equation, (2) estimating the regularity of the test functions, and (3) bounding the approxi-
mation error for any IPM by specializing the admissible function class accordingly. The detailed
derivations are given in Appendix

Adjoint Equation. We first compute the mismatch between the exact generative process (4)) and
its approximation (9) over time. To this end, defining the error \; := p; — j; and subtracting (9)
from (4), we obtain the error equation for t € [0, T,

dA ~ .
= QT+ QD) = Q) A with Ar = pr — Phase. (12)

To quantify this discrepancy under any IPM, we extend the duality argument of Mimikos-
Stamatopoulos et al.| (2024, Section 4.1) originally developed for continuous diffusion by devel-
oping new technical tools specialized for the discrete setting. The core idea is to test (12)) against a
function ¢ : [0, 7] x [S]¢ — R that satisfies the adjoint equation associated with the approx1mate
reverse dynamics (9), namely the Kolmogorov backward equation

W —Gron o) =), forte[0.7) (13)

In particular, we integrate the error equation ((12) against the test function ¢, in space, integrate in
time and apply integration by parts to move the time derivative to ¢, yielding

T

T
/O (D260 dt = (xr,67) — (Ao, o) - /0 e ot (29)

Substituting (12)) and (T3) into 29), the \;-dependent contributions cancel via the adjointness iden-

tity ((QF) T A, 1) = ()\t, Qf ¢;) — which is precisely why Q™ is the choice of generator in
— leaving only the p,-dependent rate-matrix difference:

T ~
<)\07¢> = <)\O,¢O> = <)‘T7¢T> +/O <(QZ_ - Q:ﬁ_)—rptv(bt> dt. (30)

Taking absolute values and plugging in Ay = p;—p;, we obtain an upper bound for the approximation
error

Expana [00)] ~ B [05)]
<o+ [ (@ = Q) Then)|a

T
<lorlle X or =l )2 [ lerle 3 mo](@ —@Dw|ar gy

xeX x,yeX
xZ£y
= 2[|¢7[lc TV (p1, Prase) + 2/ 164/ Z Pe(x)Qe(y, %) [se(x)y — Se(x)y | dt,
x,yeX
Xy
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where ||¢¢]|co := maxxex |¢¢(x)|, and in the last step, we used the reverse rates formulations
and (10), as well as the definition of TV distance. Importantly, the integration term contains the
score error |s;(x)y — 8;(x)y |, which we represent using the standard training losses (7)—(8) through
our novel score-marginal cancellation technique; see Lemmas [E.6|and [E.9]and their proofs for more
details. As a result, our bounds are expressed directly in terms of the standard training losses.

Regularity of Test Functions. To make the bound explicit, it remains to control the test
function sup-norm ||¢ || . Recall that ¢ is the time evolution of ¢ under the adjoint equation (13)),
with ¢¢ = 1. Importantly, we show in LemmalE.T]that the adjoint dynamics is non-expansive in the
sup-norm: the solution ¢ to the adjoint equation satisfies ||¢¢||occ < ||¥||oo for all ¢ € [0,T7]. Thus,
plugging in the contraction result into (31)), we obtain

|Expaaca ¥ ()] = B [ (%)
T
<29l TV (pr; Prase) + 2||¢||oo/0 Y pe(X)Qu(y, %) [s:(x)y — Felx)yldt, G2

x,yeX
XF£y
effectively removing the only remaining unknown. Intuitively, the non-expansiveness holds because
¢, is an expectation of 1) over trajectories of the CTMC associated with the adjoint equation, and
an expectation never exceeds the maximum. In our proof of Lemma |E.I| we make this rigorous by
using a Feynman-Kac representation.

Specialization to Any IPM. The bound is valid for any admissible function ), and its right-
hand side depends on ¢ only through the multiplicative factor ||1|| . Taking the supremum over the
admissible class ¥ of the target [IPM , the left-hand side becomes the IPM ~yy (Pdata, Po)- Since
[|%|| oo is decoupled from the other terms, those terms are unaffected by the supremum. And we have
a prefactor C'y which is a constant multiple of sup,,cy [[¢)]|o. Since the state space X = [S]? is
finite, any admissible function 1 is bounded and C'y is finite for every IPM. A single bound thus
specializes to every IPM, with only the constant C'y changing.

D PROOF OF MAIN THEOREMS

We restate and prove the main theorems.

D.1 PROOF OF LEMMA [3.2]

Lemma 3.2 (Weak Error Bound for Score-based Discrete Diffusion). Under the same assumptions
as Theorem [31] the weak error between the true data distribution pyat. and the generated data
distribution pq satisfies the following.

Expanea[00] — Expy 60| < 2[0loc( I +V2C VE ). (19)

init. error train. error

Here, (Z,C, L) are reported in Table 3]

Table 4: Coefficients of the convergence bounds for Lemma and Corollary

Rate Initialization Error Z  Coefficient C Training Error £
Masked de 1Pl d[|B(1 —p(m))|1 Lsg(s, )+ 2Ls(s, 3)
Uniform  de~ 18l a8l Lse(s, §) + 3L3(s, 3)
Uniform  de~ 18l a8l Lwsm(s, 5)

General TV (pr, Phase) f(; E,, [10™] dt Lsg(s,3) + 2L5(s, 5)
General TV (pr, Poase) o Ep,[u] dt Lwsm (s, §)
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Here, the cubic correction term is given by

/ ﬁuxl—pxnnwa~m@y¢m)[ 5 Ly = 50y

3

dt
3 7
*XENasked (¥) (s:(x)y)

| |

under the masked rate,

[ B |22 2 (P |

dy (y,x)=1
under the uniform rate,

L3(s,3) =

st (x)y — 8i(x

(33a)

(33b)

L Y#X XAy
under a general rate.

where N5 .q(¥) is the successor set of y (i.e. containing sequences y can transit to), defined by
Nireay) = {x € 2| 3i € [d.x\ = yV',a" = [MASKL,y' # [MASKI} . (34)

Remark D.1 (Observables, not metrics, are the primary objects of our analysis). The first output of
our analysis is a single-observable guarantee (the Lemma above): for every bounded ¢ : X — R,
controls |Ep,... 0 — Es | by ||[¢]|eo times the approximation-error terms bounded in Theo-
rem [3.1] with v entering only through ||v||os. The IPM bound of Theorem[3.1]is the corollary ob-
tained by taking a supremum over a class V. In language modeling Lou et al.|(12024)) one wants this
supremum, in most other applications the success criterion is itself a fixed bounded observable: mo-
tif and k-mer frequencies for DNA |Schiff et al.|(2025)), the designable fraction and mean pLDDT for
proteins|Campbell et al.|(2024), low-order marginals and moments for tabular data Kotelnikov et al.
(2023), and maximum-mean-discrepancy metrics—IPMs with a bounded kernel—for images|Camp-
bell et al.|(2022) and molecular graphs \Vignac et al.|(2023)). Each has ||¢||co = O(1), so our bound
applies directly, without ever forming a full metric.

A subtlety worth stating: the Fréchet-type scores common in these fields (FID, FCD, and sequence
analogues) are not IPMs—they are Wy distances between Gaussians fitted in a feature space—so
they do not arise from the supremum in Theorem[3.1|directly. They are, however, smooth functions
of finitely many bounded observables: the first two moments Bp, E[¢pd '] of a fixed feature map
¢. Our single-observable estimate controls each such moment S-freely, so FID and its analogues
are governed by our guarantee up to the local Lipschitz modulus of the Fréchet functional and the
(S-independent) feature dimension, degrading only near covariance degeneracy. The observable
Lemma thus reaches beyond IPMs: an IPM is a single linear observable, a Fréchet score a nonlinear
functional of moment-observables, and both are controlled.

Remark D.2 (Details of Exit-Rate Routing Technique). Writing the Kolmogorov forward equa-
tion (1)) entry-wise at state x yields the flow balance

dp(x)

) S Quymy) - ) ()
—_———
y#x actual outflow
actual inflow
in which the jump rate "t (x) = —Qq(x,x) governs the outflow and the entrance rate pi*(x) =

Zy x Q+(y,x) governs the inflow. Both are intrinsic to the generator Q;: 1S is the negative
diagonal, pi" is the column-off-diagonal sum.

Under the uniform rate , Q'°% is symmetric and

uN (@) = (@) = B (1 §) foreveryw € [9],
so the two lemmas give the same scaling.

Under the masked rate , Q'°% is asymmetric and the two rates differ:
E o[ 1" (z)] = B(t)(1 — p}°* (IMASK]))

22

/OT - );{Qt(y,x) ( ‘St(x(li(;)it)(;{)yp) dt = /OT Ey~p, );Qz(% x) ( (5:(X)y)?

3
)y| > dt, (33c)



is S-independent, whereas
Bl (2)] = (S —1) B(t) i (IMASK])
carries a factor of S — 1 — the per-token vocabulary size.

Accordingly, in the proof of Lemma [3.2] we use the SE route for the masked case to obtain an S-
independent prefactor, and the simpler WSM route (Lemma [E.9) for the uniform case, where its
prefactor coincides with the SE one. Of course, either bound is mathematically valid, but only the
SE route yields an S-independent prefactor under masked dynamics.

Remark D.3 (S-free scaling of L3). We note that [N} _...(y)| < din , where d is the sequence

masked

length. Overall, in (33a)), the outer expectation Ey.,, (y|y-m)| -] is a probability average; its sup-

port has size S — 1, but the integrand averaged is the at-most-d-term inner sum of cubic errors,
with no count of states entering per term. Thus, the scaling of L3 is independent of the vocabulary
size S under the masked rate.

Under the uniform rate, the outer expectation Ey .., of (33b) is again a probability average. For
each'y, the inner summation ZdH (x,y)=1 Tuns over the d(S—1) neighbors satisfying dp (y,x) = 1;

together with the factor % its magnitude is on the order of @ < d. Thus the scaling of L3 is
again independent of S.

Proof of Lemma|[3.2}
(Ao, ¥) — (A1, o1) = (Ao, o) — (A1, O1)

T
d
= */0 @O\tv‘bﬁdt

Y Y dg
= _/0 <Ea¢t> + (A, E>dt

T
= / (@ = Q) o+ (@) Aor) = (M Qi én)dt by () and ([3),
:/OT<(Q2_—Q2_)TPt,¢t>dt

T
B /0 D lt.y) {(Qf - Qf)Tpt] (y)dt

yex

-/ S ety [(@F - 05)] ceyim

yEX x€X

T
- /O S 3 6y [(@ — Q1)) (e y)pi(x)dr. by Fubini’s theorem,

xXEX yeX

= /OT > px) Y olt.y) [(Qf - Qf)} (x,y)dt

xXeX yex

= [0 X (6.3 ottx) [1@ - @] ey

xeX yex

where we used that ();~ and Q); s rows sum to zero,

23



xXEX yeX
y#x
Thus, we have
(Xo,¥) — (Ar, 1) = / S 3 i — (1, x)) Qu(y, x) (s:(x)y — 5¢(x)y) dt
xeEX yeX
yséx
<)‘ aw> )‘ (b p ¢<ta X)) Q (ya X) (S (X)y - § (X)y) dt :
Y#X

(35)

For the first term (D), it can be bounded as

<)‘T7 ¢T> = < — Pbase; ¢T>
- Z pbaie d’T( )

XEX

< ||¢THOO Z ‘pT _pbase‘ (X)
xX

< ||¢||OO Z ‘pT - pbase‘ (X), by Lemma ,

xXeX
= 2Hw||OOTV(pT7pbase)~

For the second term (D, we bound it differently, depending on the choice of the rate matrix @Qt°k
in

Case 1 (Bound under masked rate using Lsg):

/ S5 n) — 6(6,%)) Qu(y. %) (s (x)y — (), ) dt

xeX yeX
y#x

< 2[[Y]loo / Z Z Qi(y, x)pi(y)dt | (2Lse(s,3) + 3 L3(s,5))?, by Lemmal[E-§]

yEX xEX
XZ£y

Nl=

2

=

= 2|y / S Qlyn)dt | (2Lse(s,5) + 4 Ly(5,9)

yEX x:ixHAy
Qe (y,x)#0

N

[NIE

= 2[4 / S Y Qe IMASKDp(y)dt | (2Lsm(s,5) + 4 £s(s,9))F

yEX xe'/\/masked(y)
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where we used the definition of @); (2) under masked transition , m = [[MASK], ...,[MASK]] is
the sequence of all mask tokens,

— (y) = {x X ‘ 3i € [d),x\| = y\i, 2 = [MASK], y' # [MASK]}

is the successor set of y, and ¢ denotes the unique index where x and y differ,

1

2

N

< 20/ / 3 BOpe(y)dt | (2Lse(s,5) + 4 La(s, 9))
yeX XENr;:k 4 (¥)
VAN e
<d terms

N|=

=

< 2|4 oov/2d / S Bpy)dt | (Lsn(s,5) + 2 Ls(s,5))
yeX
y#m

N|=

T 3
< 2y oo V24 ( | s pt(m))dt> (Ls(s,3) + 3 Ls(s,5))
= 2o V2AV/ B — pm)) 1/ Lsn(5,3) + 2 Ls(s, 5),

where in the last step, we used (foT Bt)(1 — pt(m))dt> 3 :=+/[|8(1 — p(m))||;. Thus, using the
bounds, (33) can be evaluated as

Extmpaaea [ ()] = Excnio [¥(%)] = B [¥0(%)] = Excpo [0(%)] = (M0, ¥) = D + O
B 109~ B 00 < 2061 (TV o ) + VIV BT = plavy Zen(5,5) + 3 £a(5.9))

B 000] = By [0 < 20l (e 4 VB2V BT ¢ Lovls.9)+ 3 a9

where we used Lemma [E:T4]in the last step.
Case 2(a) (Bound under uniform rate using Lsg):

/ > 2 mlx) = 0(t,%)) Quly, %) (51 (x)y — 5 (x)y) dt

xXEX yeX
y#X

< 2[[9]|l / Z Zpt )Qu(y,x)dt | (2Lsk(s,3) + 5 L3(s, s))%, by LemmalE.6]

XEX yeX
y#x

< 2|9l Vd ||ﬂ||1\/§\/£SE(S, $)+ 2 L3(s,5), byLemma[E2]
= 2)/l|oV2AV/ BT/ Lo (5. 5) + 2 La(s. ).

Thus, using the bounds, @ can be evaluated as
Exmpaaa [V (X)] = Excng [$0(%)] = Exopy [1(X)] = Excng [¢0(%)] = (Ao, 9) = O + @

B [0~ B 000 < 2061 (TV(or. ) + VIV TBT1 Ls(6:9) + £

Eapanea 0] — By 0G0 < 2] (de'ﬁ“l + V28T Lsn(s. 5) + §£3<s,§>) ,

where we used Theorem [F.4]in the last step.
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Case 2(b) (Bound under uniform rate using Lywsn):

/ Z Z pi(x — ¢(t, %)) Qi(y, %) (5:(x)y — 5:(x)y) dt

XEX yeX
y#x

< 2[[Y]loo / Zzpt )Qu(y,x)dt | - V2y/Lwsm(s, ), by Lemma[EJ9]

xeX yeX
Y#x

<2 lloe Va1 Bl V2V Lwsm (s, 5), by Lemmal[E2]
= 2|9l s V2d/[|B]l1 v/ Lwsm (s, 5).-

Thus, using the bounds, (33) can be evaluated as

Bt [000)] ~ B [ ( ) = B[] = By [0)] = (0, 0) = O + @
| X~Pdata [’(ﬁ(X)} x"‘PO | ||w||00 (T pTvpbase +\/ﬁ\/”ﬁ” \/‘C’WSM 5 §))
B [$00] = By (00| < 20 (de™ 1P + V2BV Zwsa(5.9) )

where we used Theorem [F.4]in the last step.

Case 3(a) (Bound under general rate using Lsg):

/ Z Z pe(x = ¢(t,%x)) Qe(y, x) (st(x)y — 3¢(x)y) dt

XEX yeX
y#x

Nl

- :
< 2[Yllos (/O Excnp, [15"" (%)] dt) V2 (Lsk(s,8) + 2 L5(s,5)), by Corollary[E7}

Thus, using the bounds, (35) can be evaluated as

Eopaana [0 ()] = Baxnig [(X)] = By [$(X)] = Excpy [0 (x)] = (M0, ¥) = D+ @

|EX’\’pdata ['(/J(X)] — Ex~po [¢(X)]| < 2||w||oo ( pT;pbase + \[\// Ex~p, /.L,?ut )] dt\/ESE(S, §) + %£3(S, 5)) .

Case 3(b) (Bound under general rate using Lyysn):

/ > 2 mlx — (1, %) Quly. ) (s1(x)y — & (x)y ) dt

xeX yeX
y#X

W=

T
S 2\/5 ||¢HOO </ ]EXNPt [M;n (X)] dt) ﬁWSM (87 5)7 by Corollarylm
0

Thus, using the bounds, @ can be evaluated as
Ex'\'pdata W(X)] - EXNﬁo [w<x)] = IEXNPO [w(x)] - EXN;DO [’L/)( ) )‘07 > @ + @

|Ex"“pdata [w(x)] - Ex"“ﬁo ['QZJ(X)” < 2”1:/}”00 ( pT;pbase + \[\// XN;Dt :u‘t dt V ’CWSM S S )

O
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D.2 PROOF OF COROLLARY [D.1]

Corollary D.1 (TV Bounds for Score-based Discrete Diffusion). Under the same assumptions
as Lemma [3.2] the total variation (TV) distance between the true data distribution pyat. and the
generated data distribution pg satisfies

Case 1 (Masked rate; Q'°% = Qmasked ):

TV (paaca- o) < de” 210 V2 \/JB0— pm)[[1 \/ Lsn(s.3) + 3 La(5.5).  (36)

initialization error

training error

Case 2 (Uniform rate; Q% = Qyiform (3)):

TV (pdata; Po) < w +v2d+/18]11 \/£SE(5,§) + 2 L4(s,3), and 37

initialization error

training error

TV (Pdatas o) < de” 1P 1v2dV/[1B]1 v/ Lwsml(s, ), (38)

initialization error training error

Case 3 (General rate):

T
Tv(pdatavﬁO) < TV(pTapbase) +\/§\// Ex~p, [M?ut(x)] dt \/£SE(57 5) + %53(57 g)a and
N— 0

initialization error

training error

(39)

T
Tv(pdatavﬁO) S TV(pT7pbase) +\/§\// Exrvp,, [,uin (X)} dt V LWSM (57 5) . (40)
——— 0 S————

initialization error training error

Proof of Corollary[D.1] We demonstrate the derivations for the bounds and (38). The other
bounds can be derived similarly. From Lemma[3.2] we have

Eopnen [0)] — B [00)]] < 2[00 (de-'ﬁ“l +V2dy/ B~ pm))[1y/ Lsn(s.5) + 2 Las, 5)) ,

and

B [606)] = B [00)]| < 2[ o (de™ 171 + /2 V/[B] v Lwsaa (5.9))

respectively, for masked and uniform rates. The TV distance can be obtained by taking supremum
on the left hand side of the equations over the set of ¢ satisfying ||| < 1. Specifically, the
supremum is attained at 1) = sign(pgata — Po) (satisfying ||¢||oc = 1). Thus, we have

2TV (paatas Po) = SUD [ Bacnpgoa [P(X)] = Excroy [1 ()]
vl o <1

< 2wl (00 + VBTV T = Ty Conto )+ 3 £a(515))
=1
and
2TV (P 0) = SUD By [000)] — B 0] < 216, (11 + V2V TAT  Ewvana(.9))
Pill9lloc <1 ——

=1

respectively. Dividing both sides by 2, we obtain,

TV (paata: o) < de” 111+ v/2d /BT — pm))1y/ Ls(s.5) + 2 La(s.3),

and

TV (Pdatas o) < de” 110 +v2d /|| Bl v/ Lwsm(s, 3),

respectively, as desired. O
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D.3 PROOF OF THEOREM [3.1]

Theorem 3.1 (IPM Bounds for Score-based Discrete Diffusion). Under Assumption[I} for any func-
tion class U = {¢ : X — R}, the IPM ~y (defined in ) between the data distribution pqata
and the generated distribution py satisfies the following. For bounds involving Lsg, we additionally
assume §,(x)y € [s¢(X)y/2, 3s1(x)y /2] for all (t,x,y) in the support of p,Q:, a condition that
holds when the score estimator is reasonably accurate.

Case 1 (Masked rate; Q1°% = Qasked [3)):

Yo (Pdata, Do) < 2Cy de 18I 1 v/2d\/|[8(1 — p(m))]|; \/CSE(8,§) + 2 L3(s,3) |,

initialization error

training error
(14
where d is the sequence length, ||B||1 == fOT B(t)dt, m := [[MASK], ..., [MASK]] is the sequence of

all mask tokens, ||G(1 — p(m))||; := fOT B(t)(1 — p(m))dt, pi(m) is the marginal probability of
m at time t, Lgy, is the score entropy loss , and L3 = O(|s — 3|?) is a cubic correction term with

scaling independent of the vocabulary size S; its exact formulation is provided in Appendix D 1}
Case 2 (Uniform rate; Q\° = Qo™ (3)):

Y0 (Pasiar o) <200 | de 191 4vVad\/[B] ) Lsn(s,5) + 3 La(5,5) |, and  (15)

initialization error

training error

Yo (Pdatas Do) < 2Cw | de” 1P +v/2d\/[|B]l1 v/ Lwsm(s, 3) | (16)

initialization error training error

where Lysw is the weighted score-matching loss defined in (7);
Case 3 (General rate):

T
Y (pdatavﬁO) S 20\11 TV(pTapbase) +\/§\// Eprt [M?m (X)] dt \/,CSE(S, 5) + %,63(8, 5) s
N— 0

initialization error

training error
a7)

and

T
Yo (Pdatas Do) < 2Cw | TV (P, Phase) +\/§\// Ep, 107 (x)] dt \/Lwsm(s,3) |, (18)
— 0 —

initialization error training error

where p" (x) = >, Q(x,y) and pin(x) = > yx Qt(y,x) denote the exit rate from and
entrance rate to state x at time t, respectively. The dependence on the IPM enters only through the
single constant C'y. The list of common IPMs and their constant C'y are summarized in Table ' the
result extends straightforwardly to all other IPMs.

Proof. The bounds are derived similarly to Corollary Specifically, we take the supremum
in Lemma [3.2] over a corresponding admissible function class W. The left-hand side of the bounds
will become integral probability metrics (for total variation, it equals 2 x TV). And the term ||?| o
becomes the coefficient C'y; see Table 2] for a list of common IPMs and their coefficients C'y.

D.4 PROOF OF COROLLARY [3.3]

Corollary 3.3 (Error Bounds under Early Stopping). Under the same assumptions as Theorem|3.1
forany function class ¥ = {¢) : X — R}, the IPM ~yy (defined in ) between the data distribution
Ddata and the generated distribution ps, obtained under early-stopping time § > 0, satisfies

V¥ (Pdata, Ps) < 20\1:( Es +' ‘I +v2C VLs ) (20)
early-stopping error UL error early-stopping train. error
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Table 5: Examples of common IPMs, their corresponding function class, and the associated con-
stants for Theorem [3.I] Corollary [3.3] and Corollary 3.4, Here, W; and MMD represent the
Wasserstein-1 distance and maximum mean discrepancy, respectively. Our results extend straight-
forwardly and universally to every IPM.

IPM Function class ¥ Cy

Total variation (TV) I)loo <1 1/2

Per-position TV Y(x) = f(z'), i€ [d], || fllo <1 1/2

Block / k-gram TV 1 depends on k positions, ||t <1 1/2

Bounded Lipschitz l¥)lco <1, Lipy(v) <1 1

W (Hamming distance) Lipy,, () <1 d/2

Wl Lipg,,. (¥) <1 diamg,,,,,., (X)/2
MMD (kernel K < 1) [Vl <1 1

MMD (general bounded K)  ||¢]|3, <1 sup, v/ K (x,x)

Here, (Z,C) are reported in Table@ The early stopping error Es is given by d f05 B(t)dt for the
masked and uniform rates and TV (po, ps) for a general rate. The early-stopping training error L
is also reported in Table[3) except that the time integration of the training losses start at time 0 rather
than 0. These 0-truncated losses are used in practice to avoid numerical instability. See Table 2] for
a common list of IPM and their constant C'y. The results extend to all other IPMs.

Proof. We have, for any IPM ~y

Yo (Pdatar Ds) = Yw (P, Ds) < Yw(po,ps) + Yw(ps,Ps), by triangle inequality. (41)

The first term in the right-hand-side of @I)) is the early-stopping error. For both masked and
uniform rates, we have

7w (P, Ps) = SUP |Bxcrupy [Y/(x)] = Exups [$(x)]]
Ppevw

= sup );( (po(x) — ps(x)) ¥(x)
< sup |[[¢fle Y Ipo(x) —pa(X)]
Yev xXeX

=2CyTV(po,ps), where Cy is given in Table[2]

)
1[50 dt] |

where in the last step, we used Lemma|G.I|for the uniform rate and Lemma|[G.2]for the masked rate.

<2Cy

The second term on the right-hand side of (#1]) compares the true and generated marginals at time ¢.
Since the generative reverse process is run only on [4, T, the proofs of Lemma and Theorem
apply verbatim with the time interval [0, T'] replaced by [d, T'], yielding the same bound in terms of

the §-truncated losses L35, L3yqy. £3. Similarly, the time integrals of /3 in their coefficients are
also taken over [0, T').

Thus, we have, for the masked rate

Yo (Pdata, Ps) < v (Po,ps) + Yo (s, Ps)

i & T
<20y d/o B(t) dt + de~ Il +@\//6 ﬁ(t)(l—pt(m))dt\/ﬁgE(s,é)—&-%ﬂg(s,é)
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[ & T
<20y d/o B(t) dt + de~ 1l +\/ﬁ\//o B)(1 —Pt(m))dt\/EgE(s,é) +2£3(s,3)




)
20y, [d / B(t) dt + de™ 11 1 v/2d /B0 — plm)) i \/ Lp(5.5) + 3 £3(s.5)

Here, in the second last step, we upper bound the time integral over [§, 7] by [0, 7] (since the
integrand 3(¢)(1 — p;(m)) is nonnegative), allowing us to represent the bound using established
notation concisely in the last step.

The bounds for the uniform rate follow similarly as

Yo (Pdata, Ps) < w(po,ps + vw (ps, Ps)

<20y / B(t dt+de—”6”1+\ﬁw dt\/£SEs 8) + 2L3(s,3)
<20y d/o ﬁ(t)dmde-”ﬁ”w\/ﬁ,//o 5(t)dt\/cgE(s,§)+§cg(s,g)

=20y d/ﬁ (t) dt + de~ 1P 24,/ ]| \/c (s,3) + 2 L£3(s, )],

and

Yo (Pdata, Ds) < W(po,pa +vw (ps, Ps)

< 2Cy / B(t) dt—I—de—“B”1 —l—\/»“ dt\/EWSM s, 8)
<20y d/o B(t) dt + de~ Il +\/ﬁ\//0 B(t)dt\/E%VSM(s,é)

[ 5
=20y _d i ﬂ(t)dt+de|B1+@«/||5||1\/£%VSM(3,§)].

The bounds for a general rate also follow similarly as

Yo (Pdatas Ps) < Yo (po, ps) + vw (s, Ps)

T
< 2Cy | TV(po, ps) + TV (pr, Phase) + \[2\// Exrop, (162" ( dt\/ﬁsE (s,8) + 2 £3(s, 5)
5

T
< 2Cy | TV(po, ps) + TV (pr, Pbase) + \[2\// Exrop, [162"( dt\/ESE (s,5) + 2 £3(s, 3)
0

and

Yo (Pdatas Ps) < Yo (Po, ps) + yw (D5, Ps)

T
S 2C'\I/ TV(PO»P&) + TV(pTapbasc) + \/5\// Exwpt [M;n (X)} dt \/ 'C%VSM (57 §)
é

T
S QC\I/ TV(PO»P&) + TV(pTapbasc) + \@\// IExwm [M;&n (X)} dt \/ ‘C%VSM (57 §)
0

O

E PROOF OF AUXILIARY LEMMAS FOR MAIN THEOREMS

We state and prove the auxiliary lemmas.
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E.1 LEMMAS FOR THE ADJOINT EQUATION

Lemma E.1 (Sup-norm Non-expansiveness Under CTMC Generators). Suppose ||9)||o < 0o, then
the solution to the Kolmogorov backward equation ¢y satisfies

[@illoo < [[¢lloc forallt € [0,T]. (42)

Proof. We provide two proofs here for completeness. The first direction is using a Feynman-Kac
representation, which is short and clean. The second direction is to mimic the maximum principle
used for parabolic partial differential equations (PDEs), which is our original intuition in deriving
this result.

First Direction (Feynman-Kac representation): The Feynman-Kac representation gives ¢;(x) =
| <

EX[¢)(Y,)], where (Y) is the CTMC with generator Q;~ started at Y, = x. Hence |¢;(x)
EX[[9(Yo)[] < [[4]]co-
Second Direction (Maximum principle): Recall that the Kolmogorov backward equation is given
by
d¢t _ _
Q ¢ta ¢O<X) - ¢(X)a fort € [OvT]
For any € > 0, construct the function
@5 (x) := ¢1(x) — et; in vector notation: ¢§ := ¢y — etl.
Evaluating its time derivative gives
de¢s d
= — (¢ — etl
dt dt (¢r — €tl)
= Q::_ o1 — €l
=Qf (¢ +etl) — el
= Qf ¢f — €1, (43)

as Q7 ’s rows sum to 0.

Suppose that ¢$ attains its maximum at ¢, € (0, 7] and x¢, then we have the following two proper-
ties:

d €
aéﬁto (x0) >0, (44)
as Lof (xo) = 0ifto < T and L5 (x9) > 0if to =T,

[QF, 5,1(x0) <0, (45)

because

[QE}@O X0 ZQto X0, )¢t0( )

§j[@;@myw;@ﬂ-+ég@mxw¢4xw

Y#Xo
= 3 Qi (xo,y) (65, (y) — 6, (x0)) < 0.
y#Xo >0 <0, as 5 (x0) is max
The two properties together give us
d
0< dt¢t°(xo) by (44)
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= [Qi7 6] (xo) . by @),

—_——
<0, by @)
< —¢

<0,

leading to a contradiction. This implies ¢§ cannot attain its maximum at tq € (0, 7. Thus, ¢ must
attain its maximum at ¢ = 0, and we have, for all ¢t € [0, T, x,

G1(x) — et = () < max gf(y) = maxgo(y) = maxp(y).
Since € > 0 is arbitrary, taking ¢ — 07 gives

di(x) < m};axd)(y), forallt € [0,T],x.

This implies
[@tlloe < ¥ lloc,  forall & (0,77,
as desired. O

E.2 LEMMAS FOR THE TRAINING LOSS TERM

Lemma E.2. Suppose the forward process is governed by the factorizing transition with
uniform rate (3), then

T T
/ oD p¥Qily.x)dt | = / > D p(x)Quly,x)dt [ < VaV[IB]h,
0 xGXin 0 xeXin
Y7FX Y#X

where ||B]l1 == [ [B(t)|dt = [ B(t)dt.

Proof. First, we derive the equality.

! ! B()
| XS nmaxi= [ XS nw e oy @md@,

xXEX yeX xXEX yeX
Y#X Y#X
! B(®)
= / Z Pe(y) Z Tdt, by Fubini’s Theorem,
0 yex xeX

XF£y

T
4
= /0 Z pe(x) Z %dt, where we swapped the dummy variable x and y,

xeX yeX
y#X
T
— [ X n60 3 Quyx)dt, by @ and @ again
0 xex yex
y#X
T
=/ DY pi(0)Qu(y, x)dt.
0 xexyex
y#X
Next, we derive the upper bound.
T
[ 3 S ey
0 xexyex
y#x
’ B(t)
= / Z Z P+ (X)Tdt7 by and ,
0 xex yex
dy (y,x)=1
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s_n

/ Zpt

dt, aseachx hasd(S — 1) neighbors y satisfying dy (y,x) = 1,

xXeX
(-1
[ s,
0 S
T
gd/ B(t)dt
0
= d||Bl,
taking square root on both sides yields the desired result. O

Lemma E.3. Under the factorizing transition [2)) with the masked transition rate (3, for0 <t < T,

and gy

PN

yEX XENmmAed(y)
y7#m

:XXX—)RZ(),

pe(y)gi(x,y) =

where m =

[[MASK], ...,

(1 = pe(m))Eyp, (yly#m) >

[MASKY]] is the sequence of all mask tokens, and

Novaskea¥) = {x €X \ i € [d],x\' =yV, &' = [MASK],y" # [MASK]}

is the successor set of y.

Proof. We have

pe(yly # m) =

(1 = pe(m))pi(yly # m) =

(1 = pe(m))ps (yy # m)ge(x,y) =

1=p(m)) > > plyly #mg(x,y) =

yix XEN naskea ()
yY7m

(1 = pt(m))Ey <y, (yy#m) >
XEN ke (Y )

= X

gt (Xv Y) 9 (46)
XENmmAed(y)
pe(y)
7, fory # m,
1 — pi(m) 7
pt( ) for Yy # m,
Pe(¥)9:(%, ), fory #m, x € N gea(y)

Pe(¥)9:(%,y)
X xEN fgea (¥)

b

pt(¥)9:(%,y),

YEX xEN S yea(¥)
y#m

swapping left-hand-side and right-hand-side, we get the desired result. O

Lemma E4. For|u| < 1/2,

2

2

Proof. Define f(u) := % _ u;

analysis on the sign of u.

Case u € [0,1/2]. Here [u]?® = u3, s0 f(u) = 2&° — &

3

uf-l-u—i—log(l—u) <

2lul?

3 47

—u —log(1 — u) on [—1/2,1/2]. We show f(u) > 0 by case

—u —log(1 — u) and

f(0) =0,

f(u) = 2u? —u—l—i—1 -,
()*411‘ (1 u)27

" (u )_44—(1 s > 0 on[0,1/2].

Since /" > 0on [0,1/2], f” is strictly increasing; combined with f”(0) =
Hence f’ is strictly increasing on [0,1/2], and f'(0)

for u € (0,1/2].
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0, this gives f”(u) > 0
= 0 gives f(u) > 0



for u € (0,1/2]. Hence f is strictly increasing on [0,1/2], and f(0) = 0 gives f(u) > 0 for
u e (0,1/2].
3

Case u € [—1/2,0]. Here [u|® = —u?, so f(u) = — 2% — “72 —u — log(1 — u) and

f(0) =0,

flu)=—20" —u—1+ 2, f(0) =0,
f(u)=—4u—1+ (lfu)Q, 17(0) =0,
f///(u) = —4+ T=u)’

On[-1/2,0],1 —wu € [1,3/2],s0 ﬁ € [%, |, giving f""(u) < 2—4= -2 < 0. Hence f” is
strictly decreasing on [—1/2, 0]; combined with f”/(0) = 0, this gives f”(u) > 0 foru € [-1/2,0).
Hence f' is strictly increasing on [—1/2,0], and f'(0) = 0 gives f/(u) < 0 for u € [-1/2,0).
Hence f is strictly decreasing on [—1/2,0], and f(0) = 0 gives f(u) > 0 for u € [-1/2,0).

Combining both cases, f(u) > 0 on [—1/2,1/2], with equality only at v = 0. Rearranging

gives (7). O

Lemma E.5 (Bregman with positive cubic remainder). Define the Bregman divergence with gener-
ating function ¢(a) = aloga — a as

Dy(5,3) = p(s) = ¢(5) = ¢(3)(s = 5) = slog (3 ) + 5 — 5. (48)
Fors>0ands € [s/2,3s/2],

s 1—§2<D( ~)+M (49)
2 s = Pl s 352

Proof. Let u := (s — §)/s. The hypothesis § € [s/2,3s/2] gives |u| < 1/2. Since §/s =1 — u,
Dy (s,5) = —slog(l — u) — su.
Dividing (9) by s > 0 and rearranging gives the equivalent statement

2 2 3
%Jrqulog(l—u) < %,
which is Lemma [E.4] O

Lemma E.6 (Bounding Error by Score Entropy). Under a general transition rate Q; satisfying As-
sumption[l] we have

T
/0 S 3T px) (Bt ) — 6t %)) Quly, %) (s:(x)y — 5 (x)y) di
XEX yeX
y#x

2

T
< 2fll o /O S S Quy.py)dt | (2Lsw(5.5) + 4 Lo(s,5))

yEX xeX
XF£y

Nl

Proof. We have

T
/0 S 3 plx) (6lL,y) — (%)) Qily.x) (s(x)y — 3e(x)y) dt

xeX in
s 5:(x)
:/ DD nex) (9t y) — 6(1%)) Quly, x)se(x)y <1— , y>dt
0 xeX yeX St(x)y
y#x
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[N

T
<| [ X X meQuy x)six), (6le.y) - oft.x)* de
0 xeXin

/OT Z Zpt(X)Qt(y,X)St(x)y (1 _ gt(x)y>2dt ’

XEX yeX St(x)y
y#X

:LWRSIVH defined in

by Cauchy-Schwarz inequality,

Nl

M

r pt(Y) _ 2 ~ 4p.(s.5
< /o );;E;M@(MX)M(@#(M) o(t,x)2dt | (2 Lsu(s, ) + 4 L(s,5))
y#x

)

And critically, we applied the score-cancellation technique that changes the probability mass

term from p;(x) to p;(y). This removes the S-dependence of the resulting bound for masked
rates. See Sections [H.1] and [H.2] for more details.

2

T
= / DN Quly,puy) (6(ty) — (t,x)* dt | (2Lsw(s,3) + § La(s, 9))
0 yexxex
XAy

Nl

)

where in the first term, we used Fubini’s Theorem,

<2 max (é1]) / ST S Quly xpily)dt | (2Lsu(s,8) + 4 La(s,3)

yeEX x€X
xZ£y

[NIE

N|=

N

T
= 26 / S S Quly.p(y)dt | (2Lsu(s.5) + 4 L(s.5))

yeEX xeX
xXF#y

2

T
< 2”1[}”00 A Z Z Qt(YaX)pt(Y)dt (2 ‘CSE(S’ §) + %‘63(37 §)> , by Lemma@
yeEX x€X
XAy

[N

O
Corollary E.7 (Bounding Error by Score Entropy). Under a general transition rate Qy satisfy-
ing Assumption[l] let
X)) = —Quxx) = 3 Qulx,y)
y#x
denote the exit rate from state x at time t. Then

T
/0 S 3 pelx) (6lt,y) — (8,%)) Qily.x) (se(x)y — 3e(x)y) dt
xeX yeX
y#x

Nl

T }
< 29l (/0 Ex~pz[u?“t(x>]dt> (2Lsn(s,8) + 5 La(s,3))
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Proof. By Lemma|E.6 we have

T
/O S 3 ) (8t y) — 6(t,%)) Qily.x) (s:(x)y — 3(x)y) dt

XEX yeX
y#x
L (50)
T 1
< 2[Ylos / DO Quy,¥)piy)dt | (2Lsu(s,5) + 4 Lals,5)* .
0 yeXxgéX
xAy

We first bound the integrand on the right-hand-side. Fubini’s theorem gives
DYy py) = D _opy) D Quy,x) = D pi(y) " (y) = B, [17"(x)] -
X y#X Yy XAy y
Thus, we obtain

2 1

T T 3
/ DY Quy,x)py)dt | = ( / Excnp, [ ()] dt> . (51)
0 yexxex 0
x#y
Combining (50) and (5T)) yields the claim. O

Remark E.8 (Interpretation of the prefactor). The quantity

T
Nr ::/ Exp, 19" (x)] dt
0

appearing in the bound is the expected total number of jumps the forward CTMC makes on [0, T)
when initialized at Xo ~ pgata- Indeed, the jump-counting process J; := #{jumps on [0,t]} has

compensator Ay = f(f pl'(Xy) ds, so by the Doob—Meyer decomposition E[Jp] = E[Ar] = Np.

S

The bound thus takes the form

| approximation error | < 2||¢||co vV N1 /2LsE + (4/3) L3,

i.e. the score-matching loss is amplified by the square root of the expected dynamical activity of the
forward process.

Lemma E.9 (Bounding Error by Score Matching Loss). Under a general transition rate Qy satis-
fying Assumption[l| we have

T
/O S 3 px) (0(t,y) — 6(8,%)) Qily.x) (s (x)y — (x)y) dt
xeX yeX
y#x

2

T
< 2l /O S Y n)Qily x)dt | - vV2y/ Tws(s,5)

xXEX yeX
y#x

1
2

- / >3 nQuy.x) (@(t,y) - o(t,x))* dt

xeEX yeX
y#x
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2./0 %Z S e x)Qu(y. %) (s:(x)y — 5i(x)y) dt |

xeEX yeX
y#x

=Lwsm(s,8) defined in
by Cauchy-Schwarz inequality,

2

T
<2 max (o) | [ 30 32 m)Quly.xde |- vV2y Ewa(s.9)

0<t<T
- xeX yeX
y#x

2

T
< 2“1/)”00 A Z Z pt(X)Qt(y,X)dt . \/i\/ EWSM(S,g), by Lemma@

xXEX yeX
y#x

O

Corollary E.10 (Bounding Error by Score Matching Loss). Under a general transition rate ()
satisfying Assumptionl[l] let
i) = 3 Quly.x)

y#x
denote the entrance rate at state X at time t (the total instantaneous rate at which other states feed
into x). Then

/0 Yo > pe(x) ($(ty) — $(t,%)) Qu(y, %) (s:(x)y — 3 (x)y) dt

xeEX yeX
y#x

[N

< 2v2[[¢]|o (/0 Exep, (14" (x)] dt) V Lwsm(s, 3).

Proof. By Lemma|E.9] we have

T
/0 ST () (6(ty) — 6(8,%)) Quly. ) (se(x)y — 5u(x)y) di

xeX yeX
y#x
3 (52)
T
<2l | [ XY meQuyx)dt | V2V B9
0 xeXin
Y#X

On the other hand, we have

YN ) Quy,x) = > p(x) > Quly.x) = D pu(x) pi(x) = By, [1"(x)] -

X y#x y#x

Thus, we obtain

T T '
/O > D n(X)Quly.x)dt = /0 Excep, [1" ()] dt. (53)

XEX yeX
Y#X

Combining and yields the claim. O
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Remark E.11 (Exit rate vs. entrance rate under uniform and masked). The exit rate povt and en-
trance rate 1" behave very differently under the two transition rates in this work.

Under the uniform rate , Q% is symmetric and
BN ) = @) = B0 (1- L) foreverya € [S],

so the two lemmas give the same scaling.
Under the masked rate , tok js asymmetric and the two rates differ:
Eo[1?" ()] = B(8)(1 - pi**(IMASK]))
is S-independent, whereas
By 1" (@)] = (S 1) B(t) pie* (IMASK])
carries a factor of S — 1 — the vocabulary size.

This is why our masked-case analysis (Lemma[3.2} Case 1) uses LemmalE.6|to expose the exit rate,
while the uniform case (Case 2) can use either lemma.

Lemma E.12 (Bounding Lwgrsym by Lsg). Let
} r 5i(x)y )’
Lrnsni(s,8) = [ 3 3 @ity 00560 (1 ) a (54)
0

XEX ye X St(x)y
y#x

be the weighted relative score-matching loss (WRSM), and recall the score entropy (SE) loss is given
by

Lsn(s5) = | TSm0y ) [st<x>ylog (fﬁ’%) () — st<x>y} "

XEX yEX st(x)y
y#x
T
- / S S e X)Quy X) D (s0(X)y ), 54(x)y ).
0 xeXin

Suppose that the score estimator 5,(X)y € [s¢(X)y /2, 35:(x)y /2] for all (t,x,y) in the support of
p+(x)Q+(y, X), then under the masked transition rate ((2) and (3)),

5t (x)y|

Lwrsm(s,8) < 2Lsk(s,3) + 3 L3(s,3), (55)
where
T = 3
|s¢(x)y — 5¢(X)yl
t)(1 — Eyp, m dt,

J, P00y [Ngu (5. )

under the masked rate,

/TE , B(t) Z (|St(x)y —§t(x)y|3) dt

X~Pt 2 )
Ls(s,3) = 0 S yex (5¢(x)y)
dy (y,x)=1
under the uniform rate,
T = 3 T
|s¢(x)y — 8¢(x)y| ) / ( |se(x)y —
Excmp, , dt = Eynp, ,
/0 ? th(y X)< (St(X)y)2 0 ey ;Qt(y X) (St(X)y)3
Ly#x x#y

under a general rate.

Proof.
. 5y \?
Lwrsm(s, 3) =/ Z Zpt(X)Qt(Y7X)5t(X)y 1= ) dt
0 xeXin t y
Y#X
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’ st(x)y — 8t (x)y ]2
S/O Z ZPt(X)Qt(yvx)'Z- <D¢(5t(x)y,§t(x)y)+ 2se(x) ()| )dt, by Lemmal|E.5|

S= 3(se(x)y)?
y#x
T St(X y — §t X y 3
= 2£SE<5,§) +/0 Z Z pt(x)Qt(y7X) (4 (3(?51&()() )(2 ) | ) dt
xXEX yeX Y
y#x

4
= 2£SE(5, 5) + gﬁg(s, 5),

where we used the definition of L3, and its formulations under different rates are given
in LemmalE.13] O

Lemma E.13 (Formulation of £3 under masked and uniform rates). The cubic correction term

s [ B | - @ty (20500 |

0 2 (se)y)?
y#x

can be reformulated as:
Case 1 (Masked rate; Qi°% = Qinasked ):

XEN, askea(¥)

z s¢(x)y — 84 (%) |3
£3(5,5) = / ﬁ(t)(l—m(m))Emt(y#m[ yo ol Sy ]dt» (57)

Case 2 (Uniform rate; Qi°* = Quniform ):

Eg(s,é)z/OT]EXNpt @ 3 (|St(x)y—§t(x)y|3) at. (58)

2 (5115
du(y,x)=1

Case 3 (General rate):

r 5t(x)y — 8t (x)y |2
[’3(575) = /0 Eyf\'pt Z;VQt(va) ( ‘ ( (lt(x)y)(s ) | ) dt. (59)
XAy

Proof. Case 3 (General rate):
We first derive the equivalent formulation under a general rate.

[ S (2t

yex
y#x

= | 5 s (R a

xXeEX yeX
y#x

= /OT Z Z pe(x)Qe(y, x)s¢(x)y ( St(x(?syt(;)it)(;()ﬂ?)) “

xeX yeX
y#x

_ (" P [ Jse(x)y = 560y
_/0 ZZM@K% )M( (s:(x)y)? )dt

xeEX yeX

/OTZ

yeEX XX
x

Z Q:(y,x)p:(y) ( |8t()((ly(_>§t)(;()y3) dt, by Fubini’s Theorem,
t\X)y
#y
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- [ B 3= iy (1

0 xeX
x#y

Case 1 (Masked rate; Qi°% = Qasked (3)):
We start with the equivalent formulation under a generate rate, which we have just derived,

/OTEM ZQt(y’X)(bt(X(Z(;)g;)(? )y3> o

xeX
x#y

-/ U Y Qo) ( (X() (X)‘it)(g‘>y'3> "

yEX XX
xX£y

-[(X % et (B0

3
YEX XEN s () (51(x)y)
y#m

where we used the definition of Qs under masked transition , m = [[MASK], ..., [MASK]] is
the sequence of all mask tokens,

—

masked (¥) = {x €x \ Ji € [d],x\' =y, 2’ = [MASK], y’ # [MASK]}
is the successor set of y, and ¢ denotes the unique index where x and y differ,

:/OTZ 2 5“”’“‘")(|St(x<>syt<>_<>it>(§ MS)C“

;’ii *xEN nakea ()

_ /O B = ) By iy | 3 12Oy = 5Oy

3
XEN"Eked(Y) (St (X)y)

|3
dt.

Case 2 (Uniform rate; Q{°< = Qyiform (3)):
In addition, we have

y#x

T < 3
t —
= /0 Exp, % E ( [5:(%)y — 5:(X)y| ) dt, by the definition of the uniform rate (2) and (3)),

2 (5 y)?
du (y,x)=1

O

Lemma E.14 (Initialization Error Bound under Masked Diffusion). Under masked diffusion, the
initialization error term is bounded by

TV(pTapbase) <de” jOT Brdr — d€7|lﬂ”1. (60)

Proof. The all-mask probability p;(m) = o under the Kronecker-sum factorization (2)) with single-
token mask probability a;. Here, o satisfies the ODE

Oy = B(t)(1 — o) subjectto =0, (61)
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derived from the masked rate (3) and with solution
ap=1—e Jo PO fort e [0,T). (62)

Thus, the initialization error satisfies
d
TV(pr, poase) = TV(pr,m) = 1—pr(m) = 1-af = 1*<1 —e fOTﬁ(T)dT) < d-e~ o AT — ge=IBlh,

O

F BOUNDING THE INITTALIZATION ERROR TERM UNDER UNIFORM RATE

In this section, we derive, to the best of our knowledge, the first S-independent initialization error
bound under the uniform transition rate in the context of discrete diffusion generative models. Our
key novelty is a coupling technique. For better readability, we begin by restating the setup.

Setup. We consider a forward CTMC on [S]%. The dynamics are non-interacting: each coordinate
(token) i € [d] evolves independently according to the per-site generator

(Qtuniform)T _ ﬁ(t)(%lslg — IS) = B(t) (H — I), (63)

where II := %1 51/ is the rank-one projection onto the uniform distribution 7 = Unif([S]). The
joint generator is

Z Cg(umform)7 (64)

with quniform)’i acting on coordinate i. The initial law is pg = Pdata, the reference law is 7®¢. Set
¢ T
pr = eXp(—/ B(7) dT); pr = eXp<—/ B(7) dT)o (65)
0 0

Bounding TV (pr, prase) = TV (pr, 7®%) reduces to exhibiting any coupling with controlled dis-
agreement probability, by the following classical characterization of total variation.

Lemma F.1 (Coupling characterization of TV; (Levin & Peres| [2017} Proposition 4.7)). For any
probability measures |1, v on a common Polish space,

TV = i P X#Y
() rerﬁl(lﬁu) (X,Y]§~F( #Y),

where I1(p, v) is the set of couplings of u and v (joint laws with the prescribed marginals), and
the minimum is attained (by the maximal coupling). Consequently, for any specific coupling I' €
(p, v),

TV(u,v) < l?r(X #Y). (66)

Per-site uniformization. Next, we consider a per-site uniformization representation of Qyniform,
The entries of the per-site generator are

| 8(1)/5 w4,
uniform , _ t 1 1o = — 67
Qo) = B[k ~t=ul] =4 o T D
so the total exit rate from any state v € [S] is the same constant
. : —1)B(t
|Qtun1form(,u’ U)‘ — Z Qyn1form (’U, UJ) _ (S )B( ) for every v € [S} (68)
w#v S
Uniformization requires only A(t) > max, |Qy™™ (v, v)| = (S — 1)3(t)/S. We choose
At) = B(), (69)
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which is valid since 5(t) > (S — 1)8(t)/S for all S > 1, with slack 8(t)/S corresponding to
“self-jumps” v — v that are invisible at the generator level. With this choice the uniformization
transition matrix is

uniform 1
Pﬁ(t) = I+tﬂT = I+(H—I) = H, PB(U,UJ) = gforallv,w S [S] (70)

The transition rule is the rank-one projection: at each Poisson ring the chain is reset to a fresh
uniform sample & ~ 7, independently of its current state, with 1/.S probability of an invisible self-
jump.

Lemma F.2 (Uniformized construction). Let N be a Poisson process with rate 3(t), and let (&) >1
be i.i.d. Unif([S]), independent of N. Define (X;)i>0 by Xo = vo and, at each event time tj, of N,
set Xy, = & Then (X,) is the per-site CTMC with generator started at vy.

Proof. Conditional on N and (&),

o if N([0,T]) =0,
Xr = .
En(o,r)) Otherwise.

The first case has probability pr = e~ Is B (s)ds the second has probability 1 — p7 and yields an
independent uniform sample. Hence the T-step kernel is

Pr(Xr=w|Xo=v) = prlv=w]+ (1 —pr)/S. (71)
This matches the kernel obtained directly from (63): using (Il — I)2 = —(IT — I,

T
exp</0 Quvitorm ds) = exp(~logpr (I—1)) = prI+(1—pr)IL

The Markov property of (X;) follows from the strong Markov property of NV and the independence

of (&). O
Remark F.3 (Joint Construction). By non-interaction, the joint CTMC on [S]? is realized by d
independent per-site uniformized chains: independent Poisson processes N1, ..., Ng each at rate

B(t); for each i, an ii.d. sequence ( ](f)) k>1 in [S], independent of everything else; at each event

time of N;, position 1 is reset to the next sample & ](f). The marginal law on position 1 is then ;
the joint law has generator L, defined in (64).

Initialization Error Bound. We are now ready to state and prove, to the best of our knowledge,
the first S-independent initialization error bound under uniform transition in the context of discrete
diffusion generative models.

Theorem F.4. Forall T > 0,
T
TV(pr, %) < d exp( —/ B(t) dt) = de 1Pl
0
In particular, TV (pr, 7®9) < & whenever || 3|1 > log(d/¢), with no dependence on S.

Proof. We construct an explicit synchronous coupling of two copies of the forward chain, using the
joint uniformized representation of Remark [F3] and apply Lemma[FI]

Coupling. Draw Xy ~ pgata and Yy ~ x®d independently. Let Ny,..., Ny be i.i.d. Poisson

processes with rate 5(t), and let (Ez(gi))ie[d], x>1 be i.i.d. Unif([S]), independent of N. Evolve both
X and Y by the joint uniformized construction of Remark driven by the same clocks (IV;) and

same samples ( ,(:)).

Marginal verification. By Lemma[F.2] applied per coordinate, X; ~ p; (the forward chain started at
Pdata) and Y; ~ 79 for all t > 0 (the forward chain started at its stationary law, which it preserves).
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Merging per coordinate. Let 7; := inf{t > 0 : N;([0,¢]) > 1} be the first ring time at position i.

At t = T, the shared sample f%i) resets both X () and YV to the same value (this is property
of the uniformized representation: the reset distribution is state-independent, so the same sample is

valid for both chains). The shared subsequent samples then keep them equal: Xt(i) = Yt(i) for all
t > 7,;. Hence

d
{XT7éYT} - U{T¢>T}.

=1

Union bound. Each ; is the first event of a Poisson process with rate 5(¢), so Pr(r; > T') = pr.
By the union bound,

d
Pr(Xp #Yr) < Y Pr(ni>T) = dpr.
i=1

Conclusion. The construction is a specific coupling I' € II(pr, 7). By of Lemma

T
TV(pr. %) < Pr(Xr #Yr) < dpr = dexp(— / B(t) dt) = de” 1P,
0

by (63). The closure d pr < € holds iff ||3]|1 > log(d/e). O

Remark (S-independence). The vocabulary size S enters the bound only through the choice of
reference T, never through any rate. The synchronous coupling construction is agnostic to the reset
distribution; the analysis depends only on T being preserved by the dynamics, so that Y; ~ 7®? for
all t.

Remark. This argument is the continuous-time, general state-space analog of the classical coupling
analysis of the lazy random walk on the hypercube {0,1}™ (Levin & Peres| (2017, Chapter 5); the
underlying workhorse is the Markovian coupling theorem (Levin & Peres, 2017, Theorem 5.2). An
equivalent analysis through the strong stationary time framework (Levin & Peres, 2017, Chapter 6)
yields the slightly tighter bound TV (pr, 7®%) <1 — (1 — pp)<.

G BOUNDING THE EARLY-STOPPING ERROR TERM

When the reverse process is stopped at a small time 6 > 0 rather than at 0, the law p; differs from
the true data law pg, contributing an early-stopping error TV (pg, ps). The same coupling argument
used to bound the initialization error in Section|F|applies here, run on the time interval [0, 6] instead
of [0, T]. We state the lemmas and proofs below.

Lemma G.1 (Early-Stopping Error under Uniform Transition). For all § > 0,

5
TV(po, ps) < 1—pf = 1—e PO < d/ B(t) dt.
0

Proof. We couple Xy ~ pg = pPdata With X5 ~ ps by running a single copy of the forward
chain via the joint uniformized construction of Remark[F.3] with i.i.d. per-coordinate Poisson clocks
Ny, ..., Ngof rate 5(t).

No-ring event. Let 7; := inf{¢t > 0 : N;([0,¢]) > 1} be the first ring time at coordinate i. On

{7 > &} coordinate i is never reset, so X(gz) = Xéi). Hence

d
{X0:X5} D) m{Ti>(5}.

i=1

Probability bound. The Poisson clocks are independent and Pr(7; > §) = e~ Jo B®dt —, Ps» SO

d
Pr(Xo=X;) > [[Pr(ri >06) = pi
i=1
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Conclusion. The construction is a coupling I" € TI(pg, ps). By of LemmalF.1]
)
TV(po, p5) < Pr(Xo# Xs) < 1—pj = 1—e @l PO,

and 1 — e~ < z yields TV (po, ps) < d [, B(¢) dt. O

Lemma G.2 (Early-Stopping Bound under Masked Diffusion). Under masked diffusion with early
stopping at § > 0, the early-stopping mismatch term is bounded by

TV (po,ps) < 1— e 4Jo At (72)

Proof. Under the Kronecker-sum factorization , the forward process masks each of the d tokens
independently, each with single-token mask probability

as=1—e Jo B (73)
so the probability that a given token remains unmasked is 1 — as = e~ Is Btat,

By independence across tokens, the probability that none of the d tokens are selected for masking
by time J is (1 — )%, Conditional on this event, x5 = X exactly, so there exists a coupling of

(XOa Xé) ~ (p05p5) with
P(xg = z5) = (1—as)?
prob. of all d tokens remain unmasked

The total variation is bounded by the coupling disagreement probability (Lemma[F.T)), hence
TV(po,ps) < Plao #25) < 1—(1—ag)? = 1-e 4 AW,
and 1 — e~ < z yields TV (po, ps) < d [y B(¢) dt. O

H S-INDEPENDENCE OF THE BOUNDS

We provide the detailed discussion on the scaling of the bounds in our main theory, Lemma[3.2] A
crucial feature of our bound is that, the coefficient of the training loss term is independent of the
vocabulary size S. This independence is practically significant: in applications such as language
modeling, S corresponds to the vocabulary size, which is prohibitively large and renders any .S-
dependent bound vacuous.

H.1 SCALING OF THE BOUNDS

Case 1 (Masked). In Case 1, the bound is completely independent of S.

1
The prefactor v/d+/||3(1 — p(m))|; = Vd (fOT B(t)(1— pt(m))dt) * is obtained using the exit-
routing technique; see Remarks and The prefactor depends on the schedule 3(¢) and the

all-mask probability p;(m) = ¢ under the Kronecker-sum factorization (2)) with single-token mask
probability o;. Here, a; satisfies the ODE

Orar = B(t)(1 — a¢) subjectto g =0, (74)
derived from the masked rate (3)) and with solution
ar=1—e Jo B fort e [0, 7). (75)

Thus, neither of 5(¢) and p¢(m) involves S. So the prefactor is indepedent of S.

The loss Lsg defined in under masked transition is structurally S-independent: at each (¢,y) the

integrand is summed by ) = > cpe (o), Where N .4(y) is the successor set of y. It is
masked

defined in (34) and contains at most d terms (one successor per position, obtained by masking that
position, and there are d positions).
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Case 1 (Masked): Score-marginal Cancellation. The S-independence depends critically on our
score-marginal cancellation p, (x)s;(x)y = p;(y) applied in the proof of Lemma([3.2] The unsim-
plified integrand of sums over the m(x)(S — 1) predecessors y of each x, with the factor S — 1
counting vocabulary values. The cancellation re-indexes the sum to range over x € N5 1 (y) (< d
terms, no vocabulary factor), absorbing the S — 1; Lemmathen converts the resulting sum into
the conditional-expectation form appearing in Lgg.

The boundary is also S-independent, by Lemma [E.T4]

Case 2 (Uniform). In Case 2, the bound is completely independent of .S.

The prefactor v/d\/[|3][1 and the loss Lywsy defined in (7) are both S-independent. The boundary
term TV (pr, Poase) is also independent of .S, by Theorem|F.4

Full step-by-step derivations of the claims above — the Kronecker-sum factorization p;(m) = o,
the successor-set count [N o ..(¥)| < d, the re-indexing via the score-marginal cancellation, the

Case 2 boundary computation, and the Case 1 spectral-gap bound — are given in Appendix [H.2]

H.2 DERIVATIONAL DETAILS TO ACHIEVE S-INDEPENDENCE

In this subsection, we detail the techniques used in our derivation to achieve independence in the
vocabulary size S.

Case 1: Prefactor of training loss. The prefactor outside v/Lsg(s, 5) + O(|s — 3[3) in Case 1 is

V2d (/OT Bt)(1 — p(m)) dt>1/2, (76)

which is obtained using the exit-routing technique; see Remarks and The factor v/d is the
sequence length. Inside the integral, 3(t) is the schedule and p;(m) is the joint probability of the
all- mask state. Under the Kronecker-sum dynamics (2), the conditional forward kernel factorizes as
prjo(x | x0) = T pifyy(a* | @), where pji(IMASK] | ) = « for any non-mask x and the
single-token mask probability « satisfies O;cx = (¢)(1 — ). Marginalizing over Xo ~ Ddata
(supported on non-mask sequences)

Zpdm (xo) Hp;rg‘ [MASK] | z) = of. (77)

The integral in depends only on 8 and d (no S), and the whole prefactor is S-independent.

Case 1: Score-marginal Cancellation p;(x)s;(x)y = pi(y). The S-independent of the
bound (T4) results from a re-indexing in the proof. The integrant in the derivation in Section
reads
S S n )@y, x) (e(x)y — 5:(x)y) [ (78)
XEXy#x

For the masked kernel, Q;(y,x) > 0 when y — x in the forward chain, i.e., x is obtained from y
by masking one non-mask position; equivalently, x € N5 ,(y). With x fixed, y is obtained from
x by replacing one of x’s m(x) [MASK] tokens with one of S — 1 non-mask values:

#{y : Qi(y,x) > 0} = m(x)(S - 1), (79)

so the factor S — 1 enters the inner sum.

The substitution s4(x)y = p:(y)/pt(x) gives p(x)(s¢(X)y —5¢(X)y) = pe(¥) (1 —35:(X)y /5¢(X)y ).
The sum re-indexes by holding y fixed and summing over x € N5 .(y):

Zpt )Q:(y,x )(St_St Zpt (y) Z Qt(y7X)(1—§§E§§§)[] (80)

X,y #X y#m xEN S e ()

The outer sum is restricted to y # m since N5 ,.q(m) = 0, and is weighted by p;(y) with total
mass > ., pe(y) =1 — pi(m) < 1. The inner sum has [N 4.q(¥)| < d terms. The re-indexing

converts the m(x)(S — 1) choices in the original sum into < d choices in the re-indexed sum; the
factor of S — 1 is absorbed by the score-marginal cancellation.
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Case 1: boundary term. For ppase = Om,

TV(pTa 5m) = %Z‘pT(X) - 6m(X)‘

[ lpr(m _1|+ZPT

xXF#m
= 3[(1 =pr(m)) + (1 - pr(m))] = 1 - pr(m),
using pr(m) < land > . pr(x)=1—pr(m).

By construction of the forward process, conditional on the initial sequence X, the d positions evolve
as independent CTMCs, each with the same time-dependent rate 3; and [MASK] absorbing. Hence
for any non-mask token v the per-position mask probability

ar = Pr( = [MASK] | x =)

depends on neither ¢ (positions share dynamics) nor v (the absorption rate is the same for every

non-mask token), so o is indeed a (pure) scalar. The data distribution pqat, is supported on non-

(@) +

mask sequences, so for pqaa-a.€. Xo every coordinate x’ is non-mask, and independence of the

per-position CTMCs gives

d
Pr(xr =m|xq) = HP (xgz) = [MASK] | xéi)) = o4

i=1
Marginalizing over xg,
pr(m) = Exjup,.[Pr(xr =m|xo)] = of,
since the conditional probability is the constant af‘lp Pdata-a.S.
The factorization 1 — af = (1 — ar) ZZ;(I) ok, with ar € [0, 1] then gives
TV(pr,om) = 1 —a% < d(1 - ar),
independent of vocabulary size S: absorption sends every non-mask token to a single destination

per position.

I PROOF OF UNIFORMIZATION ITERATION COMPLEXITY

1.1 PROOF OF AUXILIARY LEMMAS

We state and proof the lemmas for the iteration complexity of uniformization.

Lemma I.1 (Conditional Representation of Score). For any x, y, and t > 0 satisfying p;(x) # 0
and X;_, i =y, we have

pﬁo(yi%)} &1

St(x)y = EXONPO\t('lx) lpio(xi|x6)
t

Proof. This lemma directly follows (Chen & Ying, 2025, Lemma 2), we show the proof here for
completeness.

St(X)y = =
N =0 T
. (Xisye o)
= Po X0 Pt|o i—yt | X0
pt(X Xoe X
1
= x) Z Ppo(Xo Hpt\o |9Uo pt\o(y \l‘o)
bt Xo€EX k#i
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d
1 pt|0(y |x0)
= > polxo) [ pho(a®|af)
k=1

pt(x) oy ptlo(x1|x0)

_ Z po(Xo)Pt|0(X|Xo)pi|o(yi|$o)

o w0 p)
Pt|0( y'lz)
= Z Ppojt(Xo(x) W
X0EX 0

by Bayes’ rule,

Pio(@’5)

p;lo(yﬂxé)
= Exyrpope (%) [ :
O

Lemma L.2 (Score Representation under Masked Rate). Under the masked rate (E[) and (IZ[), when
Q+(y,x) > 0, the score is given by

e~ fO B(r)dr )
St(X)y = w?o\t(y x).

Proof. This proof is modified from (Liang et al.| [2025, Lemma 1) and (Ou et al., [2025} Theorem 1).
Under the masked rate (3) and (2), by Lemma|[[.T} we have

pi|0 (yZ |$6)
St(X) = Ex ~pore(-]x i (82)
y o0~poje(+1%x) lpto(quo)
On the other hand, the single-token mask probability «; satisfies the ODE
Oy = B(t)(1 — o) subjectto g =0,
derived from the masked rate (3) and with solution
ap=1—¢ Jo PO fort ¢ [0,T]. (83)

Consider the case where Q;(y,x ) > 0, which means x = yzﬁ[MASK] and y* # [MASK] for an
€ [d]. And the likelihood p}, (y y'|z) # 0 only when x{ = y'. In this case, by 1.} the likelihood

ratio in (82) is given by
Pho@ly)  PeWly)  1—a, e JoBMdr

0 L _ _ ! | -
D@y pio(MASKIly) — ap 1 ¢ Jipir

Thus, when Q4 (y,x) > 0, can be evaluated as

pi\o(y”xo
St(x)y = EXONPOH( %) l

poe(zolx), as pi‘o(yﬂa:f)) = 0 when ), # v under the masked rate,
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pz\o(x”yi)
e~ I3 B(r)dr ) i
= s x). by E.

Poje(y'1x)

O
Lemma I.3 (Score Upper Bound under Masked Rate). Under the masked rate (3) and ({2)),
e~ fot B(r)dr )
Y s(x)yQily, %) < wﬁ(ﬂ > o{a’, [MASK]}| .
vels) —e i€[d]
y#x
number of masks in x
Proof. This proof is modified from (Liang et al., 2025, Lemma 5).
Under the masked rate (3) and (2), by Lemma|[[.2] when Q;(y,x) > 0, we have
e~ f(; B(r)dr ; ;
si(x)y = Wpou(y [%). (85)
Here, x = y;_mask] and y* # [MASK]. We evaluate
Y s®yQuly,x) = Y si(x)yQuly,x)
ye[s]? ye[s])?
y#x Qt(y,%x)>0
= D> s(x)yB0)
i€[d] yie[s]
z"=[MASK] y" #£[MASK]
— ft B(T)dr
e Jo i
= Wﬂ(t) Z Z P0|t(y ),
1—e"Jo : .
~i€[d] y'e[s]
x'=[MASK] % £[MASK]
<1
by ),
— [y B(r)dr
e Jo )
< —0(t o{x',[MASK]} | .
- 1—e" Jo /B(T)dT/B( ) ZGZ[d] {J] [ ]}
number of masks in x
O
Lemma 1.4. Given a constant R > 1, if r satisfies 1 < r < R, then
R—-1
—-1< log 7.
r S g R ogr (86)

Proof. If r = 1, then logr = 0 and trivially holds. Consider the case when r > 1, , we can
equivalently show that

r—1 R-1
< .
logr = logR
To this end, it suffices to show that the function
-1
h(r) = =
logr

is increasing for » > 1. It derivative is given by

logr — =L logr—1+1
h/( ) _ T — T
T Tlogr)? T (logr)?

(87)
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Here, let the numerator be g(r) = logr — 1+ 1. Remark that g(1) = Oand ¢'(r) = £ — & > 0 for
r > 1. Thus, g(r) > 0 for > 1. This implies ’(r) > 0 and thus h(r) is increasing forr > 1. O
Lemma L.5. For a time discretization {tk}iVBo, where 6 =ty < t1 < -+ < tnyy, = T, and
satisfying max = R for some constant R > 1, we have
thr1 — tk R—-1 trt1
< 1 . 88
tr ~ logR 08 tr (88)
Proof. Note that
b1 —te _ e 1
th th '
Letting rr = t’;“ yields the desired result. O

1.2 PROOF OF COROLLARY[3.4]

Corollary 3.4 (Expected Step Complexities for Uniformization). Assume that 5.(x)y, =
si(x)y whenever Qi(y,x) > 0, and the uniformization Poisson rate is chosen as A, =

C sup —Qf (x,x) for some constant C' > 1. Then, for any IPM ~yy and tolerance € > 0, the

xeX
te(ty,tr+1]
approximation error satisfies Yo (Pdata, Ps) < € if we choose § < gz—, T < 3 L log (dg“’ ),
max min

and L35 (s, 3) = O(%), in which case the expected number of steps are given by

1. Case 1 (Masked rate; Q% = Q>4 (3)):

Bmax 6111;1)( dC\I/
E[N] = (9( - log<ﬁmin T )), and,

2. Case 2 (Uniform rate; Qi°% = Q™ (3)): if the true score further satisfies sy(x)y <
max(1,t71) (following Ren et al.l 2025, Assumption 4.4), then

]E[N] :O(ﬂmaxd <10gﬁmmx+ 61 1 gdfﬁ/>)'

Here, Binax = Or<nta<xTﬂ( ) and Buin = orgntlgnTﬁ(t)’ and the values of C'y are given in Tableﬂ

Proof of Corollary|3.4|for the Masked Rate. We first prove the expected step complexity for the
masked rate. The proof is modified from (Liang et al., 2025 Theorem 3).

By Lemma[[.3] we have

- Js B(r)dr _ d(t)
3 s Xy @iy x) < ———————B(1) | S 6{a’, IMASK]} | < .
vels)? ’ L P icld] Jo B(r)dr

y#x <1/ [y B(r)dr

number of masks in x, < d

Thus, under the assumption that 5;(x), < s:(x), when Q;(y,x) > 0, we have

_Qt ZQt (x,y) ZQtyv x)5¢(x)y < ZQtY» x)s¢(x dﬁ()

y —_
yve[s)? yve[s)? ye[s)¢ f 0
y#x y#x y#x
(39)
To simulate the approximate reverse process, in each discretized time interval (¢, ¢ 1], uniformiza-
tion requires that the Poisson rate Ay, satisfies

Ap > sup —Qf (x,x).
xeX
tE(th trt1]
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Thus, suppose we choose the Poisson rate to be

Ap=C- sup —Qi (x,x), (90)
xecX
te(tke;tk+l]

for some constant C' > 1. Remark that the sum of independent Poisson(Aj) random variables is
distributed as Poisson(} _, Ay), the expected total number of steps are given by

Np—1

= Y Axltrpr —t),
k=0

where § =1ty < t; <--- < tn, =T is the time discretization,

Ng—1d max (8(t))

. k=0 OE_:SBT(T)W(tHl ~ by Eand €D,
Np—1 1

=d oax (B()) kZ:O W(tkﬂ — t)
Np—1 1

<d oax (B1)) Z m(tkﬂ — tk)

k=0 0<t<ty
. Jnax (B(1)) Nil
omin (B(1) =
NB —1

ﬂmax Z tk+1 _tk

5m1n k=0

max R—-1 t t
ﬂ = log =L by Lemma | where R = max -1,
5m1n IOg R tk k ty

th+1 — Tk
by

g Z log %
611‘1&)( ~ /
—dt
ﬂmln Z t t
T
/gInaX / %dt
Bmax (log(T) + log(671)). (91)

5m1n
On the other hand, by Corollary [3.3] the approximation error under any IPM 4 satisfies

Y (Pdata, Ps) < 2Cw <df0 (t)dt + de” 1P 4 V2d./]8(1 - p \/ESE (s,8) + 2 L3(s, s))

For a given threshold € > 0 for the approximation error, it suffices to bound each of the three terms
on the right-hand-side by ¢/3. This is achieved by

€ 1 GC\I/dﬂmax -1 _ dC\I’ﬂmax
o< 6Cudi =6 > - , thus we choose § 7 < ; ,
92)
> ! log (GC‘Pd> , thus we choose T' =< L log (M> , (93
ﬁmin € ﬁmin €
€2 €2
L8 (s,5) + 2 £3(s 3) = = L3 (s,5) (94)

72dC3 B0 — pm))]l S IO — pm)
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Plugging and (93) into (OT) yields

é (log(T) + log(6™))

Bmax 1 dC\I’ dC\I’ﬁmax

0 (152 (1o (1o ) #1052 ) )
6max 1 dC\Pﬁmax

© ( /Bmln <log 5min * 10g € ))
ﬁmax (5max dC‘Il > )

@ lo . .

( Bmln ﬁmm €

Proof of Corollary (3.4 for the Uniform Rate. Next, we prove the expected step complexity for the
uniform rate. This proof is modified from the proof of (Ren et al., 2025, Theorem 4.9).

E[N]<d

O

To simulate the approximate reverse process, in each discretized time interval (¢, ¢ 1], uniformiza-
tion requires that the Poisson rate Ay, satisfies

Ak 2 sup _Qz_ (Xa X)'
xeX
tE(th tet1]

Thus, suppose we choose the Poisson rate to be

Ak =C- sup _Qf (X, X)a 95
xeX
te(tr,tht1)

for some constant C' > 1.

Thus, under the assumption that §;(x)y < s;(x)y when Q;(y,x) > 0 and 5,(x), < max(1,1), we
have

1
Q= X Gy = X Qi S Y v sloy S dstmax (1)),
yels]? ye[s]* ye[s]? <max(1 l)
y#X y#X y#x ~ "t

by assumption

d(S—1) nonzero terms

_B(®)
each term = =5~

(96)

Remark that the sum of independent Poisson(A;) random variables is distributed as
Poisson(}_, Ay), the expected total number of steps are given by

Np—1

= > Apltepr —tn),
k=0

where 6 =19 < t; < --- < tn, = T is the time discretization,

Np—1

1
< Bmax d Z max (1, tk) (th41 —tx), by (O3) and (96),
k=0 .
Np-—1 " ¢ Np-—1
k+1 — Uk
< Bmaxd Z T + Z tk+1 - tk) 5
k=0 \‘/_/ k=Ng
<E=Log k+1 >
og _
by Lemma -
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;. . . . . , , _ tet1
where N is the unique index satisfying ¢ N -1 <l<t NI» and R = maxy, 5

Ni—1

t
< Bunax d Zl | +T

Np—1 n
< Bmax d ([Z log ==

1
= Bmax d / —dt+T
s

= Buaxd (log (T) +1log (671) + T). ©7)
On the other hand, by Corollary [3.3] the approximation error under any IPM v satisfies

Y (Pdata, Ps) < 2Cw <df0 t)dt + de” 1P +v/2d./]18]| \/ESE (s,8) + gﬁg(s,§)> .

For a given threshold € > 0 for the approximation error, it suffices to bound each of the three terms
on the right-hand-side by €/3. This is achieved by

+T> as Ng > Ny,

0 < m = 01> %, thus we choose 6+ =< %,
(98)
1 1
T > log (60\1’d) , thus we choose T < 3 log (C\I’d> , 99)
min € min €
L5(s,8) + 2 £3(s,5) = ¢ = £8.(5,3) < - (100)
5,5 5,5 _— 5,8) < —5——.
SE 3 72dC2 8] S dC3 11811
Plugging (98) and (99) into (97) yields
E[N] £ Bmaxd (log (T) +1log (671) +T)
=0 (ﬁmaxd (log (671) + T))
max 1
0 (ﬁmax a (log WCuPmex 1 1o qu’))
€ Bmin €
1
0 (ﬁmax d (1og B + = lo dC@)) |
Bmln €
O
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